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PREFACE. 


fd Ir the reader may be duly pre- 
pared for the peruſal of the follow- 
ing Treatiſe, it will be neceſſary that 
he firſt equate himſelf with the genuine 
Method and Rules of Philoſophizing, as they 


have been delivered by Sir Is AAC NRWTON. 


His Method of Philoſophizing is thus laid 
mm in his Optics. 


ct As; in mathematicks, ſo in natural philo- 
« ſophy, the inveſtigation of difficult things 
© by way of Analyfis, ought ever to precede 


| the method of compoſition. This Analyſe 


« conſiſts in making experiments and obſer- 
« vations, and in drawing general concluſions 
« from them by induction, and admitting of 
no objections againſt the concluſtons, but 
e ſuch as are taken from experiments or othet 
certain truths. And although the arguing 
« from experiments and obſervations by in- 
* duction, be no demonſtration of general 
* concluſions ; yet. it is the beſt way of ar- 
„ guing which the nature of things admits 
of, and may he looked ou] as ſo much 
A 2 e the 


| hy Opt. Pe 380, 
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PREFACE. 

te the ſtronger, by how much the induction 
« ig more general. And if no exception oc- 
« cur from Phenomena, the concluſion may 
cc be pronounced generally. But if at any 
< time afterwards, any exceptions ſhall occur 
<« from experiments, it may then be pro- 
ce nounced with ſuch exceptions as ſhall occur, 
« By this way of Analyfis, we may proceed 
« from compounds to ingredients, and from 
* motions to the forces producing them; and 
« and in general from effects to their cauſes, 
<« and from particular cauſes to more general 
< ones, till the argument ends in the moſt | 
« general. This is the method of Analyſis: 

« And the Jynthefs conſiſts in aſſuming the 
<* cauſes diſcovered, and eſtabliſhed as prin- 
« ciples, and by them explaining the Pbæ- 
« nomena proceeding from __ and proving 
<« the Explanations. 


His Rules of Philoſophizing, delivered! ! in 
principles, * are theſe four. * 


RULE 'F 


te Morecauſes of natural things ar are nat to be 
te admitted, than are both true and ſufficient 

« for explaining their phanomena. 

Thus Philoſophers ſay; nature does nc 
te thing in vain, and in vain that is done b 
more cauſes, which can be done by fewer 
* For nature is ſimple, and delights not i 
2 ee cauſes of things. 


| R + 
* Philoſ. Natur. Princip. Mathem. p. 387. 
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RULE H. 


« Of natural effects therefore of the ſame 
kind the ſame cauſes are to be aſſigned, as far 
as it can be done. int 

« As of reſpiration in a man and in a 
beaſt; of the deſcent of ſtones in Europe 
and in America; of light in a culinary fire 
and in the ſun; of the reflexion of light in 


* the earth and in the planets. 


RULE III. 


& The qualities of bodies which cannot be 
increaſed and diminiſhed, and which agree 
to all bodies in which experiments can be 
made, are to be reckoned as qualities of all 
Bodies whatſoever. | 
« For the qualities of bodies are not known n 
but by experiments; and therefore, as ma- 
ny are to be reckoned general as generally 
agree with experiments, and thoſe which 
cannot be diminiſhed cannot be taken 
away. Certainly dreams are not to be de- 
viſed at pleaſure contrary to the tenor of 
iments; nor muſt we depart from the 
analogy of nature, ſince ſhe is wont to be 
ſimple, and always conſonant to herſelf, 
The extenſion of bodies is not known but 
by the ſenſes, nor is it perceived in all bo- 


« dies: but becauſe it agrees to all bodies 
« 


* whatſoeyer, We experience many bodies 


which are perceiveable, it is affirmed of all 


« to 
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« to be hard. But the hardneſs of the whole 
« ariſes from the hardneſs of the parts, and 
« thence with good reaſon we conclude the 
* undivided parts not only of thoſe bodies 
« which are perceived, but alſo of all athery 
« to be hard. We gather all bodies to be 
« impenetrable, not by reaſon, but by ſenſe. 
ec "I find the bodies we handle to be im- 
netrable, and thence conclude impene- 
« « Fability to be a property of all bodies what- 
« ſoever, That all bodies are moveable, and 
« by certain forces (which I call vires iner- 
« tic) perſevere in motion or reſt, we gather 
« from theſe ſame properties in bodies which 
© are ſeen. Extenſion, hardneſs, i impenetrabi- 
c lity, mobility, and vis inertiæ of the whole, 
* ariſe from the extenſion, hardneſs, impene- 
c trability, mobility, and vires inertiæ of the 
te parts; and thence we conclude that all the 
« leaſt parts of all bodies are extended, and 
* hard, and impenetrable, and moveable, 
« and endued with wires inertie. And this 
* is the foundation of all Philoſophy. Far- 
_ « ther we know from the Phenomena, that 
« the of bodies which are divided, 
te and mutually contiguous to one another, 
e may be ſeparated from one another, and it 
« is certain from mathematicks, that the 
« undivided parts may by reaſon be diſtin- 
te guiſhed into leſs parts. But whether thoſe. 
«« parts diſtin, and not yet divided, can by 
«© by the powers of nature be divided and 
bf {eparated from one * is uncertain. 
« But 
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« But if it ſhould appear, even by one ſingle 
« experiment, that by breaking a*hard and 
« folid body, any undivided particle ſuffered 
« a diviſion ; we might conclude by the 
«force of this Rule, that not only the di- 
« vided were ſeparable, but that the 
e undivided parts might be divided in inf- 
ec nitum. 


« Laſtly, If it be univerſally evident by ex- 
« periments and aſtronomical obſervations, 
de that all bodies round the earth gravitate 
« towards the earth, and that in proportion 
te to the quantity of matter in each, and that 
© the moon gravitates towards the earth in 


cc property to its quantity of matter, andin - 
cc 11 


ike manner our ſea gravitates towards the 
„ moon, and that all the Planets matually 
« gravitate towards one another, and that 
te there is a fimilar gravity of comets to- 


« wards the ſun; we muſt pronounce by 


« this rule, that all bodies gravitate mutual- 
« ly towards one another. For the arg 
« ment from the Phenomena will be ſtron- 
*« ger for an univerſal gravity, than for the 
« impenetrability of bodies, concerning which 
*in the heavenly bodies we have no experi- 
« ment, no obſervation at all. 


RULE IV. a 


« In experimental - Philoſophy propofitions 


e collected from the Phenomena by induction, 
« are to be deemed, notwiihſlanding contrary 
Hypo- 


PREFACE. 
„ Hypotheſes, either accurately or ve? nearly 
« true, till other Phenomena occur, by which 
* they may be rendered either more accurate 
« or liable to exceptions. 
„This ought to be done, leſt | 

« ments of induction ſhould be nn. 
& by Hypot beſes. 


This Method and theſe Rules have ivy 
carefully obſerved by our Author in theſe 
LEecTURES, which, from the clearneſs 
and diffuſiveneſs of the ſtile, and the eaſy 
and Juſt manner of reaſonin; g, are, in my 
opinion, better fitted for the inſtruction of 
youth, than any en which I have ſeen on 
2 ſubject. | 


1 have added a few ene, by way of 
APPENDIX, . 


LECTURE 


i 


LECTURE I. 


Oy ATTRACTION. 


3 tful, and 


has here hare been men in. lags wh 
kid themſelves out in the improvement and 
cultivation of it. But it is a matter of no ſmall 
ye of par bat ler 

of nature had made in 
| mpared with the vaſt 1 it 
from the numberleſs.diſcoveries of - 
| is ine ive; mg of the. Feopahen 
Philoſophy, which at this day is almoſt 
were utterly unknown 
ry. If we look into the rea- 
ſon of this, we fhall find it to be chiefly owing 
to the wrong meaſures that were taken by philo- 
ſophers of former ages in their purſuits after natural 


knowledge: for they difregarding experiments, the 
on ſure foundation whereon to build a rational 


loſophy, buſted themſelves in framing hypo- 
heſes, for the ſolution of natural appeatances, 
which as they were creatures a withs 
; e eee ee 
ng ſo lame and defective, as in many caſes not to 
meer pany. pragma et 
; | thoſe ts, as wm 
xr Lines Laing 1 underſtanding 


ter 


: 
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LECT. in its ſearches into nature, betook themſelves to 
I. experiments and obſervations ; and from thence 
* collected the general powers and laws of nature; 
which with a proper application, and the aſſiſtance 
of mathematical learning, inabled them to account 
for moſt of the properties and operations of bodies; 
and to ſolve many difficulties in the natural a 
23 which were utterly inexplicable on 
oot of hypotheſes. By this means has natural phi- 
loſophy within the compaſs of one century been 
brought out of the greateſt darkneſs and obſcurity 
into the cleareſt light; and this has been chiefly o- 
ing to the unparalleled abilities, and indefatigable 
induſtry of that great and accurate philoſopher Sir 
Isaac NREREWTON; who to his honour has 
in hisprinciples of natural philoſophy, and his incom- 
| le treatiſe of light and colours, eleared more 
ifficulties, and diſcloſed more and more important 
_ truths relating to nature, than are to be met with in 
the voluminous writings of all that went before 
him. To illuſtrate ſome of theſe truths by expe- 
riments is the deſign of this courſe, which — 
of four parts. In the firſt are conſidered ſolid bo- 
dies and their properties. In the ſecond water and 
- watery fluids, In the third the elaſtic fluid of air. 
And in the laſt the ſubtile fluid of light. But be- 
fore I proceed to theſe particulars, it will be necef- 
fary to fay ſomething concerning - certain principles, 
forces, or powers, wherewith all parts of matter of | 
what kind ſoever, ſo far as experience reaches, ſeem 
to be endued ; and whereby they a& upon one an- 
other for producing a great part of the phænomena 
of nature. . | 
Such is firſt that power whereby the minute par- 
ticles of matter do in ſome cireumſtances tend to- 
wards one another, which is commonly called attracti- 
on; the cauſe whereof is in a great meaſure un- 
ol | known, tho” the thing it 
= Exp. 1. riments. For it zi 
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Or ATTRACTION. 


kid one upon another, having their contiguous ſides Lx > 7. 


ſmeared with oil, they will cohere in vacuo, and 
with ſuch firmneſs that when they are ſuſpended, 
the force of gravity in the lower plate will not 
ſuffice to ſeparate and pull them aſunder. 

That the coheſion of theſe plates is to be at- 
tributed to the mutual attractions of their conti- 
guous parts, cannot I think admit of a doubt, ſince 
the preſſure of the outward air on their external 
furfaces, (to whoſe force this effect might otherwiſe 
have been attributed) is in this caſe taken off, 

The uſe of the oil is to fill up the minute cavities 
in the ſurfaces, and by ſo doing to prevent the 
lodgment of air between the plates; which upon 
the removal of the outward air would expand it ſelf 

reaſon of its elaſticity, and thereby force the 
tes aſunder. 

The forementioned attraction is in like manner 
collected from the following experiments. 


If two plane poliſhed plates of glaſs be laid toge- Exp. 2, 


ther, ſo that their ſides be parallel, and at a very 
ſmall diſtanee from one another; and their lower 
edges be dipped in water; the water will riſe up 
between them, and the Teſs the diſtance of the 
= is, the greater will the height be to which 

e water rifes. If the diſtance be about the hun- 
dredth part of an inch, it will riſe to the height of 
about an inch; and if the diſtance be greater or leſs 
in any proportion, the height will be ann 
proportional to the diſtance very nearly. 

The reaſon why the water aſcends between che 
plates is, that thoſe parts of the ſurfaces of the 


glaſſes which lie next above the ſurface of the Was 


ter, and are contiguous thereto, attract the water 
and by that means cauſe it to aſcend; and 
aſcent continues till the weight of the elevated wa 
becomes equal to the force of the attracting ſurfaces, 
and then the motion F_ the water tending as 

B 2- 1 * much 


© 
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Or ATTRACTION, 


4 
Len much downward by the force of its own gravity, 


as it C— af the glaſſes. 
The reaſon why the water riſes to heights which 


| are inverſly. as the diſtances of the glaſſes, is this: 


Exp. 3. 


riſe between the plates; and the upper 


1, the plates. For the illuſtration of which, let AE be 


the abſolute attractive force of the gates, whereby 
cke water is raiſed, continues unvaried whatever be 
the diſtance of the glaſſes; for the height and length 
of the glaſs ſurfaces, whoſe attractions influence the 
aſcent of the water are always the ſame, and con- 
ſequently the attractive force muſt be ſo too; and 
for that reaſon will conſtantly ſupport the ſame 
weight of water ; but the quantity and conſequently 
the weight of the elevated water will always be the 
ſame, i its height be reciprocally as its baſe, that 
is in this caſh, as the diſtance of the plates; for the 
length of the baſe being equa! to the length of 
the plates, it continues unvaried ; and therefore the 
baſe will ever be as its breadth, that is as the interval 
between the 

If the glaſs plarc inſtead of being ke parallel o | 
one anòther, be made to meet at one of their 
ends, and kept at a little diſtance at the other; 
and their lower edges be then dipped i in water, ſpi- 
rit of wine, or any other convenient liquor; the in- 
ward ſides of the plates being firſt moiſtened with 
a clean cloth — in the liquor ; the liquor will 
ſurface af 
the elevated liquor will form a curve, the heights of 
whoſe — paints above the ſurface of he 42 
nating liquor will be to one another reci 
their perpendicular diſtances from — 


the ſurface of the ſtagnating liquor wherein the lower 
edges of the plates are immerſed, A H the concourſe 
the plates, and F, G, I. K, L the curve formed 
the ſurface of the elevated liquor; from any 
nts in the curve as G, I. K, L taken at pleaſure, 
ER ar t lines G B. IC, K D, LE perpendi- 
cular to AE, — wif expres ts 
* heights 


Or ATTRACTION, 
heights of the reſpective 
the farface of the ſtagnant liquor; whilſt A B, AC, 


AD, AE denote the perpendicular diſtances of the 
fame points from the concourſe of the glaſſes ; now 


} theſe heights and diſtances are to one another in a 


reciprocal ion: for if we ſuppoſe the lines 
GB,IC, KD, LE to be ſo many pillars of liquor 
conſiſting of four ſides, two of which are termina- 
ted 1 and the other two by the conti 
guous liquor; and if thoſe ſides which lie next the 
be of an equal but exceedingly ſmall breadth 
earn dyes e 
K which ſupport thoſe pillars be likewiſe 
and — — the quantities ſupported, 


LA pillars muſt be ſo too. But in order to 


.ch in thatepary 
| 3nd therefore the heights of te pillar 


have them . their heights muſt be reciprocall 


r 
are ſuppoſed to be equally m 

as their lengths, that is, as the intervals between 
where the pillars are taken; 
muſt be reci- 
Rn between the plates; but 
the nature of ſimilar triangles the intervals 
between the „ 


concourſe are to one another directly as thoſe diſ- 


tances : whence it follows, that the heights of the 
Pillars are to one another reciprocally as their re- 
— diſtances from the concourſe of the . 
„ e then is A C double 
From what has been faid it is plain that the 


$ 


points of the curve qhove 18 6F, 


- AG as. 
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Lor. 
LAY 
EP. 4+ open at both ends; for if ſuch tubes 
one end into water, ſpirit of wine, or any other 
convenient fluid, the liquor will riſe within the pipes 
to a conſiderable height, and this experiment (as 


Or ATTRACTION. 
As water or any other proper fluid aſcends be- 


tween poliſhed plates of glaſs by the force of their at- 


tractions; ſo does it likewiſe in ſlender pipes of glaſs 
dipped at 


alſo thoſe before made) ſucceeds in the very fame 
manner in vacuo, as in the open air, for the liquor 
conſtantly aſcends to the fame height in both. 


That the aſcent of liquor in theſe ſmall tubes, 
as alſo between poliſhed plates of glaſs, is to be at- 


tributed to ſome — in the glaſs ſtrongly acting 
on the liquor, and not to the preſſure either of the 
ſtagnating liquor or incumbent atmoſphere, is evi- 


dent from this confideration; that as much of the 


liquor remains ſuſpended in the pipes, and between 


the plates, when they are lifted out of the ſtagna- 
ting fluid, either in vacuo or the open air, as was 


elevated above the ſurface of the fluid, while th 


were immerſed therein: and therefore whatever cauſe 


concurred to the elevating of the liquor while the 
plates and pipes were therein immerſed, and expoſed 
to the air; the ſame contributes as powerfully to keep 
it up, when the ſtagnating liquor is removed, and 
the preſſure of the atmoſphere taken off, and conſe- 


quently muſt be ſome power inherent in the glaſs, 
The heights to which the liquor riſes in ſlender | 
ly as the diameters. 

or the power which raiſes the liquor in a ſlender 
PIPe, being the attractive force of that part only 
of the 


pipes, are to one another reci 


internal concave ſurface which lies next a- 
bove the liquor, and conſtitutes a ring of an inde- 
finitely ſmall height, which height is ever the ſame 
whatever be the 1 of the ring, becauſe the 
diſtance to which the attractive force of 


reaches is unvaried; and the attractive force of ſuch 


an annular ſurface being as the number of attracting 


parts whereof it is compoſed, that is, as the e 
4 W. 0 
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= ad ks 


Or ATTRACTION. - 
| which becauſe its height is given is as the periphe- L x c 7. 
ry, that is, as the diameter, the attractive force of I. 

the pipe muſt be as the Diameter, Wherefore if in WWW 
comparing the forces of two ſuch pipes we make 
1 F to denote the attractive force of the r, and f 
the attractive force of the ſmaller, and alſo D and 
d to denote their diameters ;z we ſhall have this ana- 
1 log, viz. F: f:: D: d, that is, the force of the 
larger pi is to that of the ſmaller as the diame- 
ter of larger to the diameter of the ſmaller : 
but theſe forces are likewiſe to one another in the 
| — ratio with the quantities of liquor which 
ſuſpended, for they continue to elevate the li- 
= —— ll ch time as the weights, and conſequently 
the quantities of liquor drawn up, become a ballance 
to the PR forces. Wherefore if H be 
for the height of the liquor in the pi whoſe dia- 
meter is D, — h for its height in the pipe whoſe 
diameter is d; then will H — into te ſquare 
of D be as the tity of liquor in the larger pipe 
and h mukipled into the ſquare of d as the quan- 
tity of liquor in the ſmaller pipe; whence we have 
this ſecond analogy F: f:: HxD* : hxd*; and 
by ſubſtituting D and d in the room of F and f, 
to which they are proportional, as a from 
the firſt analogy, we ſhall have D: d:: HD* : hd*; 
and then multiplying extreams and means, and 
I throwing off ſimilar quantities, we ſhall have 
HD = hd, and by reſolving this equation into an 
3 analogy, we thall-liave H: h:: d: D, chat is, the 
height to which the liquor riſes in the larger Pipe is 
to the height to which it riſes in the ſm ag 
the diameter of the ſmaller pipe to thatof the —.— " 
ſo that the heights of the liquor are reciprocally 
proportional to the diameters of the pipes, 
By vertue of this attractive force, w erfwith ſmall 
pipes are indued, plants receive nouriſhment from. 
the earth; the fender tubes whereof 'their ropts are 


1 ſucking in various juices according. 50 


w ST 


SS SS 0 — VY. we YV 


Dai} ww TAL HEY Wa aR%DMWao.4 ww W&© 1 irws TW 


8 Or ATTRACTION, 
Le r. their different natures and conſtitutions. From the 
I. fame attractive force it is that {; take in wa- 
WYV tr: — n , when 
an it is di therein; thoſe of the 
agar which lie —— the water — Arr 
and thereby railing the fame. And here it muſt 
be obſerved that the water riſes by the action of 
thoſe particles alone which are contiguous to, and 
lie next above the furface of the elevated water; 
thoſe particles which are at any the leaſt ſenſible 
diſtance above the water being too far removed to 
influence the water by their attractions: and what 
has been thus obſerved of fugar, is likewiſe true of 
poliſhed plates, flender pipes, and every other at- 
tracting body, by vertue of whoſe attracti 
are raiſed. For if thoſe of attracting ſur- 
faces which are at any le diſtance above the 
ſurface of the fluid, do in any meafure contribute to 
the aſcent x it is evident that the fluid cateris pari- 
bus muſt riſe to a greater height when the attract- 
ing furfaces are continued to a conſiderable height 


+ 4 _ * 


ahi au 


the hundredth part of an inch, 
be immerſed in water ſo far that only an inch and 
one tenth be ſuffered to remain 


W732 1--TD rares 
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Or ATTRACTION. 

with a clean cloth or feather dipped in oil of o- 
ranges; and if a drop of the oil be placed be- 
tween the plates at that end where they are at ſome 
diſtance from each other, ſo as that it may be touch- 
ed by both the plates, it will begin to move to- 
wards the concourſe of the glaſſes, and will continue 
to go on with an accelerated motion till it arrives 
at the concourſe. And if during the motion of the 
drop, that end of the glaſſes where they meet, 
and towards which the drop moves, be lifted up, the 
drop will nevertheleſs cqptinue its motion, and of 
conſequence muſt be attracted ; but as the end of 
the glaſſes is raiſed higher and higher, the drop will 
aſcend more and more flowly, till at laſt upon a 
certain elevation of the plates the motion ceaſes, the 

vity of the drop, with it tends downward, 
becoming equal to — attractive force which draws 

it upward ; as a from this, that upon giving 
the plates the leaft degree of elevation K. — what is 
neceſſary toſtop the drop, it ſtraightway begins to de- 
ſcend, its gravity in that caſe overcoming the attraction. 

By the help of this phænomenon may the force 
be determined, wherewith the drop is attracted at 
all diſtances from the concourſe of the glaſſes. For 
that part of a body's gravity whereby it is carried 
down an inclined plane, is to its abſolute wei ight, 
as the ſine of the angle of the plane's — 
the Radius, or as the perpendicu n 
plane to the length thereof 5 and therefore may be 


3 denoted by the perpendicular height applied to his 
length; and where the length of the plane is gi- 


ven, that force will be every where as the ſines of 
the angles of elevation, or the perpendicular altitudes 
of the plane; as ſhall be made appear when I come 
to treat of the deſcent of bodies on inclined planes. 
If therefore the ſines of ſuch elevations of the plates 


are neceſſary to ſtop the motion of the drop, be 


taken at two different diſtances of the drop from 
the concourſe of the plates; thoſe fines will de- 
- C note 
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Etc r. note the reſpective gravities of the drop, and conſes 
I. quently 22 forces, wherewith the plates 
act upon the drop at each of thoſe diſtances. Thus 
for inſtance, if the diſtances of the drop from 
the concourſe of the glaſſes be as one and twoz | 

and the ſine of the elevation neceſſary to ſtop the 
motion of the drop when at the ſmaller diſtance be 
as four, and when at the greater diſtance as one; the 
gravity of the drop, where with it endeavours to de- 
ſcend at the forementioned diſtances of one and two, 
will be as four and one. For the illuſtration of 
Fig. 2. which, let AB and A C repreſent the plates at dif- 
ferent elevations; F and G the places where the 
drop ſtands upon thoſe elevations ; then will BD 
and CE denote the forces of gravity wherewith 
the drop endeavours to deſcend along; the plates in 
the points F and G, which forces are to the 
attractions of the glaſſes in thoſe points; and if 
BF and CG the diſtances of the drop from the 
concourſe of the plates be as one and two, and 
BD and CE as four and one; then is the at- 
tractive power wherewith the glaſſes act upon the 
drop at F, to the force wherewith they act upon 
it at G, as four to one, that is, reciprocally as the 
ſquares of the diſtances of the drop from the con- 
courſe of the glaſſes; and this is nearly the caſe as 

Exp. 6. will appear from the experiment. | 

25 The the drop be attracted by forces that are in 
the reciprocal duplicate ratio of the diſtances of 
the drop from the concourſe of the glaſſes ; yet are 
the attractions within the ſame quantities of attrac- 
ting ſurface in the reciprocal ſimple ratio only of 
thoſe diſtances : for as the drop moves towards the 
concourſe of the glaſſes, it muſt ſpread and touch 
each glaſs in a larger ſurface; and this ſpreading is 
always Foqgartices| to the leſſening} of the interval 
between the glaſſes ; and of conſequence from the 
nature of ſimilar triangles, it is likewiſe proportional 
to the diminution of the diſtance from — 


y a. a. 
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creaſed as the drop approaches the concourſe in the 


the inlargement of the attracting ſurface in that pro- 
portion; and therefore in a given quantity of at- 
trafting ſurface the force muſt be in the reciprocal 
ſimple ratio of the diſtance from the concourſe ; 
that is to ſay, any given portion of the glaſs ſur- 
faces taken at the diſtance of one inch from their 
concourſe muſt act with twice the force that it does 
at the diſtance of two inches, and with thrice the 
force that it does at the diſtance of three inches, and 
ſo on. Hence it will be found that the attract- 
ive force of one and the ſame ſlender pipe of a 
conical figure is given; or in other * that 
the attractive force wherewith a conical pipe is 
indued at any one diſtance from the vertex of the 
cone, is equal to the attractive force of the ſame 
at — other diſtance from the vertex; fo that the 
attractive force of a conical pipe is in every part 
equal throughout the whole length of the pipe; 
and may be expreſſed by the diameter of -a circular 
ſection of the pipe taken at any diſtance from the 
vertex, applied to that diſtance, For the attracti- 
on in any part of ſuch a pipe, is as the quantity 
of attrafting ſurface in that part multiplied into 
the abſolute force; but the quantity of attractin 
ſurface in any part is as the diameter of that part, 
the abſolute force is reciprocally as the diſtance from 
the vertex; wherefore if A be put to denote the diſtance 
of any part from the vertex and D the diameter, 


> will expreſs the attraction of that part; but from 


the nature of ſimilar triangles the diameters of the 
circular ſections of a cone taken at different diſ- 
tances from the vertex are to one another as the diſ- 


D 
tances, conſequently — 


* 


FT is a ſtanding quantity, 
4 FROM C2 Wherefore 


- 


So that the force which acts upon the drop is in- 1 
ſimple reciprocal ratio of the diſtance, on account of * 


Fe 
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Lr. Wherefore ſince the attractive force in every part af 


I. 


a conical tube is denoted by a quantity which is in- 


V variable, it follows that the force is fo too; ſo that 


in this reſpect conical pipes do not differ from thoſe 
of a cylindrical form ; but herein lies the difference, 
that in very ſlender pipes where the diameters are 
equal, the attractions of ſuch as are conical do far 
ſurpaſs the attractions of thoſe which are cylindri- 
cal. And indeed fo exceeding great does this at- 


tractive force become with reſpect to the quantity of 


attracting ſurface in that part of a conical Pipe, where 
the diameter is but one part of an inch divided into 
ten millions (if ſuch minuteneſs may be ſuppoſed) 
that if the attraction of a cylindrical tube, whoſe 
diameter is an inch, were as great with reſpect ta 
its quantity of attracting furface, it would be able 
to ſupport a column of water an inch in diameter 
and upwards of three miles in height. For let us 


fuppole a conical tube whoſe baſe is an inch in dia- 


meter to be continued till the diameter is fo far dimi- 
niſhed as to equal only one part of an inch divided 
into ten millions; it is evident from what was juſt 
now ſaid, that the whole attractive force of ſuch a 
pipe, where its diameter is an inch, is equal to the 
whole attractive force of the fame, where the dia- 
meter is but the ten millioneth part of an inch z con- 
ſequently if a portion of the larger attracting ſur- 
face be taken equal to the ſmaller attract ing ſurtace, 


the force of that will be to the force of this, as the 
force of the ſmaller ſurface divided by the number | 


of parts in the larger ſurface, to the force of the 


ſmaller ſurface, that is, as one divided by ten mil- | 


lions to one. If therefore a conical, or indeed a 
cylindrical tube an inch in diameter (for where the 
Diameter is ſo large there is ſcarcely any difference) 


was indued with an attractive force as great in pro- 


portion to its quantity of attracting ſurface, as is a 
conical tube of the ten millioneth part of an inch in 
diameter, its force would be ten millions of times 
N greater 
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greater than it is, and of co 
the water ten millions of times higher than it doth 
at preſent : but it has been found by experience 
that in a cylindrical tube of an inch in diameter, the 


water will rife to the height of about the fiftieth 


of an inch, and theretore if the force by which 

it riſes was augmented in the forementioned pro- 
portion, it mult rife to the height of two hundred 
thouſand inches, which being divided by fixty three 

thouſand three hundred and ſixty,the number of inches 
in a mile, gives three and a little more in the quotient. 
The quantities of liquor ſupported by the attracti- 


ons of ſlender conical pipes are to one another, as the 


diameters of the little circular ſurfaces of the elevated 
liquor, applied to the reſpective diſtances of the 
ſame circular ſurfaces from the vertices of the ſeve- 
ral cones whereof the pipes are portions. For it 
has been proved that the attractive forces of conical 
Pipes are as thoſe quantities; and therefore the 
weights which they fu muſt be ſo too. Hence 
it follows that the leſs the proportion is, which the 
diſtance of the elevated liquor's furface from the 
vertex of the cone bears to the diameter of the 
fame ſurface, or which amounts to the ſame thing, 
the faſter the fides = the pipe converge, the ſtrong- 
er 18 its attractive force, and the greater the quanti- 
ty of liquor which is fu 

The firm union and cohefion of the par- 
ticles af ſolid bodies ſeems to ariſe from this force, 
wherewith they mutually attract each other; which 
as it appears to be exceeding ſtrong in the imme- 
diate contact of the particles, fo is it found by ex- 
perience ta reach but a very little way beyond the 
fame with any ſenſible eff ect. At very ſmall diſ- 
tances indeed it is ſufficient to raiſe up lquors, as al- 
ſo to produce the many odd and ſurprizing ap- 
Pearances which are to be met with in chymical 
rations, and which without the aſſiſtance of this and 


fone other principles, which I ſhall hereafter have 
occalion 


1 


would raiſe Lex e 1. 


I. 
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Le r. occaſion to mention, are utterly inexplicable. For 
I. want of. a due knowledge of theſe powers chymiſts 
have fallen into groſs miſtakes and abſurdities in 
their reaſonings. Thus for inſtance, ſome who were 
unacquainted with the principle of attraction, have at- 

tempted to give a reaſon for the floating of the minute 

particles of ſolid bodies in menſtruums ſpecifically 

lighter than themſelves ; by ſaying that there is an 
inteſtine motion in the parts of the menſtruums, by 

vertue whereof the particles of the ſolid bodies are 

driven perpetually from place to place, and by that 

means are kept from falling : not conſidering that 

Sir Isaac NewTon has flemonſtrated in the nine- 

teenth propoſition of the ſecond book of his princi- 


| 
ples, that fluids'have not naturally any inteſtine mo- | 
tion; but that ſetting aſide all external cauſes of mo- 
tion, the particles of fluids are as perfectly at reſt Þ | 
as thoſe of ſolid bodies. There is indeed during the p 
time of the ſolution a conſiderable motion, but ass : 
this is occaſioned by the mutual attraction between p 
the menſtruum and the body, by means of which J 
attraction the parts of the fluid are driven with by 
force between the parts of the ſolid, ſo as to looſen 
and divide them one from another; as ſoon as the f. 
ſolution is over the motion ceaſes, and all the * 
are at reſt again, and the particles of the diſſolved 2 
body are kept ſuſpended by their cloſe adheſion to — 
the parts of the menſtruum, and not by any imagi- 8 


nary motion, where with they are toſſed too and fro 
in the manner of a ſhutle-cock ; and in truth, could 
ſuch an inteſtine motion be allowed, as it muſt be 
made in all manner of directions; it would be as apt, 
nay more apt conſidering the conſpiring gravity of 
the particles, to precipitate and caſt them down, than 
to raiſe and keep them up. | | T0 
Were it not beſide my preſent purpoſe, I could pro-̃ 
duce many more inſtances of falſe reaſonings in the 
Writings of chymiſts, occaſioned by their ignorance | 
of the true principles of nature; but as chymiltry is 
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at preſent out of my province, I ſhall reſt contented 
with the ſingle inſtance which I have given. 
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TTAVING in my former Lecture proved Lz cr. 

from experiments, that there is a power in 
nature whereby the parts of matter, which are 
brought ſo near as to touch, do in ſome circum- 
I ſtances mutually attract each other. I ſhall now 
treat of ſuch kinds of attraction as extend them- 
2 felves to conſiderable diſtances beyond the point of 
contact, and on that account affect the mind more 
ſtrongly, ſo as to convince it more fully of the real- 
lity of ſuch a principle. Of this kind is, Firſt, that at- 
traction which obtains between glaſs, and glaſs. 
2 Secondly, that of electricity. Thirdly, the attrac- 
tion of magnetiſm. And laſtly, that of gravity ; 

of all which in their order. 

And firſt, if a glaſs bubble be ſet to float on Exp. 1: 

water contained in a glaſs veſſel, at a ſmall diſtance 
from the ſide of the veſſel it will from a ſtate of 
reſt begin to move towards the ſide of the veſſel; 
and its motion will be continually accelerated, fo as 
to make it upon its arrival at the ſide of the veſſel 
to ſtrike the ſame with ſome force. | 
Perhaps it may be thought that the motion of the 
bubble ariſes from ſome declivity in the water to- 
Wards the ſides of veſſe] : but whoever obſerves the 
ſurface of the water will find, that it rifes all about 
The ſides of the glaſs, ſo as to become of a concave 
 Wigure, and for that reaſon may retard, but can by 
No means promote the motion of the bubble; and 
Fhis riſing of the liquor about the ſides of the veſſel 
to be attributed to the ſame cauſe with the motion 
f che bubble, namely, the attraction of the gas. 
8 
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LzcT. The acceleration obſervable in the bubble's mo- 
II. tion ariſes from two cauſes ; the firſt is, the contis 
nud and uninterrupted action of the attractive force 
of the glaſs; for if we ſuppoſe the time of the 
bubble's motion to be divided into a number of equal 
, as for inſtance ten; and if the attraction of 
the glaſs be ſuppoſed to make equal impreſſions on 
the bubble in each of thoſe parts of time, it is plain 
that whatever be the motion which is excited in the 
bubble by the impreſſion of attraction in the firſt 
portion of time, the ſame will be doubled in the 
ſecond, tripled in the third, and ſo on continually 
thro? the ſeveral portions of time; for the motion 
produced in the firit portion of time is not loſt, and 
therefore by the addition of as much more in the ſe- 
cond portion of time it becomes double, and in the 
third triple, and ſo on. Now if inſtead of ten parts 
we ſuppoſe the time of the motion to be divided in- 
to numberleſs parts indefinitely ſmall, in each of 
+ which the attraction of the glaſs makes equal i 
ſions on the bubble as before; the motion will be | 
continually accelerated, thoꝰ the attractive force of 
the glaſs ſhould continue the ſame at all diſtances 
of the bubble; but the attractive force acts more 
ſtrongly the nearer the bubble approaches, on which 
account the motion is more and more accelerated the 
nearer the bubble comes to the glaſs. 1 ˖ 
By electrical attraction, I mean that kind of at- 
traction which is excited in bodies when their parts . 
are heated by friction, and which doth not diſcover f 
it ſelf by any ſenſible effect when the bodies . 
t] 
ſe 


are cold. Of this fort are the attractive forces, 
which amber, roſin, ſealing- wax, and indeed moſt 
ſulphurous ſubſtances when heated by rubbing, have 
been found to exert towards chaff, feathers, leaf- gold, 
lamp-black, and many other light fubſtances. "Bur 
as the attractions of theſe bodies have fallen within 
the notice of vulgar eyes, I think it needleſs ro make 
any experiment for the proof thereof; but * 

r 
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plainly ſhew this power to obtain in glaſs, and that 


9 
father to lay before you ſome experiments which Lr. 


IL 


to a very notable degree, tho? it has not till of late WWW 


been commonly obſerved. And firſt, 


If a cylindrical tube of flint glaſs be rubbed briſk- 


ly with brown paper, or woollen cloth till it ac- 
quires ſome degree of heat, and be then held near 
to ſmall pieces of gold or braſs leaf; they will be- 
gin to move, and ſome of them will fly towards the 
tube with great ſwiftneſs; and fix themſelves upon 
it ſo as to adhere thereto, being acted upon by the 
attractive force of the glaſs : whilſt —— uring 
their aſcent towards the tube, will before they can 
reach the ſame, be driven backward with great vio- 
lence, as will likewiſe ſome of thoſe which toucli 
the being actuated by another force | 
| — — that of attraction, which I all er 
| deavour to explain to you hereafter. The hotter 
the tube is made by rubbing, the farther doth its 

wer reach, ſo as in ſome caſes to act upon the 
eaf at the diſtance of a foot or more. 

This electrical attraction of glaſs doth in like 
manner appear from the following experiments. 


ry ww CY Wo Fay Ie Þ 7 


ſition 1s horizontal; a parcel of woollen threads 


their lower ends may be diſtant an inch or a little 
more from the globe, will ſuitably to the na- 
ture of all heavy bodies, down perpendicular 
to the horizon, and parallel to each other; if then 
the globe be moved pretty briſkly round its axis, 
the threads will immediately change their poſition, 
ſo as to have their ends bent a little upward, point- 
ing that way towards which the motion tends; the 


to the circumambient air wherein the threads 
and by means thereof in ſome meaſure to the threads 
themſelves. Let then an hand be applied to the 
— 6+ Yo: and 

. 
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ſuſpended from a ſemicircular wire, ſo as that 


rotatory motion of the globe being communicated 


If over a globe of glaſs fixed on an axis, whoſe Exp. 3. 
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Lzcr. as ſoon as it grows warm from the friction, the 


threads which before were crooked will dart them- 
ſelves out into ſo many ſtrait lines, all pointing to- 


wards the center of the globe ; but as ſoon as the 


attrition ceaſes, and the globe cools, they quit this 


direction, and return to their former poſition 3 | 


whence it evidently appears that they are attracted 
by the glaſs, ſince they are made to point towards 
its center, notwithſtanding the contrary directions 
that were given them by the motion of the air and 
the force of gravity. In this and the two following 

iments there is one remarkable circumſtance, 
which tho? it does not concern the matter in hand, 


yet becauſe I ſhall have occaſion to have recourſe | 
to it hereafter, I ſhall to prevent the repetition of 
experiments take notice of it here. And it is this; 
if while the threads are extended and acted upon by 

the attraction of the globe, a finger be moved to- 
wards the extremity of any of them, they will 
immediately recede and fly from the touch, and 
this they will do upon every —_— of the finger. | 


If the axis of the globe inſtead of being parallel 
to the horizon be placed perpendicular thereto, and 


the ſemicircular wire which ſupports the threads be 


in the plane of a circle parallel to the horizon, the 
threads muſt by reaſon of their gravity hang down 
in lines parallel to the axis of the globe, yet as ſoon 
as the motion and attrition are given to the globe 
as before, the threads will be given to raiſe and ex- 


1 LF 


tend themſelves towards the center of the globe, 


and appear like ſo many rays converging towards 
that center in a plane parallel to the horizon : fo 
that in this caſe the attractive force of the glaſs does 


not only draw the threads out of the 2 poſi- 
ik 


tion they have to each other, but likewiſe raiſes 


them up in a 3 parallel to the horizon, not- 


1 | 


withſtanding the force of gravity which is conſtant- 
ly acting upon them to carry them down. 


{ 
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| Tf the threads inſtead of being placed without the Lz c 7, 
2 plobe, be fixed to the axis at the center, and be of II. 
uch a length as to reach within about an inch of 
the ſurface z when the globe is turned round, they _ 4 
will bend backward contrary to the direction of the 
motion; becauſe the included air, tho' it does in 
| } ſome meaſure partake of the rotation of the globe, 
yet doth it not move with equal ſwiftneſs, and for 
> that reaſon muſt reſiſt the rotation of the threads 
and bend them backward. When the threads are 
; in this ſtate, if the attraction of the glaſs be ex- 
„ cited by attrition as in the two laſt experiments, 
they will ſtraightway extend themſelves towards the 
> 4 concave ſurface of the globe conſtituting as it were 
f Þ fo many rays iſſuing from the center, and diverging 
from one another in a regular manner. 
y The reaſon why the threads in all theſe experi- Exp. g. 
„ I ments are ſtretched into lines tending either to or 
11 from the center of the globe, ſeems to be this. 
4 Whatever be the force wherewith the globe acts on 
r. the threads, the direction of it muſt be ndicu- 
| lar to the ſurface of the globe; conſequently in the 
4 ſame direction muſt the threads move; but from 
e the nature of the globe thoſe and thoſe lines only are 
\e perpendicular to its ſurface, which either iſſue from 
Yor tend towards the central point. 


0 Having faid thus much concerning electrical at- 
de traction I now proceed to that of magnetiſm. Many 
x- nnd ſurpriſing are the properties both of the Load- 
e, tone and magnetical needle, which however I ſhall 
ds Not here conſider ; my intent at preſent being only 
ſo V ſhew from experiment the law of magnetical at- 
es W'=ftion ; or in other words, to ſhew in what pro- 
4. Portion the attractive power of the loadſtone varies 


iccording to the different diſtances of the iron which 
Fattracts. And in order to this, let a loadſtone be x,y. 6. 
uſpended at one end of a ballance, and counter- 
Poiſed by weights at the other; let a flat piece of 
on be beneath it at the diſtance of four 

D 2 fenth 
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Lz er. tenth 
II. deſcend, and adhere to the iron: let the ſtone again 
be removed to the fame diſtance, and a weight of 
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of an inch, the ſtone will immediately 


four and four tenth parts of a grain be 
thrown into the ſcale at the other end of the ballance 
this weight will be an exact counterballance to 
the attractive force, and prevent the deſcent of 
the ſtone; but if any part of the weight be taken 
out, the attraction will prevail, and carry the ſtone 
down. If the ſtone 2 placed at half the former 
diſtance, that is to ſay, at 5 diſtance of two tenth 
of an inch above the iron, the weight neceſ- 
to hinder its deſcent will be about ſeventeen 
and an half, that is four times as much as be- 
— Conſequently, the attractive force of the ſtone 
at the ſingle diſtance from the i iron, is to the ſame | 
at the double diſtance as four to one, that is reci- 
procally as the ſquares of the diſtances. 

Perhaps it may be objected that Sir Isaac | 
NewrTon (to whoſe judgment in natural affairs the 
utmoſt regard is due) has ſaid that the power of the 
loadſtone decreaſes nearly in the triplicate ratio of 
the increaſe of the diſtance. But whoever conſiders 
his words in the fifth corollary of the ſixth propo- 
ſition of the third book of his principles, where he 


mentions this law, will find that he ſpeaks 
gueſled 


with diffidence, as a thing which he rather 


of it 


at from ſame rude obſervations, than collectec 


| from 


| ſtanding this object 


accurate experiments, for his words are, Et in rece/- 
fu a magnete decreſcit in ratione diſtantia non duplica- 
ta, ſed fere triplicatd, quantum ex craſſis quibuſdam 
obſervationibus animadvertere potui. So that notwith- | 
jection I ſtill venture to affirm} 
the law of magnetical attraction to be ſuch 8 1 
makes it act with forces which are in the reciprocal] 
du ratio of the diſtance. Becauſe this law is 
ced from an ex t made with ſufficient} 


cractneſs, and which does not ſeem liable to any} 
crception. | £Þ 
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Tho? the principle of gravity, which comes next L cr, 


to be treated of, be diffuſed throughout. the ſolar 


IL 


ſyſtem, and may probably be extended fo far as WW 


to reach the other ſyſtems of the univerſe; yet ſhall 
I conſider it at preſent with reſpect only to the 
globe of earth, which we inhabit; the parts where- 
of would by reaſon of the diurnal rotation be a 

to fly aſunder, were they not kept together e 


influence of this principle; whereby likewiſe all 

bodies on or near the ſurface of the earth are made 
to tend towards its center. This power at equal 
diſtances from the center of the earth is always pro- 
portional to the quantity of matter in the body 
3 whereon it acts; for all bodies the light as well as 


heavy being let fall from the ſame height deſcend 
with equal ſwiftneſs, provided they meet with no re- 
ſiſtance from the air, as will appear from the fol- 


ther be let fall from the top of an exhauſted receiver 
at the ſame inſtant of time, and they will both ar- 
rive at the bottom at the ſame time very nearly. 
The reaſon why the-/feather doth not the 
bottom quite ſo ſoon as the gold, is, that the re- 
ceiver cannot be ectly exhauſted, and there- 
fore the ſmall portion of air which remains with- 
in, tho* very much rarified, gives ſome ſmall re- 


ſiſtance to the deſcending bodies, which ſuitably 


to the nature of all reſiſtance muſt retard the light- 
er body more than the heavier, and conſequently 


3 cauſe ſome little difference in the times of de- 


ſcent, which otherwiſe would be exactly equal. 


This then being the caſe, it evidently follows, 


that the forces of gravity, whereby bodies deſcend, 


muſt at equal diſtances from the center be as the 


quantities of matter in the deſcending bodies; 


for if a certain force of gravity be requiſite to car- 
ry down a certain quantity of matter with a cer- 
WJ can ſwiftneſs, then is double the force neceſſary to 


carry down a double quantity of matter with 
| YO — 


\ 


2 lowing experiment. Let a piece of gold and a fea- Exp. 7. 


22 Or ATTRACTION. 


Lor. the ſame ſwiftneſs; and triple the force to carry 
II. down a triple quantity, and fo in proportion 
WY whatever be the quantity of matter: ſo that the 
weights of bodies at equal diſtances from the 
center of the earth are always proportional to 
the quantities of matter which they contain; and 
therefore the quantity of matter in any body may 

be meaſured by its weight. | 

The gravity of a body at any place beneath the ſur- 
face of the earth has been proved by Sir I. NewrT. 
to be directly as the diſtance from the center; that 
is ſuppoſing the earth's radius to be four thouſand 
miles a body which on the ſurface of the earth 
weighs a pound, will within the earth at the diſ- 
tance of two thouſand miles from the center 
weigh only half a pound, at the diſtance of one 
thouſand miles only a quarter, and ſo on till at 
the center it looſes all its gravity. 

It has been likewiſe proved that the force of gra- 
vity on the ſurface of the earth, and all diſtances: 
beyond it, is in the reciprocal duplicate ratio of 
the diſtance from the center; that is, if a body 
weighs a pound at the ſurface of the earth, whoſe 
diſtance from the center is four thouſand miles, 
it will at double that diſtance weigh only a quar- 
ter of a pound, and at triple the diſtance, only 
the ninth part of a pound, and ſo on, whatever 
be the diſtance the — of gravity will be re- 
ciprocally as the ſquare of the diſtance. For is it 

not highly rational that the power of gravity what- | 
ever it be ſhould exert it ſelf more rigorouſly in 
2 ſmall ſphere, and weaker in a greater, in pro- 
portion as it is contracted or expanded; and if 
ſo, ſeeing that the ſurfaces of ſpheres are as the 
{quares of their radii, this power at ſeveral diſtances 
muſt be as the ſquares of thoſe diſtances recipro- 
cally. Tho? ſtrictly ſpeaking, this be the law of | 
gravity, yet where the diſtances from the ſurface 
are inconſiderable with reſpect to the earth's radius, 


the 
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the force of gravity may be looked upon as equal Lx Or. 
at all thoſe diſtances ; thus for inſtance, the gravi- II. 
ty of a body at the diſtance of half a mile from te 


1 earth may be looked upon as equal to the gravity 


thereof at the diſtance of a quarter of a mile; or 


at the very ſurface ; becauſe the difference is fo 


ſmall, that if it be rejected it will not occaſion 


any error in calculations. And indeed on this 
7 ſuppoſition are founded moſt of the reaſonings of 


GALLILXO, ToRRIcELLIus, HuyGens, and 


other naturaliſts concerning the deſcent of heavy bo- 
dies; and by the help of the ſame ſuppoſition 


have the ſeveral theorems been formed relating to 


the acceleration of falling bodies; the ſpaces de- 
3 ſcribed, the times of the fall, and the velocities 


thereby acquired; as I ſhall now ſhew you. 


PPP. P 


If the force of gravity whereby a body deſcends 


remains unvaried, the motion of a body falling by 
ſuch a force will be accelerated, and that uniform- 


ly; that is the velocity will increaſe, and the incre- 


ments thereof in equal times will be equal. For 


let us ſuppoſe the time of the deſcent to be divided 
into a number of equal parts indefinitely ſmall, in 


each of which by ſuppoſition, the force of gravity 
makes equal impreſſions on the body to carry it 
down; whatever velocity therefore the body re- 
¶ceives from the impreſſion of gravity in the firſt 
portion of time, it muſt receive as much in every 
other portion; ſince therefore ſetting aſide all out- 


ward lets and obſtacles the effect of every impreſſion 
mains, the velocity given in the firſt portion of 
ime, will be doubled in the ſecond, tripled in the 
third, quadrupled in the fourth, and ſo on continu- 
ally thro* the ſeveral portions of time. So that 
he velocity of a body falling by the force of gravi- 
y will conſtantly increaſe in the ſame proportion 
with the time of the deſcent. Or in other words, 
he motion of a body carried down by the force of 
gravity will be uniformly accelerated; and the ve- 
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Le r. locities acquired will be as the times of the deſcent 


from the beginning of the fall. 
From what has been ſaid it follows, that if a 


Fig. 3. right line as AB be ſuppoſed to denote the time 


Fig. 4. of the fall. In the triangle ABC, let AB ex- 


of a body's fall, and another right line as BC 
ſet at right angles to the former, to expreſs the ve- 


locity acquired by the falling body in the time de- 
noted by AB. The triangle ABC being com- 


pleated, and another right line as DE drawn pa- 
rallel to BC, then will DE denote the velocity 
acquired by the falling body in a portion of time, 
which 1s to the time denoted by AB, as AD to 


AB. For from the nature of ſimilar triangles, | 


AB is to AD as BC to DE; but BC expreſſes 
the velocity acquired where the time is as A B, con- 


ſequently, ſince the velocities are as the times of the 


deſcent, DE will expreſs the velocity acquired in 
the time denoted by AD. 


And what has been thus proved of the line DE, | 


is in like manner true of any other right line, as F G, 

or HI, drawn within the triangle parallel to the 

baſe; for FG and H1 will expreſs the velocities 
uired in the times denoted by AF and AH. 


he ſpaces deſcribed by bodies falling from a a 


ſtate of reſt by the force of gravity are to one ano- 
ther as the ſquares of the times from the beginning 


preſs the time of a body's fall, and BC the velocity 


acquired at the end of the fall, let AB be divided | 


into a number of equa _— indefinitely ſmall ; 
and from each of thoſe 


tive points of time z hich velocities, inaſ 


the body is given and the portions of time are in- | 
definitely ſmall, will be as the reſpective __ 
ſum of the | 


deſcribed in thoſe times : but the 


deſcribed in all the fmall portions of time is equal 
| to 


Q 


viſions ſuppoſe lines, as 
DE drawn parallel to BC; it is Dont from | 
what has been faid, that thoſe lines will expreſs the | 
velocities of the falling body in the ſeveral ref ng N 

as 


LT 
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to the ſpace deſcribed from the beginning of. the Lzc 7. 
fall; and the ſum of all the lines, as DE taken in- II. 
definitely near each other conftitute the area of the 
triangle. And therefore the ſpace deſcribed by a fal- 
ling body in the time expreſſed by A B, and where 
the velocity acquired at the end of the fall is denoted 
by BC, will be as the area of the triangle A BC. 
And for the ſame reaſon the ſpace deſcribed by a 
falling body in the time expreſſed by AD will be 
as the area of the triangle ADE. But from the 
nature of ſimilar triangles theſe areas are to dne an- 
other as the ſquares of their homologous ſides z3 that 
is, as A B to AD, or as BC to DEA. But AB 
and A D expreſs the times of the fall, and BC and 
DE the velocities acquired by the fall; where - 
f fore the ſpaces deſcribed by a falling body are 
as the ſquares of the times from the beginning of 
the. fall, or as the ſquares of the velocities at the 
| end of the fall. And what has been thus demon- 
| ſtrated from the nature of gravity is likewiſe con- 
| firmed by experiments. For if a weight of eleven Exp. $. 
hundred grains be let fall from the height of three 
mches. as fo ſtrike one end of a ballance ; its 
force will be juſt ſufficient to raiſe a pound weight 
at the the other end of the ballance to the height of 
about the eight or tenth part of an inch; whereas 
if the fame body be required to raiſe a weight of 
two pounds to the ſame height, it muſt be let fall 
from the height of twelve inches ; and if the weight 
to be raiſed be three pounds, then muſt the moving 
body fall from the height of twenty ſeven inches, 
for leſſer heights will not ſuffice, as will appear from 
Ihe forces wherewith the deſcending body ſtrikes 
the end of the ballance are meaſured by the weights 
that are raiſed ; which in this caſe are as one, two, 
and three; but the forces wherewith one and the 
fame body ſtrikes, are as the velocities of the body, 
wherefore in the caſe * the velocities * 
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Lz cr. by the falling body are as one, two, and three; but 
[ II. the heights from which it deſcends in order to ac- 
| quire thoſe velocities are as one, four, and nine; 
1 that is as the ſquares of the velocities, | 
| Exp. 9. If this experiment be repeated with a body 
double in weight to the former, to wit, with one 
of twenty two hundred grains; the weights raiſed 
by the ſtrokes will be two, four, and ſix pounds, 
to wit, double the former. | 
From this experiment appears the truth of that 
rule, which collects the quantity of motion in any 
body by multiplying the velocity of the body into 
its quantity of matter, For the force of a ſtroke 
is, ceteris paribus, always proportional to the quan- 
tity of motion in the ſtriking body; conſequently 
in like circumſtances the motions of bodies may be 
meaſured by the force of their ſtrokes ; but it has 
appeared from the experiment that where the ſtrik- 
ing body is as unity, and the velocities wherewith 
it moves at the times of the ſtrokes, as one, two 
and three; the forces of the reſpective ſtrokes are 
likewiſe as one, two and three. But where the 
body is as two, the ſtrokes are as two, four and ſix: 
that is, in both caſes the ſtrokes are as the products 
ariſing from the multiplication of the quantities of 
matter in each body into the reſpective velocities; 
wherefore the quantities of motion are as thoſe pro- | 
ducts. Whence as a corollary it follows, that if 
the weight of one body multiplied into its veloci- | 
ty gives an equal product to what ariſes from 
the multiplication of the wages of .another body | 
by its velocity, the motions of thoſe two bodies are 
| equal ; and this will ever be where the weights of 
1 the bodies are reciprocally proportional to their ve- 
| locities, Thus when the body whoſe weight was as 
[ unity, was let fall from the height of twelve inches, 
and thereby acquired a velocity which was as two; it . 
| raiſed a two pound weight, which was likewiſe raiſed | 
by the body 10 weight was as two, when by fal 
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red a velocity which was as unity. 
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ling from the height of three inches, it had. acqui- L Rer. 


II, | 


From what has been proved concerning the ſpaces 


deſcribed by falling bodies it follows, that if the 


time of a body's fall be divided into a number of 
—_ parts, the * thro* which it falls in each 
of thoſe parts of time taken ſeparately and in 
their order, beginning from the firſt, are as the 
odd numbers taken likewiſe in their order, begin- 
ning from unity, For inſtance, if the time of the 
fall be four ſeconds, the ſpace deſcribed in the firſt 
3 of thoſe ſeconds will be as one, in the ſecond as 
* three, in the third as five, and in the fourth as ſe- 
ven; for where the times of the fall are as one, two, 
three and four; the ſpaces deſcribed are as one, 
four, nine and ſixteen; and therefore if from the 
ſpace deſcribed in two ſeconds, to wit, four, be ſub- 
ducted the ſpace deſcribed in the firſt ſecond, to wit, 
one, the remainder, to wit, three, will be the 
ſpace deſcribed in the next ſecond. And if from 
nine, which is the ſpace deſcribed in three ſeconds, 
be taken four, which is the ſpace deſcribed in two 
ſeconds, the remainder, which is five, will be the 
ou deſcribed in the third ſecond. In like manner 
ubducting nine, the ſpace deſcribed in three feconds, 
from ſixteen, which is the ſpace deſcribed in four 
ſeconds, the remainder, to wit, ſeven, will be the 
¶ ſpace deſcribed in the fourth ſecond ; and fo on ac- 
cording to the number of parts into which the time 
Jof the fall is divided. 
From what has been ſaid it likewiſe follows, that 
the velocity acquired by a falling body at the end of 
he fall is ſuch as with an equable motion would in 
ne ſame time in which the body fell, carry it thro? 
| —. e that of the fall. That the —— of this 
may e appear, it is neceſſary that ſome things 
e premiſed concerning the ſpaces deſcribed by bo- 
Hies carried with an equable motion. And firſt, if 
he velocity of a body RG uniformly be * 
. 8 6 
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the ſpace deſcribed will be as the time of the mo- 
tion; for if a body with a given velocity moves 
thro? a certain ſpace a foot, for inſtance, in a ſecond 
of time, it will in two ſeconds, with the ſame ve- 
locity, move thro? two feet, and thro three feet i in 
three ſeconds, and ſo on, whatever be the time, 
the ſpace deſcribed will be proportional thereto. 
On the other hand, if the time be given, the ſpace 
deſcribed will be as the velocity ; 5 if a body in 
a given time moves thro? the ſpace of a foot with 
a certain velocity, with double the velocity it will | 
paſs thro? the ſpace of two feet, and with triple the 
velocity thro* the ſpace of three feet, and ſo on 
whatever be the velocity, the ſpace deſcribed will | 
be in the ſame proportion. But it neither the time 
of a body's motion, nor the velocity wherewith it 
moves be given, the ſpace deſcribed will be as the 
time and velocity conjointly; for if a body moving 
with a certain velocity runs thro? a certain ſpace in a 
certain time, it follows from what has been ſaid, that 
if the time be increaſed or diminiſhed in any pro- 
portion, in the ſame alſo will the ſpace be increaſed 
or diminiſhed, ſuppoſing the velocity to remain the 
ſame, but if that likewiſe be changed, it is plain | 
that the. ſpace will be ed in the ſame pro 
— and therefore univerſally the ſpace deerkbed 
a body us - equally is as the time and velo- 
A conjointly. For which reaſon, if in the rect- 
angle, one fide, as A B, be ſuppoſed to denote the 
time wherein a body moves equally, and BC the 
velocity wherewith it moves, the reftangle A B C * 
will be as the ſpace deſcribed; but the 
ABC of the ſame figure, is as the ſpace Per 
by a falling body in the time denoted by AB, and 
BC is as the velocity acquired 1 the 
fall; and the rectangle AB CD is double the tri. 
an gle ABC, conſequently the velocity | 


| 
| 
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an equable motion in the time of the fall thro? double 
the ſpace of the fall. As 
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As the motion of bodies falling from a ſtate of Leer, 
reſt is uniformly accelerated; ſo likewiſe the motion II. 
1 of bodies thrown upward is uniformly retarded ; WV WV 
for the ſame force of gravity which conſpires with 
| the motion of deſcending >. ft acts in direct op- 

„ poſition to the motion of ſuch as aſcend; and 
therefore in whatever manner it accelerates the one, 
| 32 very ſame manner muſt it retard the other. 
Whence it follows, that if a body be thrown di- 
rectly upward, the time of its riſe will be equal 
to that wherein a body falling freely from a ſtate of 
reſt, acquires the ſame velocity wherewith the body 
is thrown up. For ſince the action of gravity is 
conſtant and uniform in whatever time it generates 
any velocity in a falling body, in the ſame time muſt 
it deſtroy that velocity in a 1 and there- 
fore the time of the riſe muſt be equal to that of 
the fall. It likewiſe follows that the height to which 
a body thrown upward riſes is equal to that from 
which a body falling freely does at the end of the 
fall acquire a velocity equal to that wherewith the 
body is thrown up. For ſince the times in which 
the velocity of the falling body is generated, and 
that of the riſing body is deſtroyed, are equal: 
r and ſince of the two equal veloeities one is gene- 
2d rated and the other deſtroyed by the conſtarit uni- 
o- form action of one and the ſame power; it is mani- 
t- feſt that whatever be the ſpace thro? which the fal- 
he ling body moves in order to acquire its velocity, the 
he riſing body muſt aſcend thro? an equal ſpace in 
D order to Jooſe its velocity; that is it muſt riſe to the 
le ſame height from which the other falls. 
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ed The force of gravity at the ſurface of the earth is 
nd ſuch as, ſetting aſide the reſiſtance of the air, makes 
the a body falling from a ſtate of reſt to deſcend thro” 


ri- a ſpace of ſixteen feet and an inch in a ſecond of 
red time. For the time wherein a pendulum performs 
ith its ſmalleſt vibrations is to the time in which a body 
ble falls thro? half the length of the pendulum as the 
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Le r. circumference of a circle to its diameter (as ſhall be 
il ſhewn when I come to treat of the pendulum) 

» wherefore ſince the ſpaces deſcribed by falling bo- 
dies are as the ſquares of the times, and ſince the 
Diameter of a circle expreſſes the time which a 
body takes to fall thro? half the length of a pendu- 
lum vibrating ſeconds, when the circumference ex- 
preſſes a ſecond; it follows that as the ſquare of the | 
diameter is to the ſquare of the circumference, ſo is 
half the length of the pendulum to the ſpace thro? | 
which a body falls in a ſecond of time. So that 

utting D to denote the diameter of a circle, which 
is as unity, P the periphery which js as 3, 1416, L 
the length of the pendulum vibrating ſeconds 
which is 394 inches; and 8 to denote the ſpace 


ſought; we ſhall have this analogy D!: P* es. 


Conſequently S 55 or rejecting the diviſor as 
being equal to unity SPL 193 inches or ſix- 
teen feet and an inch. 

Before I quit this ſubject I muſt obſerve to you 
that bodies do not every where deſcend at the rate 
of ſixteen feet and an inch in a ſecond of time, but in 
ſuch places only as are in or near the latitude of for- 
ty nine degrees; in places more diſtant from the 
line the deſcent is quicker, and more ſlow in thoſe 
leſs diſtant. For the force of gravity is leſs to- 
wards the æquator than towards the poles, as has 
. been collected from obſervations made on pendu- 
lams ; for they have been found to vibrate more 
flogly near the ling than in places farther removed; 
inſomuch that a pendulum which in the latitude of 
Paris vibrates ſeconds, mnſt be ſhortened one ſixth 
of an inch French meaſure in order to its vibrating 
ſeconds under the line. And the length of a pen- 
dulum which in the latitude of Paris performs 

its vibrations in a ſecond, is to the length of an 
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dulum whoſe vibrations are performed in the ſame LR Or. 
time under the line as 220 to 219. Since therefore 


the forces of gravity which actuate pendulums that 
vibrate in equal times are to one another as the 
lengths of the pendulums (as ſhall be ſhewn when I 
come to treat of pendulums) it is evident that the 


force of gravity in the latitude of Paris is to the 


ſame force under the line as 220 to 219. And 
indeed it has appeared from a great number of ob- 
ſervations that the force of gravity is leaſt at the 


Eæquator, and that it continually increaſes as we re- 


cede from thence and approach the Poles, under 


I which it is greateſt of all. And the chief cauſe of 


this difference is the rotation of the earth about its 
axis, whereby all bodies on or near the ſurface of the 
earth are indued with a centrifugal force, which acts 
in oppoſition to that of gravity, and of courſe muſt 
leſſen the ſame z and the diminution of gravity art- 
ſing from this cauſe muſt be greateſt under the 
æquator, and grow leſs and leſs in the approach 
to the poles : and that for two reaſons, be- 
cauſe the centrifugal force is greateſt at the æqua- 


tor, and from thence towards the poles is continual- , 


ly diminiſhed fo as at laſt to vaniſh in the polar 
points, For all parts of the earth's furface — the 
bodies thereto adjacent revolve in the ſame time ei- 
ther in the æquator or in circles parallel thereto z 
but the æquator is the largeſt of all thoſe circles, 
and the others grow leſs and leſs as they are more 
and more diſtant from the tor. Now the 
centrifugal forces of bodies revolving in the ſame 
time in different circles being to one another as the 
radii of the circles (as ſhall be ſhewn when I come 
to-treat of thoſe forces) it follows that the centri- 
fugal force muſt be greateſt at the æquator, and 
thence be continually diminiſhed towards the Poles. 
To illuftrate this, let AB be the axis of the earth, 
CK the radius of the æquator, DI, EH and FG 


de raditof fo many circles parallel ta the quazor 


* | * 
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Lz cT, the centrifugal forces in the points K, I; H, G, are 
II. as thoſe radii; fo that the centrifugal force is great- 
N cſt in the point Ky that is at the æquator; and at 

it is leſs than at K, and at H leſs than at I, and 
leſs again at G, and fo on till at length it vaniſhes at 
the polar point where there is no rotation. Whence 
it is evident that the force of gravity muſt be 
ſmalleſt under the line, and muſt increaſe towards 
the poles, inaſmuch as the force which acts in op- 
poſition to it is greateſt under the line and leſſens in 
the approach to the Poles. The force of gravity 
muſt likewiſe be leſs under the æquator than m any 
other place, becauſe under the line the centrifugal | 
force acts in direct oppoſition to the force of gravity, 
whereas in other places it acts in an obhque direction 
. to that of gravity, and of conſequence muſt act leſs 

225 powerfully againſt it. Thus in the point K the 

force of gravity pulleth from K towards C whilſt 

the centrifugal force pulleth directly contrary from 

C towards K; whereas in the point L gravity pul- 

ſeth from L towards C, whilſt the direction of the 

eentrifugal force is from O towards L. Let the 

Y centrifugal force in the point L be the 

\ line LM, and to CL continued to N let fall the 

FE :y dicular MN. The force L M, according to 

Tg the known method of reſolving forces, of which I | 
W 


ſhall ſpeak hereafter, may be reſolved into two forces 
denoted by the lines _ and LN; whereof the 
latter only acts in oppoſition to gravity as pulling | 
directly — it; 2 no — Aang the : 
fame : conſequently, ſuppoſing the centrifugal bbc 
at L to be the fame as at K yet will the force of 
ity be leſs diminiſhed by it at L than at K, 

ſe at L part only of the centrifugal force re- 

fiſts that of gravity, whereas at K the whole cen- 
trifugal force acts in oppoſition thereto 
From what has been ſaid it follows, that the force 
whereby gravity is leſſened in the equator is to the 
force whereby it — in any other 3 
* % 


Or REPULSION. , - "ns 
tarth's ſurface as the ſquare of radius to the ſquares 
of the ſine of the compliment of latitude. Fer the 
centrifugal force in the point K, the whole of which 
acts in oppoſition to gravity, is to the centrifugal 
force in the pou L,asCKorCL to OL ; but the 
whole centrifugal force in L 1s to that part of it bas 
oppoſes gravity, as L. M to L N, that is, becauſe t 
| } triangles L NM and COL are ſimilar, as CL to 
3 OL ; wherefore the centrifugal force or the force 
1} which oppoſes gravity in the point K is to that part 
of the centrifugal force which oppoſes gravity in 
the point L in the duplicate ratio of CL to OL, 
that is, as the ſquare of radius to the ſquare of the 
7 ſine of the compliment of latitude. » 


LECTURE III. 
Ot Kevorbiou And CenTRAL Forces. 


A experience has convinced us that there are LE c 7] 
\ Powers in nature; ag wo” Ger only the lar- III. 
ger ſyſtems and collections, but likewiſe the ſmaller WWW 
parcels and particles of matter are, in ſome caſes 

made to tend to one another z the fame experience 

will inform us of other powers in nature, whereby 

the parts of matter do in ſome circumſtances recede 

and fly from each other. For if the diſagreeing Exp. 1. 
pole of a loadſtone be moved towards a magnetical 

needle floating on water, the needle will recede; and 

the nearer the ſtone is brought to it, with the greater 

I violence and precipitation will it fly off; the repelli 
Power, like the attractive, exerting itſelf with 
greater vigor at ſmaller diſtances, * 
This repelling power is likewiſe evident from the 
experiments which were made relating to electrical 
attract ion: for it was obſervable that upon holding 
the glaſs tube, when heated by friftion, nigh ſmall 
vieces of braſs-leaf ; of thoſe pieces _— 


4+ 
Lzecr. the attraction had been raiſed towards the tube, 


III. 
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were, before they could reach it, driven back again 
with great precipitation: and of thoſe which ad- 
hered to the tube ſome were thrown off with a ve- 
locity much greater than could poſſibly ariſe from 
e force of gravity in ſuch light bodies, and con- 
equently muſt have been driven down by ſome re- 
pelling power in the glais. And in the experiments 
of the glaſs- globe and woollen threads; when the 
threads were, by the attractive force of the globe, 
made to extend themſelves towards its ſurface, upon 
moving one's finger towards them, they were ob- 
ſerved to recede and fly off, and that at conſiderable 
diſtances from the finger; which plainly argues a 
repelling er interceding the finger and the 
threads, when under the circumſtances of thoſe ex- 
iments. From this power it is, that the leaves of 
the ſenſitive plant ſhrink and retire from the touch 
of an approaching hand. And to the ſame 


we are to attribute the elaſticity of the air; as 
alſo the ſhaking off of the particles of light from 


the ſun and other luminous bodies. 


Beſides the forementioned principles of attraction 


and repulſion, whereby nature ſeems to perform 


moſt of her operations, and which for that reaſon 
are very properly ſtiled active principles; there is 
another of a paſſive nature, commonly called the 


vis inſita and vis inertiæ of matter, a force ariſin 
from the inertneſs or inactivity of matter; whi 


force in any body is 1 to its quantity of 
orce reſult three paſſive laws of 


matter. From this 

motion, uſually called by modern naturaliſts the 

three LAwS OF NATURE, * 
The 


a By vertue of the vis inertiæ it is, that the motion of a body 
produced by a force impreſſed upon it, is meaſured by the quan- 
tity of matter in the body and its velocity, taken together. For 
the body by its vit inertiæ, reſiſts the force impreſſed upon it 
which cauſes its motion, in proportion to its quantity of matter ; 
and . conſequently, to produce a given tendency in the body 
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LAWS or NATURE. 


Y 
ſon (ſetting aſide all impreſſions from external 


cauſes) if it be at reſt, it mult continue ſo for ever; 
or if in motion, it muſt for ever continue its mo. 
tion without any change either as to direction or 
velopity: ſo then the continuation of motion in 
bodies projected, (the cauſe whereof very much 
perplexed the naturaliſts of old) is to be attributed 
to the paſſive nature of matter, which makes it as 
impoſſible for a body of it ſelf to ſtop its own, mo- 
tion when once begun, as it is for it to move it 
ſelf originally, or of it ſelf to change its figure. 
As a conſequence. of this law it follows, that ali 
motion is of it ſelf equable and rectilineal. For 
firſt whatever be the velocity wherewith a body be- 
gins to move, the ſame velocity muſt continue du- 
ring the motion, unleſs a change be made therein 
by ſome cauſe from without; wherefore the body 


forward, by which it moves at a given rate or with a given velo- 
city, the force impreſſed muſt be proportional to the reſiſtance 
ariſing from its wis inertiæ, that is, to its quantity of matter: 


— muſt 
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muſt in equal times move thro? equal ſpaces with an 
uniform velocity; that is, the motion muſt be equa+ 
ble. And as motion is by vertue of this law in it 
ſelf equable ; ſo is it likewiſe rectilineal: for moti- 
on cannot otherwiſe be conceived than as directed 
and determined towards ſome place or other; and 


it muſt by the foregoing law keep the direction 


Fig. 8. 


which it had at firſt, until it be hindred or put out 
of its way by ſome extrinſic cauſe, that is, it muſt 
move on in a right line. If therefore a body moves 
in a curve, that curvature muſt of neceſſity pro- 
ceed from ſome external force continually acting on 
the body; and whenever that force ceaſes to act, 
the body will move forward in a right line touch- | 
ing the curve in that point wherein the body is at 
the inſtant of time when the force ceaſes to act. 
Thus for inſtance, if a ſtone, moved about in a 
ſling, be ſet at liberty by ſlipping one end of the 
ling; it will not continue its circular motion, but 
go on in a right line touching the circle made by the 
circumvolution of the ſling in that point where the 
ſtone is let go. If the circle BCDE be the curve | 
deſcribed by the revolution of the ſling A B about the 
center A; and if the ſtone be let off at the point 


Bz; it will move on in the right line BG, which 


touches the circle in B. For by the law, the natural | 
tendency of the ſtone in the point B is along the- 

line BG, tho? by the force of the ſling it be made to 
revolve in the curve. And what has been faid of 
the ſtone in the point B, is in like manner true of the 
fame at any other point as C, D, or E; for in thoſe 


7-4 its tendency 1s along the lines CF, DH, and 


Another conſequence of the foregoing law is that all 
bodies, which revolve about a center, muſt endea- | 
vour to recede from the center: for ſince bodies, 
that are moved round in a do of themſelves | 
in every point of the curve tend to move in the 
9 * a 8 0 5 Bey 0 Iv | © © tangents 
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tangents to each point; and ſince all the parts of Le r. 


37 


the tangents are more diſtant from the center of III. 


motion than are the parts of the curve, as is evident 
from the figure; it is manifeſt that bodies ſo moved 
muſt perpetually endeavour to fly off from the cen- 
ter of motion, which endeavour of reeeding is com- 
monly called the centrifugal force; and it is op- 
poſed to the centripetal force, or that force which 
drawing the bodies towards the center makes 
them to revolve in a curve. 
Theſe two forces are by one common name called 
the central forces: and they are in all caſes | 
the one to the other. For let us ſuppoſe a body to 


revolve in the orbit EA C, and that being in the Fig. g. 


point A the centripetal force ceaſes to act; it will 
then move forward in the direction of the tangent 
AB, and BC will be the ſpace thro* which the bo- 
dy recedes from the orbit by meark of the centrifu- 
gal force; and if AB be in its naſcent ſtate, the 
centrifugal force will be as BC; but if the centri- 
petal force acts at A, it will make the body deſcribe 
the arc AC in the ſame time that it would deſcribe 
the tangent AB, in caſe it were not acted upon by 
the centripetal force; conſequently, the ſpace B C is 
deſcribed by means of the centripetal force; and 


the are A C being in its naſcent ſtate, the centripe- - 


tal force will be as BC, and of conſequence eq 
to the centrifugal. = ONT 
In treating of theſe central forces I ſhall 

in the following manner. Firſt, I ſhall. conſider 
two equal bodies moving uniformly in two different 
circles; and thence deduce one general expreſſion 
for the central forces in the terms of the circle. 
Secondly, By ſubſtituting other p zonal quan- 


„* | 
tities in the place of thoſe which conſtitute the ge- 


neral expreſſion, I ſhall form other general expreſ- 
ſions for the ſame forces. Thirdly, By a proper 


xPplcaton of hole expeſons I ſhall determine th 
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Lor. laws of central forces in particular caſes, and at the 


III. 


ſame time confirm each law by an experiment. 
As to the firſt, if two equal bodies moving uni- 


Fig. 10. formly in the circles marked 1, & 2, do in the ſame 


11, 


their reſpective diameters; or becauſe the di rs 


portion of time taken indefinitely ſmall deſcribe the 
naſcent arches AC; and if from the points C be 
drawn the lines CB, perpendicular to the tangents 
AB, thoſe lines will expreſs the proportion of the 
central forces. For ſince the time in which the 
arches AC are deſcribed is indefinitely ſmall, the 
bodies will be carried thro* the ſpaces BC, by one 
ſingle impulſe of each central force; for which rea- 
ſon the motions. of the bodies thro' thoſe ſpaces | 
will be uniform; conſequently, ſince the time of | 
the motion is the ſame, and the bodies equal, the 
motions will be as the | defcribed, that is, as 
the lines BC; but forces which generate equable | 
motions are to one another as the motions gene- 
rated; that is, in this caſe, as the lines BC; which 
lines being equal to the verſed ſines AD of the 

arches AC, muſt be equal. to the ſquares of the 
arches AC, divided by their reſpective diameters | 
AE. For from the nature of the circle, the verſed 
ſine of any arch is equal to the ſquare of the chord 
divided by the diameter; but as. in this caſe the 
arches A C are ſuppoſed to be naſcent, they. do 
not differ from their chords; and therefore in each 
circle the verſed ſine of the arch AC, (which 
verſed ſine expreſſes the central force) is equal to the | 
ſquare of the arch divided by the diameter: conſe- 
quently, the central forces are as the ſquares. of the 


naſcent arches applied to their reſpective diameters; 


and foraſmuch as thoſe naſcent arches, are to one 
another as any other two arches which are deſcribed 
by the revolving bodies in a given time, the central 
forces of two equal bodies revolving uniformly in 
different circles, are to one another as the ſquares | 
of the arches deſcribed in a given time applied to 


arc 
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are as the radii, as the ſquares of the arches applied L x cr; 


to their reſpective radii, Wherefore putting A to III. 


time, D for the radius, and F for the central force. 


F isas T, as it ſtands in the firſt place of the Gr 


D 
rank of ſymbols. 
E's _— 
F is as > F isas > 
V ; QV* 
F is a8 5 | FN 
D 3 
F is as PR Fis as Ps 
F is as DN* F is as QDN* 


As the bodies are ſuppoſed to move uniformly in 
the circles, it is evident that the arches deſcribed in 
a given time are as the velocities of the revolving 
bodies; and therefore in the general expreſſion for 
the central force, the velocity of the — may be 
ſubſtituted in the place of the circular arch; whence 

tting V for the velocity of the body, F is as 


55» in the ſecond place of the firſt rank of 


ſymbols, which is a ſecond general expreſſion for 
the central force. 

Again, the velocity of a body moving uniformly 
in a circle, is as the radius applied to the periodic 
time, or the time of one intire revolution. For if 
the velocity of the body be given, the periodic time 
mult be proportional to the circumference of the 
circle, inaſmuch as a body, which with a given ve- 
locity deſcribes a certain ſpace in a certain time, 
will require a double or triple time to deſcribe a 
double or triple ſpace ; and univerſally whatever be 
the magnitude of the ſpace, the time in which it 
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L f 8 r. deſcribed will be proportional to it. If the circum; 


ference of the circle be given, the periodic time will 
be inverſly as the velocity with which the body 
moves; for if a body moves thro' a given ſpace 
with a certain velocity in a certain time, it will 
with double the velocity move through the ſame 
ſpace in half the time, and with a triple velocity in 
one third of the time; and in general, in whatever 
proportion the velocity is increaſed, in the ſame 
pms will the time be leſſened ; that is, the pe- 
riodic time will be inverſly as the velocity. If 
therefore neither the circumference of the circle, 
nor the velocity of the body be given, the periodic 
time will be direftly as the circumference, and in- 
verſly as the velocity ; that is, as the circumference 
applied to the velocity ; or (becauſe the circumfe- 
rence is as the radius) as the radius applied to the 
velocity. Wherefore putting P for the periodic 


fime of a body revolving in a circle, P is as 


5. and conſequently V is 0 f. If therefore in the 


ſecond ' general expreſſion 5 be ſubſtitued in the 
place of V, we ſhall have a third general expreſſion 
for the central force, wherein F is as Pr, as in the 


third place of the firſt rank of ſymbols. 

Again, the periodic time of a body revolving 
uniformly is inverſly as the number of revolutions 
performed in_ a given time. For if the periodic 
time of a body be ſuch, as that in a given time it 
can perform a certain number of revolutions ;- if the 
28 time thereof be doubled, it will perform 

t half the number of revolutions in the ſame time; 
and if the periodic time becomes thrice as great, 
it will perform but one third of the number of re- 
volutions in the given time; and ſo on, as the pe- 
riodic time is inlarged the number « wor 
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ill be diminiſhed in the ſame proportion, ſo that Lt cr. 


putting N for the number of revolutions in a given 
time, P will be as N Conſequently, if in the third 


zeneral expreſſion N be ſubſtituted in the room of 
P, we ſhall have a fourth general expreſſion for the 
entral force, wherein F is as DN, as it ſtands in 
She laſt place of the firſt rank of ſymbols. 
In collecting theſe general expreſſions, I have all 
Along ſuppoſed the quantity of matter in the revol- 
Jing body to be given; and for that reaſon have 
ot made it a part of thoſe expreſſions, inaſmuch 
s it may be denoted by unity; and as ſuch, whe- 
er it be taken in, or left out, it will not vary the 
Expreſſions. But the caſe will be different, if the 
quantity of matter in the revolving body varies ; 
Pecauſe the central forces, and conſequently the ex- 
rreflions for thoſe forces, will likewiſe vary; ſo as to 
de greater ceteris paribus in larger quantities of mat- 
er than in ſmaller. For the whole central force of 
ny body, is made up of the forces of each particle 
hereof the body conſiſts ; and therefore the more 
umerous the ger of matter are in any body, 
e greater will its central force be; ſo as to be 
ouble in a double quantity of matter, triple in a 
iple quantity; and fo on in proportion to the quan- 
ty of matter. In order therefore to render the ex- 
reſſions yet more general, let Q_ be put for the 
uantity of matter in the revolving 9 ay and let 
be multiplied into each of the four expreſſions, 

s in the ſecond rank of ſynibols. * 
Before I apply theſe expreſſions to the ſeveral par- 
cular caſes, I ſhall offer an experinient in confirma- 
e ul now proved, 0 that the great - 
the quantity of matter in an is, the great - 

8 the central force, _ es * * 
G, *. 
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Let three glaſs tubes half full, one with mercury 


III. and water, another with water and ſmall leaden 


Www 


Exp. 1 


volutions in the ſame time; and 


bullets, the third with water and a piece of cork, 


de ſtopped doe, and made faſt to an inclined plane; 


and let the plane be ſo fixed to a table moveable 
about its center by means of a wheel and axle, as 
that the lowermoſt part of the plane may reſt up- 
on the center of the table. As long as the table 
continnes at reſt, the liquors and ſolids contamed in 
the tubes, will by reaſon of their gravity poſſeſs them- 
faves of thoſe parts of the tubes which lie next the 
center of the table, leaving the remoter parts emp- 
ty: and of the two bodies included in each tube, 
which is heavieſt will be neareft the center; 
but upon turning the table about, the ſeveral bodies 
will by reafon of their centrifugal forces, whereby 
are carried from the center of motion, fly to 
the uppermoſt of the tubes; and in each tube, 
the heavier body will poſſeſs the uppermoſt place 
as being indued with the ſtronger centrifugal force. 

If bodies moving in equal circles perform their 
revolutions in equal times, or in other words, if 
the velocities of bodies revolving in circles be equal, 
and their diſtances from the center likewiſe equal, 
their centrifugal forces are as their quantities of mat- 
ter. For in the ſecond general expreſſion, ſince V 
and D are given, F is as Q; that is, the central 
force is as the quantity of matter; which is con- 
firmed by the following experiment. Let two 


" finall troughs be ſo fixed to two moveable tables, 


as that che centers of the troughs may lie upon the 
centers of the tables, and let the centers of the 


tables be fixed to two axles, on each of which is a 


grooved wheel, with equal diameters ; let the two 
wheels be turned by means of one and the fame 
chord going round them: it is manifeſt, that as the 


wheels are equal, they, and conſequently the tables 


with their affixed troughs, muſt | mga their re- 


of the 
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tables and troughs, whoſe — — — 3 *og 
ſpective centers are equal, will revolve 4 
fwift; and ſo likewiſe muſt all — es. — 
in the troughs at equal diſtances from the centers: 

ſo that by this contrivance, if two bodies be placed 

one in each trough at equal diſtances from the centers, 

they will revolve equally ſwift. Let then two balls, 
whereof one is double the other, be laid one in each 
trough, and let each ball be faſtened to one end of 

a chord, whoſe other end paſſing thro? an hole in 

the center of the table is made faſt to a weight, 

which reſts upon the floor; and let the lengths of 

the chords be ſuch, as that being ſtretched, and the 
weights not raiſed, the balls in the troughs may be 
equally diſtant from the centers. Thus being done 

if the weights be to one another as the balls, and if 

the tables be turned about with ſuch a velocity as 

that the centrifugal forces of the balls may be ſuffi- _ 
cient to raiſe the weights, they will be lifted up pre- 

ciſely at the ſame time. Whence it that in 

this caſe the centrifugal forces are as the quantities 

of matter inaſmuch as they overcame reſiſtances 
which are in that proportion. : 

If equal bodies moving in unequal circles per- Exp. 3. 
form their revolutions in equal times. Or in other 
words, if the quantity of matter in the revolving 
bodies be given, as alſo the number of revolutions 
performed ia a given tune, their centrifugal forces 
— their cow from 8 12 in the 
| neral expreiſion ſince Q and N axe given, 

F is as D. that is, the force is as the diſtance. For 
the confirmation whereof, let two equal balls be 
placed. in the troughs at diſtances from the centers, 
Which are as one and two, and when the tables axe 
turned about, that ball, whoſe diſtance from the 
center is double, will raiſe a double weight. a 
| Ifequal bodies move in unequal circles. with eu, 
velgcities or. more generally, if che quantity af 
matter in e en bs ehren, as. alſo 
2 


velocity 


44 Or CENTRAL FORCES. 

Lc r. velocity wherewith they revolve ; their central forces 
III. are inverſly as their diſtances from the center. For 

n de ſecond general expreſſion fince Q and V are 


given, F is as 5, that is, the force is inverſly as the 


diſtance. Before I mention the experiment where- 
by this law is confirmed, I muſt obſerve to you, 
that to the axle of one of the tables is fixed a ſecond 
wheel, whoſe diameter is but one half of the dia- 
meter of the other wheel ; and therefore when the 
chord goes round the ſmaller wheel, the table muſt 
turn as faſt again as when it goes round the larger 
wheel ; ſo that the table which is moved by means 
of the ſmaller wheel, will revolve twice in the ſame 
time, that the other table which is turned by means 
of the larger wheel, performs one revolution. 
This being premiſed, let two equal balls be fo 
laced in the troughs, as that the diſtance of that 
I which is to revolve by means of the ſmaller 
wheel, may be but one half of the other's diſtance 
From the center; in which caſe their velocities will 
be equal: for tho' the peripheries of the circles 
which the two balls deſcribe, are as one and two; 
yet will the lefſer periphery be deſcribed twice in 
Hhe ſame time that the larger is deſcribed once; and 
therefore the ſpaces thro* which the bodies move in 
a given time will be equal, and of conſequence 
their velocities will be ſo too. If then two weights be 
made faſt to the chords of the balls in the manner 
of the former experiments; the tables being turned 
about, the ballwhoſe diſtance from the center 1s as one 
will raiſe twice the weight, that is raiſed by the ball 
whoſe diſtance is as two; ſo that the weights raiſed, 
and conſequently the forces which raiſe them will 
be inverſly as the diſtances of the balls from the 
If equal bodies revolve in equal cireles with un- 
equal velocities, their central forces are as the ſquares 
00 the velocities, — rantged 
x ix \ - a , | bs 4, num k | 
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number of revolutions in a given time, the forces * 
are as the ſquares of the numbers of revolutions per- 
formed in a given time. For by the fourth gene- * 
ral expreſſion lince Q and D are given, F is as N*, 

that is, the force is as the ſquare of the number of 

revolutions in a given time. To confirm this law, Exp. 5. 

let two equal balls be placed in the troughs at equal 
diſtances from the centers; and let that table, whoſe 

axle has two wheels, be turned about by means of 

the ſmaller, ſo that it may perform two revolutions 

in the ſame time that the other table performs one: 

in this caſe the numbers of revolutions performed by 

the two balls in a given time being as one and two, 

their ſquares will be as one and four, in which pro- 
portion the weights raiſed will likewiſe be. 

If unequal bodies revolve in equal circles with 

unequal velocities, their central forces are as the pro- 

ducts of their quantities of matter into the ſquares 

of their reſpective velocities; or, which is the ſame 

thing, as the products of their quantities of matter 

into the ſquares of the numbers of revolutions in a 
given time. For by the fourth general expreſſion, 

D being given, F is as QN*. — therefore two 

balls, whereof one is double the other, be placed at 

equal diſtances from the centers; and let the larger 
revolve twice in the ſame time that the ſmaller re- 
volves once. In this caſe, the quantity of matter in Exp. 6. 
the leſſer ball, which is as unity, being multiplied 

into the ſquare of its number of revolutions in a 

given time, which is likewiſe as unity, gives one 

for the product. And the quantity of matter in 
the larger ball, which is as two, being multiplied 

into the ſquare of its numder of revolutions in the 

given time, which ſquare is as four, gives eight for 

the product: — 8 e een 

balls will be'as one and e 
| If unequal bodies nu ay in unequal circles with 
unequal velocities, their forces are as their quantities 
ee multiplied into the ſquares of their re- 
Warn 8 ſpectivd 
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their reſpective diſtances from the centers; or 
what amounts to the fame thing, their forces are as 
the products ariſing from the continued multiplica- 
tion of their quantities of matter into their reſpective 
diſtances from the centers, into the ſquares of their 
numbers of revolutions in a given time; or to uſe 
the mathematical phraſe, their forces are in a ratio 
compounded of their quantities of matter, of their 
diſtances from the center, and of the ſquares of their 
numbers of revolutions in a given time. For by 


. the fourth general expreſſion F is as QDN*. To 


confirm this law by an experiment, let two balls, 
whereof one is double the other, be placed in the 
troughs, fo as that the diſtance of the ſmaller from 
the center may be to the diſtance. of the larger as 
two to one; and let the larger revolve twice in the 
ſame time that the ſmaller revolves once. In this 
caſe the quantity of matter in the ſmaller body, 
which is as one, being multiplied into the diſtance 
from the center, which is as two, and the 
being multiplied into the ſquare of the number of 
revolutions performed by the ſmaller body in a given 
time, which is as one, gives two for the product. 
In like manner the quantity of matter in the larger 
body, which is as two, being multiplied into the 
diftance from the center, which is as one, and 
the product of that multiplication being again mul- 
2 _ of "8 wg * revolutions 
perf; the larger in the given time, 
which ſquare is as four, gives eight for the product; 
tly, the weights. which are raiſed, as alſo 
the forces: Which raiſe them, are as two and eight, 
or one and four, TW | 
If equal bodies revolve | in cireles in 
ſuch a manner as that the ſquares of their periodi · 
cal times are as the cubes of their diſtances from the 
center, their central forces are inverſiy as the ſquares 


of their diſtances. from the center. For ſince the 


quantity 


o 
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quantity of matter in the revolving bodies is given, Lx V. 
and the cubes of the diſtances are as the ſquares uf III. 
the times; if in the third general e the WW 


cube of D be ſubſtiruted in the room of the ſquare 
of P, F will be as D divided by the cube of D, or 
as one divided by the ſquare of D; that is, the 
force will be inverſly as the ſquare of the body's 
diſtance from the center. To confirm this law, tet 
two equal balls be placed in the troughs, ſo as that 
the diſtance of one from the center may be as two, 
and the diſtance of the other as three and one fixth ; 
and let that which is at the ſmalleſt diſtance revolve 
twice in the ſame time that the other revolves once 
fo that their periodical times may be as one and two, 
the ſquares of which being one and four, are very 
nearly proportional to the cubes of the diſtances; 
for the cube of the ſmaller diſtance is eight, and that 
of the larger thirty two very nearly ; conſequently, 
the balls muſt raiſe weights which are to one another 
inverſly as the ſquares of the diſtances from the cen- 
ters; that is, the weight raiſed by the ball, whoſe 
diſtance is as two, - mult be to the weight raiſed by 
the ball whoſe diſtance is as three and a fixth, as the 
ſquare of the laſt diſtance to the ſquare of the former, 
— as ten to four, or five to two very nearly. 

If the fquares of the periodical times be propor- 
tional to the cubes of the diſtances, and the revol- 
ving bodies unequal, the central forces are directly 
as the quantities of matter in the bodies and reci- 
procally as the ſquares of their diſtances from the 
center. For in the third general expreſſion, if the 
cube of D be ſubſtituted in the room of the ſquare 


of P; F will be as =. If therefore all things remain 


as in the laſt experiment, excepting that the body which 
is at the greater diſtance from the center is to the bo- 
dy leſs diſtant, as two to one; the weight which is 


raiſed by the former, will be to the weight raiſed by 


Exp. 8. 
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Dcr: the latter, as two, to two and a half; that is, the 
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HI. weights raiſed, will be as the products ariſing from 
WY the multiplication of the quantity of matter in one 


ſtep. 9. 


body into the ſquare of the other body's diſtance. 


Among the ſeveral laws of central forces, that 
which obtains m nature, and by vertue whereof the 
heavenly bodies are made to revolve in their ſeve- 
ral orbits; is, where the forces are to one another 
inverſly as the ſquares of the diſtances of the revol- 
ving bodies from the center. For it has been found 


by obſeryation, that all the planets as well primary 


as ſecondary revolve either in circular orbits or ſuch 
as are nearly ſo: And that the ſix primary planets 
move about the ſun as their center in ſuch a man- 
ner,” as that the cubes of their mean diſtances from 
the ſun are very nearly proportional to the ſquares 
of their periodical times. And the ſame thing has 
been diſcovered with regard to the four { 

ets or ſatellites that move about JuP1iTER, as 
alſo with reſpect to the other five that revolve about 


SATURN, And therefore the forces whereby th 


are retained in their orbits muſt be in the inverſe 
ratio of the ſquares of their diſtances from the cen- 
tral bodies about which they revolve. | 

If ewo bodies are by means of their mutual at- 
traction made to revolve about each other, and alſo 
about a fixed point; and if their diſtances from that 
fixed point, be reciprocally proportional to their 
quantities of matter, that is to ſay, if as much as 
one body exceeds the other in quantity of matter, 
fo much is its diſtance from the fixed point exceeded 


by the others diſtance from the ſame point; or what 


amounts to the ſame thing, if the product, ariſing 


from the multiplication of one body into its diſtance 


from the fixed point, be equal to the product ariſing 
from the like oC uktiplication of the other body into 


its diſtance from the fixed point, their central 
_ forces are equal, For as the two bodies muſt of ne- 
. ceſlity perfom their revolutions in the fame time; 


the 


* 
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the number of their revolutions in a given time Ls cr. 


is given : and therefore by the fourth general ex- 


on F is as Q, that is the central force is as 
the product ariſing from the multiplication of the 
quantity of matter into the diſtance from the cen- 
ter, or fixed point; but by ſuppoſition the product 
of one of the bodies into its diſtance from the fixed 
point, is 1 to the product of the other into its 
diſtance, conſequently, their central forces are 
equal; for which reaſon neither of them can fly off 
— the fixed point ſo as to draw the other after it ; 
for however ſtrongly either of them endeavours to 
recede by vertue of its own centrifugal force, it is 
with equal ſtrength drawn the contrary way by the 
centrifugal force of the other. But if the diſtances 
of the bodies from the fixed point be not reciprocal- 
ly proportional to their quantities of matter; that 
y, whoſe diſtance with regard to the diſtance of 
the other is greater than in the forementioned pro- 
E will fly off and draw the other after it: 
this caſe, the product of the former body into 
its diſtance from the fixed point 1s greater than the 
product of the latter into = diſtance ; which pro- 
ducts being as the centrifugal forces of the bodies, 
the former body will have a greater centrifugal force 
than the latter, and of courſe muſt recede from the 
fixed point, and drag the other after it; all which 
is fully confirmed by the following experiments. 


Let two equal balls be tyed together by a ſmall Exp. 10. 


Chord; and let them be laid in one and the ſame 
trough, one at each end, ſo as that the chord being 


ſtretched may have its middle point juſt over the- 


center of the table; let then the table « turned a- 


bout, and the balls will revolve about the center 


without flying off either way; and continue ſo to 
do as long as the motion of the table laſteth. And 
the ſame thing will likewiſe happen tho? one ball be 


double the other, provided its diſtance from the cen- 


nr of ata be but cnn haul hn RATE 


imaller. 


_ 


III. 


„% Or ru COMPOSITION any 


ſmaller. But when equal balls are made uſe of, if one 
of them be placed at a greater diſtance from the 
center than the other, upon turning the table it will 

' fly off and draw the other after it. So likewiſe 
when unequal balls are made uſe of, ſhould that 
which is double the other be placed at a diſtance 
from the center greater than one-half of the diſtance 
of the ſmaller, it will fly off and draw the ſmaller 
after it. And on the other hand, if the diſtance 
of the larger be leſs than half the diſtance of the 
ſmaller, the ſmaller will in that caſe fly off and draw 
the larger after it. | 


LECTURE IV. 


Or THE COMPOSITION AND RESOLUTION OF 
MoT1on, 


Lrcr, HE ſecond Law or naTusx, reſulting from 

IV. the inertneſs of matter, is; that whatever 

moon, or change of motion is produced in any 

body, it muſt be proportional to, and in the directi- 

on of the force i For ſince a body cannot 

by reaſon of its inactivity contribute to the pro- 

duction of its own motion, or of any change there- 

in, it is plain, that whatever motion or change of 

motion is generated in any body, it muſt intirely 

from the force impreſſed on the body ; and 

of conſequence, fince effects are ever proportionate 

to their adequate cauſes, muſt be proportional there- 

to. And it muſt likewiſe be directed and deter- 

mined towards the ſame part with the generating 

force. Wherefore if the body whereon the im- 

preſſion is made, was in motion before the impulſe, 

that motion will be retarded or accelerated accord- 

ing as the force impreſſed oppoſes it, or conſpires 
therewith, or if it acts obliquely to the ſame, the 

direction thereof will be changed, and _— | 
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will move in a direction ſituated between the dier Lig 


tion of its former motion, and that of the impreſ- 
ſed force. For inſtance, if a body moving 


A towards B, be impelled at the point A by a pig. 1. 


force acting in the direction A C, it will move a- 
long a line as A D placed between AB and A C, 
the ſituation of which may be thus determined. 
Let the line A B denote the velocity wherewith the 
body moves in the direction AB; and let AC de- 
note the velocity wherewith the body would move 
by vertue of the impulſe along the line A C, ſup- 
poling it had no other motion: that is, let A B be 
to AC as the ſpace deſcribed by the body in a 
given time in the direftion AB, to the ſpace de- 
{cribed by it in the direction A C, each of the mo- 
tions being conſidered ſingly and apart; then com- 
pleating the parallelogram ABDC, and drawing 
the diagonal A D, that diagonal is the line in which 
the body moves; for the proof of which, let us 
ſuppoſe a ſmall inflexible wire equal in length to the 
line AB, to paſs thro! the center of a ball, and 
that whilſt the ball moves uniformly on the wire 
from A towards B, with a velocity which is as A B, 
the wire is alſo moyed uniformly from AB to- 
words CD, with a velocity which is as AC, and 
in ſuch a manner as to be always parallel to A B, 
and with its extremities to deſcribe the lines A C 
and BD. Then, foraſmuch as the ſpaces deſcribed 
in a given time where the motions are uniform, are 
to one another as the velocities of the motions z 
it is evident that in whatever time the ball moves 
the length of the wire, in the ſame time will the wire 
move the length of A C, to wit from AB to CD; 
tly, at the end of that time the ball will 
be found in D at the extream point of the dia- 
gonal AD, From any point in the diagonal taken 
at pleaſure as E, let the ine E F be drawn parallel 
to DB, and from the nature of ſimilar 
AF will be to FE, as AB to BD, that is, as the 
H 2 velocity 
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of the ball to the velocity of the wire 
conſequently, in the ſame time that the ball moves 
the length of AF along the wire, the wire will 
move the length of FE, from AB to KL; and 
the point F, which is the place of the ball on the 
wire, will be found in E. And what has been 
thus proved in relation to the two points D and E. 
of the diagonal, may in the very ſame manner be 
demonſtrated of any other point in the fame line; 
wherefore the ball will by vertue of its own motion, 
and that of the wire, whereof it partakes, be car- 
ried in fuch a manner as to be always found in the 
diagonal A D; that is, it will by vertue of its 
compound motion deſcribe the diagonal line. This 
being fo, it plainly follows, that if the wire be 
taken away, and the ball at A have two motions. 
impreſſed upon it at once; one in the direction 
AB, the other in the direction AC; and if the 
motions impreſſed, or, which is the ſame thing, if 
the forces impreſſing thoſe motions be to one ano- 
ther in the proportion of A B to AC, the ball will 
by vertue of the double impreſſion, move along 
the diagonal AD. For as to the effect it matters 
not whether the motion which the ball has in the 
direction A C ariſes from a force impreſſed on it at 
the point A, or whether it be communicated by a 
wire ſupporting the ball, and carrying it along with 
it in that direction. | 

To confirm this by an experiment, let three 
ivory balls of equal ſize, be ſuſpended from three 
pins by ſtrings of equal lengths, and let the middle 
ball reſt over one angle of a wooden ſquare ; then let 


each of the extream balls be let fall ſeparately from the 


ſame height, in ſuch manner as to ſtrike the middle 
ball in the direction of one ſide of the ſquare, and 
the middle ball will by each of the ſtrokes made ſepa- 
rately, be moved along over that fide of the ſquare, 
which correſpondech to the direction of the * 

N ur 
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but if the two balls be at the ſame inſtant of time LzcrT, 


let fall from equal heights, ſo as that they may 
ſtrike the middle ball at once, and in the directions 
of the two ſides of the ſquare, the middle ball will 
by the double ſtroke, be driven over the diagonal 


of the ſquare. 
body will 


As a COROLLARY it follows, that a 
in the ſame time deſcribe the diagonal A D of a 
parallelogram with two forces conjoined, that are 
to one another as the ſides AB and AC, that it 
would the reſpective ſides with each of thoſe forces 
ſeparately. As alſo, that the velocity wherewith a 
body moves along the diagonal, is to the velocity 
wherewith it is carried along the ſides when ated 
upon by each force ſingly, as the diagonal to each 
ſide reſpectively: conſequently, if the two forces 
be given, the velocity along the diagonal, which 
ariſes from the conjunction of both 2 will be 
ſo much the greater, by how much the angle B A C 


is leſs; for as that angle is diminiſhed, the diagonal, 


which in this caſe denotes the velocity, is lengthened, 
till at laſt the angle vaniſhing by the coincidence of 
the ſides, the diagonal becomes equal to both the 
ſides taken together ; and the velocity of the body 
equal to the ſum of the velocities wherewith the 
body would move, were each of thoſe forces im- 
ed upon it in the fame direction. Thus the 
ines AB and AC being placed at three different 
angles, ſo as to conſtitute the ſides of three different 
lelograms, (the diagonals whereof are 
—— by the pricked lines) it is evident to ſight, that 
as angle BA C leſs, the diagonal grows 
longer; and that when the angle vaniſhes by the 


coincidence of AB with AC, the diagonal AD 
becomes equal to AC and CD, that is, to A C and 


AB; and the velocity denoted by A D, is in that 
caſe a maximum, or the greateſt that can ariſe from 
the conjunction of thoſe two forces. On the other 
hand, as the angle inlarges, the velocity along th 

: diagonal 
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Lec. diagonal muſt decreaſe, till at length the angle va- 
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Pl. 2. 
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niſhing by the two ſides becoming one right line, 
the velocity becomes equal to the difference of the 
velocities, ariſing from the impreſſion of each force 
when made ſingly and ſeparately. Thus the lines 
AB and AC being as betore placed at three diffe- 
rent angles BAC, it is evident that the diagonals 
AD repreſented by the pricked lines, grow ſhorter 
as the angle BAC inlarges; till at laſt the angle, 
and with it the diagonal vaniſhing the two ſides 
BA and AC conſtitute one right line as BAC, 


+ _ wherein the body is, as it were, carried two contra- 


ry ways, to wit, from A towards B by the force 
which acts in the direction AB, and from A to- 
wards C by the force acting in the direction AC; 
and the difference of the velocities, which ariſe 
from the impreſſions of the two forces when they 
act ſeparately, is the velocity wherewith the body 
actually moves in the direction of the ſtronger 
force, which velocity is a minimum, or the leaſt ve- 
locity that can ariſe from the joint action of thoſe 
two forces. | 

As a ſecond coROLLARY it follows, that a body 
may be moved thro? one and the fame line by num- 
berleſs pairs of forces acting upon it. For if in- 
ſtead of the force, whoſe direction is A B, we ſup- 
poſe another, the direction whereof is AE ; and if 
inſtead of the force acting in the direction A C, we 
ſuppoſe one to act in the direction A F, and that 
thoſe forces are to one another as AE to AF; 
then compleating the parallelogram A E D F, the 


line AD vill be the diagonal of this parallelogram, 


as well as of the former; and therefore the body 
will from the joint action of theſe two forces de- 
ſeribe the ſame line AD which it did before: and 
as AD may be made the diagonal of numberleſs 
parallelograms, it is evident that it may be de- 
ſcribed by a body acted upon by numberleſs pairs 
of forces in different directions. . 

t 
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on a great number of forces act at the ſame time? 
for as the forces acting upon the body in the directions 
AB and AC make it to move along the diagonal 
AD, ſo may the direction along A B ariſe from 
the directions of two other Forces, and each of 
thoſe from the directions of two others, and ſo on 
without number. Hence we fee, that all Forces 
and motions whatever may be reſolved into innu- 
merable forces and motions ; and any ſimple direct 
force or motion may be looked upon as compound- 


ed of innumerable oblique forces or motions, For pl. 2. 
Fig. 6. 


the line and direction of the motion is the fame, 
whether that motion be compounded of two moti- 
ons ariſing from forces impreſſed in the directions 
AB, AC, or in the directions A E, A F, or ariſe from 
the impreſſion of a ſingle force in the direction AD; 
and therefore the motion along the line A P, tho? it 
be ſimple ariſing from one ſingle force acting in that 
direction; yet may it be conſidered as compounded 
of two or more motions in other directions, fuch as 
AB and AC, or AE and AF, ſince the very ſame 
motion would ariſe from ſuch a Compoſition. 

This compoſition and reſolution of motions and 
forces, is of ſingular uſe in mechanicks; for by the 
help thereof, the effects of powers acting in oblique 
directions are readily determined, as will appear 
hereafter. f 

The third Law or NATURE arifing from the 
inertneſs of matter is, that reaction is always equal 
to action, and contrary thereto ; or in other words, 
that the actions of two bodies, one upon another, 
are conſtantly equal, and in directions contrary to 
each other; ſo that whatever change is made in the 
ſtate of one body, whether at reſt or in motion, by 
the action of another; the ſame change is produ- 
ced in the ſtate of the other by the reaction of the 
former; but the tendencies or directions of thoſe 


changes are contrary ways. Thus, when one preſſes 


— 


a ſtone- 


$5 
but it may likewiſe be deſcribed by a body, where- Lx - r. 


| 


56 REACTION EGAL To ACTION, 


LE r. a ſtone with his finger directly downward, the fin- 
IV. ger is equally preſſed by the ſtone, and that directly 

upward. And when a horſe draws a load, he 1s 

equally drawn back by the load ; for as much as 

he promotes the progreſs of the load, ſo much is 

he retarded in his own motion ; that is, he is in ef- 

fect drawn back; for the ſame force of muſcles and 

ſinews, which he exerts in order to drag on the 
load, would if he was freed from the incumbrance, 

carry him forward to a diſtance much greater than 

what he reaches in the ſame time whilſt tied to the 

load; and conſequently, as far as his progreſs fal- 

leth ſhort of that diſtance, ſo much is he in effect 
drawn back; and whatever motion he communi- 

cates to the load, ſo much does he loſe of his own, 

the load reacting upon him with the ſame force 

that he acts upon it; for which reaſon, if by addi- 

tion of weight the load be ſo far increaſed as to re- 

quire the whole ſtrength of the horſe to move it, 

no motion will enſue, the whole power of the 

horſe wherewith he endeavours to go forward, be- 

ing but juſt equal to the reaction of the load where- 

by he is drawn back. This equality of action and 

reaction obtains in all kinds of attractions whatever. 

When a loadſtone attracts a piece of iron, it is e- 

qually attracted by it; as will appear from the fol- 

Exp. 12. lowing experiment. Let a piece of iron and a 

| loadſtone equal in weight, be ſuſpended by two cords 

of an equal length, and let the diſtance between 

them be ſo ſmall, as that they may not be out of 

the reach of each other's attraction; then will th 
from a ſtate of reſt, begin to move towards eac 

other, and that with equal velocities, ſo as to meet 

at the middle point of their firſt diſtance : if they 

be again ſeparated, and the loadſtone fixed, the 

iron being ſuſpended at the ſame diſtance from it 

as before, will move towards it, ſo as at length to 
touch it and adhere thereto, And on the other 
hand, if the iron be fixed, 6 | 
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ner, as the iron did the ſtone; all which plainly 
ſhews, that the attraction between the loadſtone and 
iron is mutual, the one drawing the other as much 
as it is drawn by it; ſo that the reaction of the iron 
upon the ſtone is exactly equal to the action of the 
ſtone upon the iron. | «AL 
The equality of action and reaction: with reſpect 
to attractions, is likewiſe manifeſt from hence, 
that if a man placed in a boat, draws another boat 
by means of a rope faſtened thereto; the boat 
wherein the man is placed will be equally drawn 
with the other, and the two boats will approach 
one another with equal quantities of motion; ſo 
that if they be equal in weight, and of the ſame ſize 
and ſhape, they will approach with equal velocities, 
and meet at the middle point: but if one be heavier 
than the other, then by how much it exceeds the 
other in weight, by ſo much will it be exceeded by 


the other in the velocity of its motion; for inſtance, 


if the weight of one be to the weight of the other 
as one to two, then will the velocity of the former 
be to the velocity of the latter as two to one ; that 
is, their velocities will be reciprocally propor- 
tional to their weights. To confirm this by an ex- 
iment, let a cord be made faſt to one end of a 
boat, and let it paſs over a pulley fixed to 


the end of another ſmall boat of the ſame ſha 


and ſize, and let a weight be tied to the end of 

cord, and hang in the water; this being done, 
let the boats be placed at ſuch a diſtance as that the 
cord may be ſtretched, then letting go the boats 
the wel will deſcend, and in deſcending draw 
the boat to whoſe end the cord is faſtened towards 
the other, and at the ſame time the other will move 


towards it; and when they come together, the ſpace 


deſcribed by the boat whoſe weight is- as one, will 
be to'the ſpace deſcribed by the boat the weight 
whereof is as two, as _=_ to one; that is, if the 
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the ſtone will approach the iron in the ſame man- Le c T. ' 
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LzcT. diſtance between the two boats be divided into three 
IV. equal parts, that boat which is double in weight to 
me other, will move thro' one of thoſe parts in the 


ſame time that the lighter moves thro” the other 
TWO, { | 

As action and reaction are equal with regard to 
attractions, ſo are they likewiſe in reſpect of ſtrokes 
or impulſes made by bodies one upon another; the 
force of two bodies, ſtriking each other equally, 
affecting the motions of both, and producing equal 
changes therein towards contrary parts. 

this equality of action and reaction do the ſeveral 
laws which have been collected concerning the col- 
liſion of ſolid bodies in a great meaſure depend; 
which laws, as they relate to bodies void of elaſti- 
city, I ſhall now explain; in doing of which, I 
fhall lay down one general pROPOs1T10N concern- 
ing the colliſion of ſuch bodies, whence I ſhall de- 
dyce the laws of particular caſes, and at the fame 
time confirm each law by an experiment. 

The PROPOSITION is as fo F two bodies 
void of elaſticity move in one right line, either the ſame 
or contrary ways, fo as that one body may ſtrike di- 
reftly againſt the other ; let the fum of their motions 
before the ftroke when they move the fame way, and 
the difference of their motions when they move contrary 
ways, be divided into two fuch parts as are - 
tional to the quantities of matter in the bodies; and 
each 7 thoſe parts will reſpectively exhibit the motion of 
each body after the ſtrołke. For inſtance, if the quan- 
tities of matter in the bodies be as two and one, 
and their motions before the ſtroke as five and four, 
then the fum of their motions is nine, and the diffe- 
rence is one; and therefore when they move the 
fame way, the motion of that body, which is as 
two, will after the ftroke be fix, and the motion 
of the other three: but if they move contrary ways, 
che motion of the greater body after the ſtroke = 
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be two thirds of one, and of the Jeſſer one third L 


„ 


of one. 


For ſince the bodies are ſuppoſed to be void of WWW 


elaſticity, they will not ſeparate after the ſtroke, but 
move together with one and the ſame velocity; and 
of conſequence, their motions will be proportional 
to their quantities of matter; and from the equali- 
ty of action and reaction it follows, that no moti- 
on is either loſt or acquired by the ſtroke when the 
bodies move the ſame way, becauſe whatever mo- 
tion one body imparts to the other, ſo much muſt 
it loſe of its own; conſequently, the ſum of their 
motions before the ſtroke, is neither increaſed nor 
diminiſhed by the ſtroke, but is fo divided between 
the bodies, as that they may move together with 
one common velocity, that is, it is divided between 
the bodies in p ion to their quantities of matter; 
but it is otherwiſe, where the bodies move contrary 
ways; for then the ſmaller motion will be d 
by the ſtroke, as alſo an equal quantity of the grea- 
ter motion, becauſe action and reaction are equal 
and the bodies after the ſtroke will move together 
equally ſwift, with the difference only of their mo- 
tions before the ſtroke; conſequently, that diffe- 
rence is by means of the ſtroke divided between 
them in proportion to their quantities of matter. 
The ſeveral particular caſes concerning the colli- 
ſion of bodies, may be reduced to four general ones, 
For, 1ſt, it may be that one body only is in mo- 
tion at the time of the ſtroke. Or, 2dly, they 
may both move one and the fame way. Or, adly, 
they may move in direct oppoſition to each other, 
and that with equal quantities of motion. Or, 
laſtly, they may be carried with unequal motions 
in directions contrary to each other. As the bodies 
may be either equal or unequal, each of theſe four 
general caſes may be looked upon as conſiſting of 
two branches; and 18 * 
| 2 an 
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Lzcr. and treat of them in the order, wherein I have laid 


them down. a | | 
As to the firſt, if a body in motion ſtrikes ano- 


ther equal body at reſt, they will by the, propoſi- 


tion move together, each of them with one half of 
the motion that the body had which was in motion 
before the ſtroke ; and ſince the quantity of moti- 
on in any body, is as the product ariſing from the 
multiplication of its quantity of matter into its ve- 
locity z the common velocity of the two bodies, 
will be but one half of the velocity of the moving 
body before the ſtroke. For the confirmation 
whereof, let two equal balls of clay be ſuſp 

from two pins of an equal height, by of an 
equal length, and in ſuch a manner as that when 
they hang freely they may juſt touch one another, 
and that their centers and point of contact may lie 
in a right line parallel to the horizon, This being 
done, and one of the balls being at reſt, let the 
other be removed to any diſtance from it, and then 
let fall; it will in its deſcent deſcribe the arch of a 
circle, and by the time it.arrives at the loweſt point 
of the arch, that is, when it comes to touch the 
quieſcent ball, it will have acquired ſuch a velocity 


as would carry it to the ſame height from which it 


fell, as ſhall be ſhewn when I come to treat of pen- 
dulums ; and conſequently, if the other ball was 
removed, would actually aſcend to that height; but 
upon ſtriking the other ball which is of equal ſize, 
it will communicate one half of its motion to it, 
and they will move together with half the velocity 
that the moving body had at the time of the 
ſtroke, ſo as to aſcend to one half only of the 
height from which the ſtriking body fell. 

That the nature of this and the other experiments 
relating to the colliſion of bodies, may be more rea- 
dily comprehended ; I ſhall lay down ſome things 
concerning the motion of bodies thro? the arches of 


icky. 
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circles, the truth whereof ſhall be demonſtrated in Lc, 


my lecture upon pendulums. And Firſt, all the 
arches of a circle, provided they be not large, are 
deſcribed in equal times by bodies deſcending along 


them ; and therefore if two bodies be let fall at the Pl. 2. 
fame time, one from C and the other from E, or Fig. 7+ 


from D and F, they will both arrive at the loweſt 
point B at one and the ſame time; and the ſtroke 
of the ſubſequent body ypon the preceding will be 
made at 1 2. Fm reaſon if one be let 
fall from C, and the other from D or F, or one 
from E, and the other from D or F, they will meet 
and ſtrike one another at B. | 
 2dly, The velocity which a body acquires in 
falling thro? the arch of a circle, is as the chord of 
the arch ; that is, the velocity of a body which has 
fallen from C to B, is to the velocity of a body 
that has fallen from E to B, as the chord CB to the 
chord EB. And here I muſt obferve to you, that 
when in the following experiments I ſpeak of a bo- 
dy falling from, or riſing: to any height, as four, 
ſix, or ten inches, I would be underſtood to mean 
it of a body's falling thro* or moving up an arch, 
whoſe chord is of ſuch a length. 1 
zaͤly, The velocity wherewith a body begins to 
riſe up thro? the arch of a circle, is as the chord of 
the arch which the body deſcribes in its aſcent. 
Thus the yelocity w tha body begins to move 
from the point B towards D, if it aſcends as high 
as D, is as the chord BD; but if it riſes only to F, 
the velocity is as the chord BF, So that in the ex- 
iments the chords of the arches thro! which the 
ies deſcend, the velocities of the bodies 
in the point B at the time of the ſtroke ; and the 
chords of the arches thro! which the bodies aſcend 
after the ſtroke expreſs the velocities of the bodies 
immediately after the ſtroke. 
Theſe things being laid down, I ſhall now pro- 
geed to determine the Jaws of the four . 
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LecrT. As to the firſt, it has been already ſhewn, that 


IV. 


where the moving body is equal to the quieſcent, 


ge common velocity of the two bodies after the 


Exp. 15. 


ſtroke, is but one half of the velocity of the mo- 
ving body before the ſtroke; and of conſequence, 
the motion of each body after the ſtroke, is equal 
to one half of what the moving body had betore 
the ſtroke. But if the quieſcent body differs in 
ſize from the moving body, then the common ve- 
locity after the ſtroke will be ſo much leſs than the 
velocity of the moving body before the ſtroke, by 
how much the ſum of the two bodies exceeds the 
body which was firſt in motion. Thus, if the mo- 
ving body be to the quieſcent as two to one, the 
common velocity after the ſtroke will be to the ve- 
locity of the moving body before the ſtroke, as 
two to three; ——.— if a ball of clay, falling 


from the height of nine inches, ſtrikes another at 


reſt, and of one half the magnitude, they will 


aſcend together to the height of ſix inches only : 


and on the other hand, if the larger be quieſcent, 


and the ſmaller falls from the height of nine inches, 
2 will aſcend to the height of three inches only; 
an 


the quantity of motion in each body immediate- 
ly after the ſtroke will be had, by multiplying each 


of them into the common velocity, | 


As to this and all other experiments of this na- 


ture, it muſt be. obſerved, that they do in ſome 


meaſure vary. from the theory, and that for two 
reaſons. Firſt, becauſe clay or any other body, 


wherewith theſe experiments can be made, is not 


perfectly void of elaſticity. Secondly, becauſe the 


air reſiſts the motions of the balls, and by ſo doing 
diminiſhes their velocities. 


As to the ſecond general caſe, where both the 


bodies are in mation before the ſtroke, and movg one 


and the ſame way. In order to find their common 
velocity after the ſtroke, let.the ſum of their motions 
before the ſtroke be divided by the ſum of the bo- 


dies, 
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dies, and the quotient will expreſs the common ye- Lzc T. 


locity. Wherefore, if two equal balls of clay be 


let fall at the ſame time, one from the height of LYN 


three inches, and the other from the height of ſix, 
after the ſtroke they will aſcend to the height of four 
inches and an half; for as in this caſe the bodies are 
equal, their motions are as their velocities, that is, 

as fix, and three, the ſum of which being divided 
by two, the ſum of the bodies, gives four and an 
half for the common velocity after the ſtroke. 


Where the bodies are unequal, let us ſuppoſe the Exp. 17. 


8 to be as one, and to fall from the 
height 0 Fon inches as before, ſo that its quantity 
of motion will be as three; and let the ſubſequent bo- 
dy be as two, and fall from the height of ſix inches, 
ſo that its quantity of motion will be twelve; and 
the ſum of the two motions will be fifteen, which 
being divided by three, the ſum. of the two 
bodies, gives five in the quotient ; ſo that in this caſe, 
after the ſtroke, the balls will aſcend to the height 
of five inches, and the motion of the greater will 
be as ten, and that of the ſmaller as five. 

As to the third general caſe, where the bodies 
move in direct oppoſition to each other, if they 
have equal quantities of motion, they will u pon 
the ſtroke loſe all their motion, and continue at 
reſt ; for by the propoſition, the. bodies after the 
firoke will be carried with the difference of their 
motions before the ſtroke ; which difference is ſup- 


9 to be nothing. Wherefore, if two equal Exp. 18. 


of clay be let fall at once from equal heights, 

— the ſtroke ny will ceaſe to move; and the 
n where the balls are u 

— the we, Joo +. from which they fall are reci- 


2 proportional to their quantities of matter; 
inſtance, if the balls be as one and two, let the Exp. 19. 


former fall from the height of ſix inches, and the 

latter from the height of three, and upon their meet- 

ing they will ſtand ſtill, for in chis caſe, the quanti- 
ties 
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iv. will be equal. * 

When two bodies meet with unequal quantities 

of motion, if the difference of their motions be 
divided by the ſum of the bodies, the quotient will 
expreſs their common velocity after the ſtroke ; 
for by the propoſition, the difference of their mo- 
tions before the ſtroke, is equal to the ſum of their 
motions after the ſtroke ; conſequently, that diffe- 
rence divided by the ſum of the bodies muſt give 
Exp. 20. the velocity. Wherefore, if two equal balls of 
clay be let fall at the ſame. time, one from the 
height of three inches, and the other from the 
height of ſix, after the ſtroke they will aſcend to- 
gether to the height of an inch and an half ; for 
Wo the balls are equal; their motions will be as 
their velocities, that 1s, as fix and three, the diffe- 
rence whereof is three, which being divided by two, 

1 the ſum of 9 1 gives "6 29 [Leger in the 

21. quotient. balls be unequal in the proporti- 
rr 2 for inſtance, of two to . and if * Which 
is as two falls from the height of ſix inches, and the 
other from the height of three; after the ſtroke 
they will aſcend together to the height of three 
inches 7 tor the greater ball being as two and its ve- 
locity as ſix, its motion is as twelve, whereas the 
ſmaller being as one, and its velocity as three, its 
motion is likewiſe as three, which being ſubducted 
from the greater motion leaves a remainder of nine; 
and this being divided by three, the ſum of the bo- 
dies gives three for the common velocity, or the 
height to which the bodies will riſe. : 

In order to diſcover the quantity of motion com- 
municated by one body to the other, I ſhall lay 
down four rules adapted to the four general caſes. 
And Firſt, if one of the bodies be quieſcent at the 
time of the ſtroke, let that body be multiplied into 
the common velocity after the ſtroke, and the pro- 
duct will expreſs the communicated motion. OF 
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fince that body had no motion before the ſtroke, at Ls er. 
is manifeſt, that whatever motion it has after the IV. 


ſtroke muſt be communicated to it by the ſtriking 
body; but that motion is as the product ariſing 
from the multiplication of the quantity of matter 
in the body into the common velocity, conſequent- 
ly, that product expreſſes the communicated mo- 
tion. | 
Since the body which is at reſt before the ſtroke 
has no moon, but what is imparted to it by the 
ſtriking body z and ſince the motion of the ſtriking 
body is by the propoſition to be divided between 
the two bodies in proportion to their quantities of 
matter; it follov's, that where the ſtriking body is 
greater than the quieſcent, it will communicate leſs 
than half its motion, and where it is equal to it, it 
will impart one half; and where it is leſs, more 
than one half: and if the quieſcent body be infinite- 
ly great with reſpect to the ſtriking body, which is 
in effect the caſe where the quieſcent body is fixed, 
ſo as not to give way to the ſtroke, the ſtriking bo- 
dy will impart al its motion to the other; for as 
the quieſcent body is ſuppoſed to be infinitely great- 
er than the ſtriking body, the motion, which it 
receives from the ſtriking body, muſt bear an in- 
finite proportion to the motion remaining in the 
ſtriking body z but as the motion communicated 1s 
a finite quantity, it cannot bear an infinite proporti- 
on to the remaining motion, unleſs that remaining 
motion be in its evaneſcent ſtate, and reduced to 
nothing. | 
When both the bodies are in motion before the 
ſtroke, and their motions are directed the ſame 
way, which was the ſecond general caſe ; the rule 
for determining the quantity of motion communi- 
eated is as follows. Let the preceding body be 
multiplied into the common velocity after the ſtroke, 
and from the product let the motion which it had 


before the ſtroke be ſubducted, and the 2 
| 41 * wi 
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Le r. will be the motion communicated. For the product 


ariſing from the multiplication of the preceding 


po into the common velocity, gives the whole mo- 


tion of that body after the ſtroke, and therefore, 


if from thence be taken the motion which-it had 


before and independent of the ſtroke, the remain- 
der muſt be the motion acquired by the ſtroke. 

When the bodies move towards one another with 
equal quantities of motion, as in the third general 
caſe; the motion communicated is equal to the mo- 


tion of either before the ſtroke. For as in this 


caſe, both their motions are deſtroyed by the ſtroke ; 
it is plain, that which ever of the bodies is conſi- 
dered as giving the ſtroke (and either of them may) 
it muſt communicate juſt as much motion to the 
other, as the other has at the time of the ſtroke; 
for by this means the motion communicated, as it 
is directly oppofed to the former motion of the bo- 
dy, will be juſt ſufficient to deſtroy the ſame, and 
by ſo doing cauſe the body to reſt. 

When the quantities of motion in two bodies mo- 
ving directly towards each other are unequal, which 
is the fourth general caſe; the motion communica- 
ted is determined by the following rule. Let the 


body which had the leſſer motion before the ſtroke 


be multiplied into the common velocity after the 
ſtroke, and to the product let the motion which it had 
before the ſtroke, be added, and the ſum will be the 
motion communicated. For as the body, to which the 
motion is communicated, does after the ſtroke move 
in a direction contrary to what it did before, it is 
evident, that beſides the motion, where with it is car- 
ried in that contrary direction, it muſt have received 
as much more in the ſame direction, as was ſufficient 
to withſtand the motion it had before the ſtroke in 


an oppoſite direction; for till that motion was de- 


ſtroyed by an equal motion oppoſed thereto, the 
body could not change its direction, and move 
backward, 
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LECTURE V. 
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ö AVING given you an account of the colli- L x CT, 
H ſion of bodies void of elaſticity, I come now. V. 
to conſider the effects thereof in ſuch as are elaſtick ; WWW 
by which I mean bodies that conſiſt of ſuch parts 
as yield and give way when preſſed, and which re- 
ftore themſelves upon the removal of the preſſure: 
if the force wherewith they reſtore themſelves be 
exactly equal to the preſſure whereby they are bent 
inward, then are the bodies ſaid to be perfectly elaſ- 
tick; and ſuch are all thoſe bodies ſuppoſed to be, 
wherewith experiments are uſually made for con- 
firming the theory relating to the colliſion of elaſ- 

tick bodies; but as there is not perhaps in nature 

any body perfectly elaſtick, if among the experi- 
ments that are now to be made, any ſhall be found 
to vary a little from the theory, ſuch variation muſt 
be looked upon as ariſing rather from the want of 
perfect elaſticity in the bodies, than from any error 
in the theory it ſelf, or in the calculations grounded 
thereon. 

The method which I ſhall obſerve in treating of 
the percuſſion of elaſtick bodies is this; Firſt, to 
lay down one general propoſition concerning fuch 
percuſſion, and then, Secondly, to deduce the laws 
relating to the four general caſes mentioned in my 
laſt lecture, and to confirm each of thoſe laws by 
experiments. | | 

ore I lay down the propoſition, I muſt obſerve 
to you, that wherever I mention the ſtriking body 
I thereby mean that body which is in motion where 
one of the two is quieſcent, as alſo that body which 
moves ſwifteſt when they both move the fame way, 
and laſtly, that body * has the greateſt quanti- 
| ” "9 | ty 


68 


Or Tus COLLISION os 


LzcrT. ty of motion, when the? move in oppoſition to one 


* 


another, or in this caſe, if their motions be equal, 
then either of them may be taken indifferently for 
the ſtriking body. 

. * This being premiſed, the ypROPOSIT1ON is as 
follows. 

If of two bodies perfectly elaſtick, one be at reſt, and 
the other in motion; or if they both move either the 
Same or contrary ways, ſo as that one ſball ſtrike the 
other ;, let them be conſidered as void.of elaſticity, and 
by the propoſition laid down in my laſt lecture, let the 
motion of each body after the ſtroke be found, and by 
one of the four rules laid down in the ſame lecture, let 
the motion communicated by the ſtriking body to ihe 
other be likewiſe found,; and let this motion be ſub- 
dutted from the motion of the ſtriking body after the 
ſtroke, and added to that of the hody which received 
the ſtroke, and the reſidue will be the motion of the 
ſtriking body, and the ſum the motion of the other body 
after reflection. For, ſince the bodies are ſuppoſed ta 
be perfectly elaſtick, their parts which are bent in 
by the ſtroke will reſtore themſelves with a force 
_ to that which bends them in, but the force 
which bends them in, is meaſured by the quantity 
of motion communicated by the ſtriking body to 
the other, and therefore the parts of each body 
which are bent inward will reſtore themſelves with 
ſuch a force, as is ſufficient to ate a mo- 
tion equal to that which is communicated, conſe- 
quently, the bodies will by vertue of their elaſti- 
City throw one another contrary ways, each with a 
quantity of motion equal to that which the ſtriking 
body communicates to the other, for which reaſon, 
if that motion be ſubducted from the motion re- 
maining in the ſtriking body after the ſtroke, as 
being con thereto, and added to the motion 
of the other body after the ſtroke, as conſpiring 
therewith, the reſidue and ſum will give the true 
motions of the bodies after reſlexion. * 
| | 0 
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To apply what has been ſaid to the four general Lzcr. 
caſes, the firſt whereof is where one of the bodies V. 
is at reſt at the time of the ſtroke. If a body per- 
fectly elaſtick ſtrikes another of the ſame kind and 
of equal magnitude at reſt, the ſtriking body will 

| communicate all its motion to the other and remain 
| at reit; for by the firſt of the four rules laid down 
in my laſt lecture, the ſtriking body will upon the 
ſtroke, communicate half its motion, and by the 
propoſition now laid down, a quantity of motion 
equal to that which is communicated, muſt be ſub- 
ducted from the notion remaining in the ſtriking 
body, and be added to the motion. of the body 
which receives the ſtroke, by which means the 
ſtriking body will have no motion left; but the 
other body will have a quantity of motion equal to 
what the {triking body had before the ſhock. For 
the confirmation of which, let two equal ivory balls Exp. 1. 
be ſuſpended as were thoſe 'of clay ; and let one of 
the balls fall from any height, and fo as to ſtrike 
the other at reſt, the ball which receives the ſtroke 
will aſcend to the ſame height from which the other 
fell, and will leave the other at reſt. 

If inſtead of one there be two, three, or more Exp. 2. 
quieſcent balls contiguous to one another, that which 

is fartheſt removed from the ſtriking ball will fly 
off with the velocity of the Ariking b ball, and all 
the intermediate balls together with the ſtrikin 
ball will quieſce ; for as the ſtriking ball imparts al 
its motion to the firſt of the quieſcent balls, ſo does 
that in like manner to the ball which lies next be- 
yond it, and that to a third, and ſo on; till 
— the laſt ba — ts with none other to re- 
in i fl flies off — ab the the motion of the ſtriking 
hal, leaving that and the jntermediate ones at 


| os two balls be let fall together contiguous to one 8 
another, upon the ſtroke the two furtheſt will &f * * 


off, ** * 


„ 
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Lz cr. of the two moving balls is carried equally ſwift with 


V. 


the ſubſequent, it cannot during its motion receive 
any impreſſion from the ſubſequent ball; conſe- 
quently, when it makes the ſtroke, it will produce 
the ſame effect in the quieſcent balls as if the ſubſe- 
quent ball was away; that is, it will by means of 
the intermediate balls communicate all its motion to 
the laſt, and make that fly off; but no ſooner has 
it made the ſtroke, and thereby parted with its own 
motion, but the ſubſequent ball impells it, and im- 
parts to it all its motion, and this motion being 
propagated thro? the ſeveral intermediate balls as 
before, makes the laſt but one to fly off, and that 
in ſuch a manner as to keep pace with, and cloſely 
purſue the other; becauſe in the ſame inſtant of 
time that the foremoſt of the two moving balls 
makes its ſtroke, it likewiſe receives the ſtroke from 
the hindmoſt ball,” and of conſequence, the flying 
off of the two laſt balls which is the effect of the 
double ſtroke muft happen at one and the ſame 
time, | * 

For the ſame reaſon that two balls fly off where 
the number of ſtriking balls is two, three will fly off 
when there are three ſtriking balls, and four, where 
there are four, and ſo on whatever be the number 


of ſtriking balls, an equal number will conſtantly 


go off. | WL 
If two elaſtick balls be unequal, for inſtance, if 


one be double” the other, and if the greater be ler 


fall from the height of nine inches, and ſtrike the 
ſmaller at reſt ; they will both move forward after 
the ſtroke, the ſtriking body with one third of the 
motion which it had before the ſtroke, and the other 
with two thirds; and the ſtriking body will aſcend 
to the height of three inches, and the other to the 
height of twelve. For ſince the ſtriking body is to 
the quieſcent as two to one, it will by the firſt of 
the Hor rules laid down in my laſt lecture, commu- 


nicate one third of its motion to it, and on * 
| 0 
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of the elaſticity a quantity of motion equal to what LRT. 


is communicated, muſt be taken from the motion 


remaining in the ſtriking body, and added to the 


motion of the other; conſequently, the ſtriking 
body will retain one third only of its motion, the 
other two thirds being communicated to the body 
which receives the ſtroke ; wherefore ſince the ſtri- 
king body is as two and the height from which it 
falls as nine, its motion muſt be as eighteen, one 
third of which, to wit, ſix, it will retain after the 
reflexion ; and the other two thirds, to wit, 
twelve, will be the motion of the other body, and 
theſe motions being divided by the bodies, will give 
three and twelve for the quotients; which quotients 
are as the velocities of the bodies after reflexion, or 
as the heights to which they aſcend. 


On the other hand, if the larger ball be quieſcent, Exp. 6, 


and the ſmaller be let fall from the height of nine 
inches, its motion will be as nine, whereof two 
thirds will by the firſt of the four rules be commu- 
nicated by the ſtroke to the greater, and one third 
only will remain in the ſtriking ball, from which 
on account of the elaſticity muſt be taken as much 
as was communicated to the larger ball, that is, two 
thirds, but upon ſubducting two thirds from one 
third, there will remain one third negative; which 
ſhews, that the ſtriking ball will be reflected with 
one third of the motion it had at the time of the 
ſtroke, ſo as to aſcend backward to the height 
of three inches; and the quieſcent ball to which 
two thirds of the ſtriking ball's motion was com- 
municated by the ſtroke, will likewiſe on account 
of the elaſticity receive two thirds more, ſo as to be 
carried forward with a motion equal to what the 
ſtriking ball had at the time of the ſtroke, and one 
third more; that is, to ſay with a motion which is 
as twelve, which being divided by two, the quantity 
of matter in the ball gives ſix for the velocity, or 
the height to which that ball muſt aſcend, 


From 
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From what has been ſaid it follows, that when 
the quieſcent ball is ſmaller than the ſtriking ball, 
there can be no reflexion, becauſe in that caſe the 
ſtriking ball will by vertue of the ſtroke communi- 


cate leis than half its motion, and the motion which 


is co be taken from the ſtriking ball on account of 
the elaſticity being equal to the motion communi- 
cated; will upon the ſubduction always leave ſome 
motion in the kuiking ball to carry it forward, con- 
ſequently, it cannot be reflected. Where the two 
balls are equal there will likewiſe be no reflexion, 
but the ball which was quieſcent will go for ward 
with all the motion of the ſtriking ball, and the 


ſtriking ball will become quieſcent; as is evident 


from what was ſaid concerning that caſe. But 
where tlie ſtriking ball is leſs than the quieſcent, it 
will be reflected, and there will likewiſe be an aug- 
mentation of motion in the greater ball; for the 
ſmaller ball muſt. upon the ſtroke communicate 


more than half its motion to the greater ball, and 


there muſt likewiſe on account of the elaſticity, as 

much motion be ſubducted from the ſmaller ball, and 
added to the larger, as is communicated ; where- 
fore, ſince two equal quantities of motion, each of 
which exceeds half of the ſmaller ball's motion, 
are to be ſubdued from the ſmaller ball, and 
given to the larger ; it is plain, that the ſmaller 


4 mult looſe all its motion and ſomething more, that 


is, it muſt be carried backward or reflected; and 
the greater ball muſt go forward with more motion 
than was in the ſmaller at the time of the ſtroke, 
that is, there will be an augmentation of motion; 
and the exceſs of motion in the greater ball, above the 
motion which the ſmaller ball has at the time of the 
ſtroke, is ever equal to the motion wherewith the 


ſmaller ball is reflected after the ſtroke, as is evident 


from what has been ſaid. If therefore motion be 


communicated from a ſmaller elaſtick body to a 
1 e 5 
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larger than the other, the motion will be augment- L x c r. 
ed in each of them, and the motion of the laſt will V. 
greatly exceed that of the firſt ; and this augmenta- 
tion of motion is greateft when the bodies are in a 
geometrical progreſſion; for inſtance, if there be 
two bodies which are as one and four, and if the 
ſmaller communicates motion to the larger by means 
of one intermediate body, the motion will be great- 
er in the larger body, if the middle body be as two, 
that is, a geometrical mean between the two; than 
3f it be as one and half, or two and an half, or 
three, or in ſhort in any other proportion what- 
ever but that of the geometrical mean. For 
the proof of which, let the leſſer body be expreſ- 
ſed by unity, and the larger by the ſquare of a, and 
the geometrical mean will be expreſſed by a; ſo that 
the three bodies taken in their order from the leaſt, 
will be expreſſed by the ſymbols in the firſt ſtep, 
and the motion produced in the ſecond body by the 
ſtroke of the firſt, will be expreſſed by the ſecond 
ſtepz and the motion produced in the third by the 
ſtroke of the ſecond, will be expreſſed by the third 
ſtep. Again, let another body greater or leſs than a 


be ſubſtituted in the room thereof, and let the dif- 
ference between that body and a be called x, in 


this caſe, the bodies will be expreſſed by the ſym- 
bols in the fourth ſtep, and the motion produced in 
the ſecond by the ſtroke of the firſt, will be ex- 
preſſed by the fifth ſtep; and the motion produced 
in the third by the ſtroke of the ſecond, will be ex- 
reſſed by the ſixth ſtep ; but this fraction of the 
ixth ſtep is leſs than that of the third ſtep, for if 
from the product ariſing from the multiplication of 
the denominator of this fraction into the numerator 
of that, be ſubſtracted the product which ariſes from 
the multiplication of the numerator of this into the 
denominator of that; 2 is, if from the * 
| | ep 
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L* Gn N ſtep the eighth be ſubducted, there will remain the 


&.; 


that is, the fraction in the third ſtep which expreſſes 
the motion of the greateſt body when the interme- 
diate one is a geometrical mean, is greater than the 


quantity which is expreſſed in the ninth ſtep. 
Whence it appears, that the former product is 


Eno than the latter; and therefore, by the 2d 
CooL. of the 19th Prop. of the 7th book of the 
elements, the numerator - of the ormer fraction 


bears a greater proportion to its denominator, than 
that of the latter fraction does to its denominator, 


fraction in the ſixth ſtep, which expreſſes the moti- 
on of the greateſt body when the middle body is 


not a geometrical mean, conſequently, the motion 
is more augmented when the intermediate body is a 
geometrical mean, than when it 1s * or leſs in 


any proportion. 


iſt. 1, a, a⸗ 
2a 


1 


a? Tax 
a za! +a+4a*X+2ax+X--x* 
5th. a Tza“ Ta“ Ta xTza!xTaxöAa'x⸗ 


X+ 


8th. a za Ta“ +a*x+2a%x+a"*x 


To give you an inſtance, how prodigioufly mo- 


tion may be augmented, by being ſucceſſively com- 


municated to ſeveral bodies in à geometrical pro- 


greſſion; 
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greſſion ; twenty elaſtick bodies be placed one after L's 
another, each ſucceeding body exceeding the fore- 
going in the proportion of twenty to one; and if 
motion be communicated thro* the ſeveral interme- 
diate bodies from the firſt to the laſt, it will be ſo 
far augmented, as to be two hundred thouſand times 
greater in the laſt body than in the firſt; ſo that if 
we ſuppoſe the firſt to be a.cannon-ball, moving 
with the fame velocity wherewith it flies from the 

mouth of a cannon, which from the obſervations of 
Mr. DrRHAM, I ſhall ſuppoſe to be at the rate of 
612 feet in a ſecond, tho? there are pieces of cannon 
which diſcharge their balls with double that veloci-' 
oo the motion of the laſt body will be ſo great as 
it applied to the bail would carry it at the rate of 
above twenty three thouſand miles in one ſecond of 
time, which velocity is five thouſand times as great 
as the velocity of a body revolving about the earth, 
by the force of gravity at a ſmall diſtance from its 
ſurface; for a body ſo revolving will not come 
round in leſs than an hour' and twenty four mi- 
nutes. | . 
From the inereaſe of motion in elaſtick bodies, x 
reaſon 'may be drawn for the augmentation of ſound 
in ſpeaking trumpets ; for as the ſpeaking trumper- 
is narroweſt at the mouth-pjece, and thence widens 
and inlarges continually to the extremity, the air. 
within it, which is an elaſtick fluid, as ſhall be ſhewn 
hereafter, may be confidered as divided into a great 
number of cylindrical bodies, of very ſmall but 
equal altitudes, the baſis of the firſt being equal to 
the mouth of the trumpet, and the baſes of the reſt 
increaſing one above another as they are more and 
more removed from the mouth z upon which ac- 
count the motion that is impreſſed by the force of 
the voiee on the firſt cylindrical body of air, grows 
larger in the ſecond, and larger till in the third, 
and fo 'on, till at length'at the exit of the tube it 
becomes ſo large as to magnify the found to a great 
PT ©" degree z 
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Le r. degree; and of the ſeveral kinds of trumpets, thoſe 


magnify the ſound moſt, that are of ſuch a figure as 


CYW ariſes from the revolution of the logarithmick curve 


Pl. >. 
Fig. 8. 


Exp. 5. 


about its axis z that is, let A G be the logarithmick 
curve, and H O its axis, the e ariling from the 
revolution of A Gabout H O, is ſuch as a ſpeaking 
trumpet ought to have in order to give it the great- 
eſt advantage poſſible. For from the nature of the 
curve, if 1 I, IK, KL, LM, and fo on, be ta- 
ken equal; the ordinates HA, IB, K C, LD, 
and ſo on, are in geometrical proportion; where- 
fore if HI, IK, and fo on, be taken very ſmall, 
they will repreſent the equal altitudes of the cylin- 
drical bodies of air in the png Mg and the ordi- 


nates H A, IB and fo on, will be the radii of their 
baſes, and the bodies of air being of equal heights 
will be to one another as their baſes, that is, as the 


{ſquares of their radu z. but the radii being to one 
another in a geometrical proportion, their ſquares 
will be ſo too; conſequently, the little cylindrical 
bodies of air will be in a geometrical progreſſion, 
the ſmalleſt whereof lies next the mouth, and the 
largeſt at the exit of the tube; for which reaſon 
the augmentation of ſound will be greater, ceteris 
paribus, in a trumpet of ſuch a form than of any 
other form whatever. | | 

. But to proceed to the ſecond general caſe, where- 
in both the bodies move one and the ſame way, but 
the ſubſequent more ſwiftly than the preceding. 

If two equal elaſtick bodies move in the ſame di- 


rection, and in ſuch a manner as that one may over- 


take and ſtrike the other, upon the ſtroke they will 
change their tities of motion with each other; 
or inſtance, if the motion of the ſubſequent body 
before the ſtroke be double the motion of the pre- 
ceding body, then will the preceding body after the 


* 


ſtroke, have double the motion of the ſubſequent 


body after the ſtroke ; and the preceding body af- 


ter the ſtroke, will move with the ſame velocity 


where- 
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wherewith the ſubſequent body moved before the Ls r. 
ſtroke ; and the ſubſequent body will after the V. 


ſtroke. be carried with the velocity of the preceding 
body before the ſtroke ; ſo that upon the itroke the 
bodies will change their motions and velocities. For 
ſince by ſuppoſition the ſum of the motions is three, 
and ſince the bodies are equal, the motion of each 
after the ſtroke, ſetting aſide the elaſticity, muſt be 
one and an half; and by the ſecond rule for deter- 
mining the quantity of motion communicated by 
the ſtriking body to the other; the motion com- 
municated in this caſe will be as one half, and fo 
likewiſe will the motion ariſing from the elaſticity, 
which being deducted from — motion which re- 
mains in the ſtriking body after the ſtroke, and 
added to that of the ing body, leaves the 
motion of the former as one, and of the latter as 
two; ſo that upon the ſtroke the motions will be 
changed. Wherefore if two ivory balls of an 
equal ſize be let fall at the ſame time, one from the 
height of ſix inches, and the other from the height of 
three, after the ſtroke, the preceding ball will riſe to 
the height of ſix inches, and the ſubſcquent to the 
height of three only. 

If the bodies be unequal and move the ſame way, 
their motions and velocities after the ſtroke may in 
like manner be diſcovered by the help of the propo- 
ſition. For inſtance, if the ſubſequent body be as 
two, and have twelve parts of motion, and the pre- 
ceding body as one, and its motion as three; the 
motion of the ſubſequent body after the ſtroke will 
be as eight, and that of the preceding body as ſe- 
yen, and the velocity of the former will be as four, 
and that of the latter as ſeven ; for the ſum of the 
two motions before the ſtroke being fifteen, and 
the bodies being as one and two, the motion of the 
leſſer body after che ſtroke, ſetting aſide the elaſti- 
city will be as five, and that of the greater as ten, 
but the motion of the leſſer body before the ſtroke 

. was 
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LzcT. was as three, conſequently, the communicated mo- 
V. tion is as two; wherefore adding ſo much on account 
of the elaſticity to the motion of the leſſer . body, 


and ſubducting as much from that of the greater bo- 
dy which in this caſe is the ſtriking body, we ſhall 
have eight for the motion of the greater, which be- 
ing divided by two, the quantity of matter in the 
greater, gives four for its velocity; and we ſhall 
have ſeven for the motion of the leſſer body, which 
becauſe the quantity of matter in the leſſer is as 
one, will likewiſe expreſs the velocity. Wherefore 
if two ivory balls one double of the other be let fall 
at the ſame time, the larger from the height of ſix. 
inches, and the ſmaller from the height of three, 
after the ſtroke the leſſer will | aſcend to the: 
height of ſeven inches, and the greater to the height 
. of four. On the other hand, if the ſmaller ball be: 
let fall from the height of ſix inches, and the great-' 
er from the height of three; after the ſtroke the 
leſſer will afcend to the height of two inches, and 
the greater to the height of five, and the motion of 
the former will be two, and that of the latter ten; 
for ſince the ſmaller ball is as unity, and falls from 
the height of fix inches, its motion at the time of 
the ſtroke is ſix; and ſince the larger ball is as 
two, and falls from the height of three inches, the 
motion thereof at the time of the ſtroke is .kewiſe: 
fix; and the ſum of thoſe two motions which is 
twelve, being divided between the bodies in pro- 
rtion to their quantities of matter gives eight for 
the motion of: the greater, and four for the motion 
of. the leſſer, which motions they would have after 
the ſtroke, ſuppoſing they were not elaſtick ; and 
ſince the motion of the greater body before the 
ſtroke was ſix, the motion communicated to it by: 
the ſtroke is two, which by reaſon of the elaſticity 
being ſubducted from four, the motion of the 
{ſtriking body, and added to eight, the motion of 
the other body, gives two and ten. for the m_ 
4E. Oo 
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reſpective bodies, give two and five for the velocities. 
If two equal bodies meet one another with equal 
quantities of motion, which is one branch of the 
third general caſe, they will rebound with the fame 
motions and fame velocities wherewith they ap- 


proached; for were they void of elaſticity they 
5 beg hey 


would upon the ſtroke ſtand ſtill, 

communicate to one another a quantity of motion 
equal to that which each of them has at the time of 
the ſtroke, and that in a contrary direction; but by 


the propoſition, each of them muſt on account of 


the elaſticity receive as much motion as was com- 
municated by the ſtroke; and the motions which 
are thus received by the bodies being equal, and 
contrary to the motions wherewith the bodies met, 
and which were deſtroyed by the ſtroke, muſt car- 
ry the bodies backward with the ſame velocities 
wherewith they approached. Wherefore, if two 
equal ivory balls — let fall at the ſame time from 
equal heights, ſo as to meet one another, upon the 
ſtroke they will be reflected back to the heights 
from which they fell. 


If the balls be unequal, FE Sond if one be Exp. 11. 


double the other; let the larger fall from one half 
only of the height from which the ſmaller deſcends, 
by which means when they meet their motions will 
be equal, and upon the ſtroke they will be reflected 
each to the height from which it fell. 

Where the bodies meet one another with unequal 
motions, which is the fourth general caſe, if the 
bodies be equal, they will both be reflected, and 
each of them will recede with the motion and 
velocity wherewith the other approached ; that is, 
they will change their motions and velocities ; for 
let us ſuppoſe the motions of the two bodies to be 
as ſix and three; if they were void of elaſticity the 


body which has the ſmalleſt quantity of motion 
iN the ſtroke be turned back, and the two 
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Lzc'r. bodies would be carried with the difference of their 
V. motions divided equally between them, that is, the 
notion of each would be as one and an half, and 
the motion communicated would by the fourth 
rule be as four and an half ; but a quantity of mo- | 
tion equal to what is .communicated, muſt be ſub- | 
ducted from the motion remaining in the ſtriking 
body, and added to the motion of the other, that 
is, four and an half muſt be ſubducted from one 
and an half, and likewiſe added thereto ; whereby 
there will be three negative for the motion- of the 
ſtriking body, which ſhews that it will be carried 
back with a motion which is as three; and there 
will be ſix poſitive for the motion of the other body, 
which ſhews that it will be carried with a motion 
which is as ſix, in the direction of the ſtriking bo- 
dy before the ſtroke ; that is, it will bs reflected; 
ſo that each of them will be carried back with the 
Exp. 12, motion wherewith the other approached. Where- 
- fore, if two equal balls of ivory be let fall at the 
ſame time, one from the height of ſix inches, and 
the other from the-height of three ; upon the ſtroke 
they will return back, but that which fell from the 
height of ſix inches will rife only to the height of 
three, whereas that which fell from three inches will 
riſe to ſix. | | 
If the balls be unequal, and meet one another 
with unequal quantities of motion, their motions 
after the ſtroke may in like manner be determined ] 
by the help of the rule laid down inthe tion; I 
Exp. 13. for inſtance, if two ivory balls which are as one and 1 
| two be let fall at the fame time, the greater from ſt 
the height of ſix inches, and the ſmaller from the 8 
th 
th 


height of three; in this particular caſe, the greater 

ball will upon the ſtroke loſe all its motion, and the 

ſmaller will be reflected with the difference of their | 
motions, ſo as to riſe to the height of nine-inches ; pr 
for ſince the larger ball which deſcends from the 

height of {ix inches is as two, its motion is as vit 
6. | twelve, 


Or Tue CENTER or GRAVITY, 


twelve, whilſt the motion of the ſmaller ball, which 
is as unity, and deſcends only from the height of 
three inches, is as three, the difference of which 
motions is nine; and this being divided between the 
bodies in | ge to their quantities of matter, 
gives ſix for the motion of the larger, and three 
or that of the ſmaller ; and with theſe motions the 
bodies would be carried after the ſtroke, ſuppoſing 
they were void of elaſticity; but becauſe of the 
elaſticity, a quantity of motion equal to what is 
communicated by the ſtriking body to the other, 
which in this caſe is ſix, muſt be taken from the 
motion of the greater body, and added to that of 
the ſmaller, which two motions being ſix and three, 
the remainder after ſubduction, which expreſſes the 
motion of the greater body, will be nothing; and 
the ſum ariſing from the addition, which expreſſes 
the motion of the ſmaller ball, will be nine. 
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Y deſign in this lecture is to give you an ac- LR er. 
count of the firſt and ſecond of the mecha- VI. 


nick powers, commonly called the ballance and the 


lever; but I ſhall firit take notice of ſome things re- 
lating to heavy bodies, the knowledge of which is 
in a great meaſure neceſſary to the right under- 
ſtanding of what ſhall be ſaid concerning the me- 
chanick powers in general. And Firſt, in every 
body there is a certain point, commonly called by 
the writers of mechanicks, the center of gravity; 
the nature of which will beſt appear from its chi 
properties, which are theſe. 
iſt, If a body be ſuſpended by its center of gra- 
vity, it will continue in any poſition whatever 
M wherein 
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LECr. wherein it is placed; whereas if it be ſuſpended by 
VE any other point, it will not reſt in any other poſition 
SY VV hut where the center of gravity is either directly 


Exp. 1. 


above, or directly beneath the point of ſuſpenſion , 
thus, if two beams be ſupported, the one by an 
axle paſſing thro' its center of gravity z the other 
by an axle which doth not paſs thro” the center of 
gravity, but thro? ſuch a point, as when the beam 
s parallel to the plane of the horizon, lies directly 
above the center of gravity ; the former will reſt 
in any poſition, whether it be perpendicular, paral- 
lel, of inclined to the horizontal e; but the 
latter will reſt in the parallel poſition only; and 
ſhould it by any force be removed from that poſi- 
tion, it will, upon the removal of the force, begin 
to move in order to recover the parallel poſition, and 
after ſeveral vibrations will at length ſettle therein. 
A fecond property of the center of gravity is, that 
where that is ſupported the whole body is likewiſe 
ſuſtained ; for which reaſon the whole weight of a 
body may be looked upon as applied to that ſingle 

int and as centered therein. 

A third property of this center is, that it continually 
endeavours tomove downward towards the center of 
the earth, and where all lets and impediments are re- 


moved does actually deſcend ; and therefore if in any 


caſe a body ſeems to move upward by the force of 


gravity, it will be found that the center of gravity 


deſcends notwithſtanding any appearance to the con- 
trary. Thus, if two rulers be ſo placed as to meet 
in an angle at one of their ends, and there to reſt 
upon an horizontal plane, whilſt at their other end 
— are raiſed a little above the plane; and if a 

y conſiſting of two equal ſimilar cones united 
at their baſes, be laid upon the rulers in ſuch a man- 
ner, that the edge of their baſes may lie be- 
tween the rulers, it will when left to it ſelt begin to 
roul towards the elevated extremities of the rulers, 


and upon tliat account appear to aſcend, whereas in 


reality 


— 
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reality it moves downward ; for if a ſtring be Lr. 
ſtretched horizontally beneath the rulers ſo as that it VI. 
may touch the edge of the baſes of the cones at the 
concourſe of the rulers, it will be found that the edge 
of the baſes deſcends below the ſtring, and that 
more and more as the body moves nearer to the 
| higher end of the rulers. 
Whilſt the body rowls upon the rulers, the parts 
of the cones which reſt thereon, do by reaſon of the 
widening of the rulers grow continually ſmaller ; 
upon which account, at the ſame time that the bo- 
dy aſcends along the plane of the rulers, it is as it 
were carried down another plane equal in length to 
the {ide of the cone, and whoſe perpendicular alti- 
tude is equal to the ſemidiameter of the baſes of the 
conesz and therefore, if the perpendicular altitude 
of the rulers in that part where their diſtance is 
equal to the length of the double cone, be leſs than 
the ſemidiameter of the baſes, the body will move 
up along the rulers, becauſe, by ſo doing, it will in 
reality deſcend, and the deſcent thereof will be 
equal to the difference between the ſemidiameter of 
their baſes, and the perpendicular altitude of 
the rulers in that part where their diſtance is equal 
to the length of the cones ; but it that perpen- 
dicular altitude be equal to the ſemidiameter, 
the body will reſt on any part of the rulers, being 
carried as much upward on one account, as it is 
downward on the other ; and if the altitude of the 
ralers be a little increaſed, ſo as to exceed the ſemi- 
diameter of the baſes of the cones, the body will rowl 
down the rulers, and thereby deſcend thro? a ſpace 
equal to that excels, me 
If a cylinder be {6 contrived as to have its center Exp. g. 
of gravity near one of its fides, which may be dons 
by making a wogden cylinder hollow towards one 
ſide, and then filling it with lead ; when it is placed 
on an inclined plane in Raſh: 8 manner wo 
| - 0 
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baſe, but the body tumbles; as will appear from 
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Lecr. fide which is neareſt to the center of gravity may lean 


towards the upper part of the plane, it will aſcend 
provided the inclination of the plane be not too 
ſmall, but the center of gravity will at the ſame 
time deſcend ; for it will ſuitably to its nature en- 
deavour to move downward, and thereby cauſe the 
cylinder to revolve about its axis; and this revolu- 
tion will make the cylinder, and conſequently its 
center of gravity, to move up the plane ; ſo that 
the center of gravity will have as it were two mo- 
tions, one upward ariſing from the progreſſion of 
the cylinder along the plane, the other downward 
occaſioned by the rotation of the cylinder about its 
axis; but the deſcent occaſioned by the latter mo- 
tion, will be greater than the aſcent ariſing from 
the former; as will appear by ſtretching a line ho- 
rizontally at the ſame height with the center of gra- 
vity before the cylinder begins to rowl, for after the 
rotation ceaſes the center of gravity will be beneath 
the line; ſo that upon the whole, that center will 
be found to deſcend notwithſtanding the aſcent of 


the cylinder on the plane. 
When the elevation of the plane becomes ſo great 
that the aſcent ariſing from the jon becomes 


equal to, or greater than the deſcent ariſing from 
the rotation, the cylinder will, in the former caſe 
continue at reſt, and in the latter rowl down the 
plane. | 

A line drawn from the center of gravity of any 
body, 13 to the plane of the horizon, is 


called the line of direction of the center of gravi- 


ty, becauſe when the body is carried downward by 

force of gravity, if it meets with no let or 
obſtacle, its center of gravity will deſcribe that line. 
The chief property of this line is, that as long as 
it falls within the baſe of the body, fo long the bo- 
dy ſtands, whereas no ſooner does it fall beyond the 


the 
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the following experiment; let a piece of wood e Leer. 
ſet on a moveable plane with a plummet hanging VL 
from its center of gravity, and let the plane be gra- © . 
dually elevated till at length the plum-line, (which, I. + 
as it is always perpendicular to the horizon, will re- 
preſent the line of direction,) falls beyond the baſe; 
the wood will not tumble as long as the plummet 
line falls within the baſe, whatever be the elevation 
of the plane whereon it ſtands, but the moment 
that line gets beyond the baſe the body falls. 

The reaſon why a body ſtands during the conti- 
nuance of the line of direction within its baſe is, 
that no motion can ariſe in any body from the force 
of gravity, unleſs the center of gravity can by ſuch 
motion be carried downward ; but as long as the 
line of direction of any body falls within the baſe, 
its center of gravity 1s ſupported, and therefore 
eannot deſcend ; and conſequently, the body will 
remain unmoved ; whereas upon the removal of the 
line of direction beyond the baſe, the center of gra- 
vity ceaſes to be ſupported and is therefore at liber- 
ty to deſcend. | 

From what has been ſaid it appears, why among 
bodies deſcending on inclined planes, ſome, for in- 
ſtance cubes only ſlide, whilſt others as globes or 
cylinders rowl ; the lines of direction falling be- 
neath the baſes of the former, but not the latter. 

The center of motion in any body is a fixed 
point or axis about which the ſeveral parts of a bo- 
dy do move, and in moving deſcribe circular 
arches. 

The direction of any power or weight is, that 
ſtrait line wherein it moves or endeavours to 
move. And the moment of any power or weight 
is, that force wher&vith it either moves or endea- 
vours to move, and it is always proportional to the 
product ariſing from the multiplication of the pow- 

er or weight into the velocity wherewith it moves 
or would move if jt were not hindred a 
po 
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LE r. poſite power or weight; and therefore, if the pro- 
VI. duct ariſing from the multiplication of one weight 
or power into its velocity, be equal to the product 
ariſing from the like multiplication of any other 
weight or power into its velocity, the moments of 
thoſe two weights or powers muſt be equal; and 
this will always be where the weights or powers are 
to one another reciprocally as their velocities; con- 
ſequently, two weights or powers may ballance, if 
as much as one exceeds the other in magnitude ſo 
much muſt it be exceeded by the other in velocity; 
and herein conſiſts the whole force and efficacy of 
all mechanical engines; for they are ſo contrived as 
to diminiſh the velocity of one weight or power and 
to increaſe that of the other, by which means a ve- 
ry ſmall weight or power may become a ballance 
to one exceedingly great, as will appear from what 
ſhall be ſaid concerning the mechanick powers, 
which are commonly reduced to ſix, namely, the 
ballance, the lever, the pulley, the axle in the wheel, 
the wedge, and the ſcrew, of each of which in their 
order. | 
The BaLLANnCE, ſtrictly ſpeaking, is a beam 
ſupported by an axle whereon it turns; which axle 
therefore is the center of motion ; the parts of the 
beam which lie on each ſide of the axle are called 
Its arms, and thoſe parts of the arms to which the 
weights are applied are called the points of ſuſpen- 
fion z concerning which it muſt be obſerved, that 
the appending weight, whatever be the length of the 
cord by which it hangs, acts with the ſame force 
and in the ſame manner as if its center of gravity was 
applied to the point of ſuſpenſion z ſo that it matters 
not what the diſtance is between the weight and point 
of ſuſpenſion, as will appear from the following ex: 
Exp. 5. periment. Let a weight appended at one arm of a 
ballance be counterpoiſed by a weight at the other, 
and let it by means of a cord be hung at different 
diſtances below the point of ſuſpenſion, the N 
27 0 
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of the ballance will remain unvaried, and the weights Le Or. 
will continue to counterpoiſe each other at all thoſe VI. 
diſtances. | 

The moment of any weight appended at the arm 
of a ballance, is proportional to the product ariſin 
from the multiplication of the weight into the diſ- 

' tance of the point of ſuſpenſion from the axis of the 
ballance; for as was before ſaid, the moment of a 
weight is proportional to the product of the weight 
into its velocity, and in this caſe the velocity of the 
weight is as the diſtance of the point of ſuſpenſion 
from the axis; for ſince the weight acts in the ſame 

manner as if its center of gravity was applied to the 
point of ſuſpenſion, whatever be the velocity where- 
with that point moves round the axis, the ſame will 
the velocity of the weight be; but the velocities 
wherewith the ſeveral points in the arm of a bal- 
lance move round the axis, are as the ſpaces, that 
is, as the circular arches, which they deſcribe in the 
ſame time, which arches from the nature of the 
circle are to one another as their reſpective radii, 
that is, as the diftances of the points from the axis. 

Thus, if AB repreſents the arm of the ballance pl. 2. 
moving round the axis at A, the velocities of the Fig. g. 
ints B and D, which deſcribe the arches BC and Exp. 6. 
E, will be as thoſe arches, becauſe they are de- 
ſcribed in the fame time; but from the nature of the 
circle, thoſe arches are to one another as their radii 
AB, and AD, that is, as the diſtances of thoſe 
points from theaxis ; conſequently, the moment of 
a weight appended at the arm of a ballance, is as 
the product of the weight into the diſtance of the 
int of ſuſpenſion from the axis. Whence it fol- 
ows, that if two weights be appended at the arms 
of a ballance in ſuch a manner, as that the diſtances 
of the points of ſuſpenſion from the axis ſhall be re- 
el y proportional to the weights, thoſe weights 
will counterpoiſe each other, and the ballance wil! 
be in #quilibrio 3 for inſtance, if two equal weights 


A be * 
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LE r. be applied at equal diſtances from the axis, the bal- 
I. lance will not incline to either ſide, but remain pa- 
A railel to the horizon, the weights in this caſe coun- 
Exp. 7. terpoiſing one another, Again, if one weight be 
larger than the other in any proportion, for inſtance, 

in the proportion of three to one, if the point at 

which the ſmaller is applied be thrice as far diſtant 

from the axis as the point at which the larger is ap- 

plied, the ballance will be in 2quilibrio. 

On this equilibrium ariſing from the ſuſpenſion of 

weights at diſtances reciprocally proportional to the 

Exp. 8. weights, is founded the Statera Romana, otherwiſe 
called the ſteel-yard, which conſiſts of two arms 

very unequal in length, but equally poiſed by means 

of a weight annexed to the ſhorter, from which 
likewiſe hangs a ſcale in order to receive ſuch things 

as are to be weighed ; the longer arm is divided in- 

to a number of equal parts beginning from the 

Axis, and ſuſtains a weight which flides from one 

, | end to the other ; which weight being applied to 
C | the ſecond diviſion, will counterpoiſe double the 
weight in the ſcale of the ſhorter arm, that it will 
= when applied to the firſt diviſion ; and triple when 
if D applied tothe third diviſion ; and ſoon, whatever be 
_ 7228 — be diviſion to which it is applied, the weight in the 
l | 7 ſcale of the ſhorter arm muſt be proportional there- 
| do; otherwiſe the products ariſing from the multi- 
N © plication of the weights into their reſpective diſ- 
's = . tances from the axis would not be equal, and con- 
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ſequently would not ballance each other. 
9. On the ſame equilibrium i is likewiſe founded the 
deceitful ballance, which is ſo contrived as tho” one 
arm be longer than the other, yet is the ſhorter 
y N made ſo much thicker than the longer, as thereby 
N KJ \ exadtly to poiſe the ſame ; upon which account the 
/ + ballance appears to be, juſt, and conſequently ſuch 
weights as counterpoiſe are judged equal, whereas 
in truth that which is appended at the longeſt arm 
zs leſs than the other, " in the n of 
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the length of the ſhorter arm to that of the longer; Lzcr. 


for inſtance, if the longer arm be to the ſhorter as 
ten to nine; a weight of nine ounces applied at the 
longer arm, will counterballance ten ounces append- 
ed at the ſhorter. 


Several weights e at ſeveral diſtances Aa 2 
ide 


from the axis in one of a ballance, will counter- 
poiſe ſeveral others 3 likewiſe at ſeveral diſ- 
tances on the other ſide; provided the ſum of the 
products which ariſe from the multiplication of the 
weights on one ſide into their reſpective diſtances 
from the axis, be equal to the ſum of the products 
ariſing from the like multiplication of the weights 
on the other ſide into their reſpective diſtances, 
Thus, if on one ſide a weight of one ounce be ap- 
pended at the diſtance of two inches from the axis, 
and another of two ounces at the diſtance of three 
inches, and a third of three ounces at the diſtance 
of four inches; and if on the other ſide be append- 
ed one weight of five ounces at the diſtance of an 
inch from the axis, and another of three ounces at 
the diſtance of five inches; the two latter will bal 


lance the three former; for the product of five in- 


to one, being added to the product of three into 
five, gives the ſum of twenty; as does likewiſe the 
addition of the three products of one into two, two 
into three, and three into four. : 

The chief uſe of the ballance commonly called a 


— „1 


Se. 


Exp. 10. 


pair of ſcales, is to compare the weights of different 


bodies together z and that this machine may be as 
exact and perfect as poſſible, it is requiſite, 1ſt, 
that the center of gravity of the beam be placed 
a little below the axis, becauſe in this caſe, when 
there is an equilibrium, the beam will not reſt in 
any poſition but the parallel ; conſequently, the 
weights which are compared together will a 


ppear 
to be equal, as they really are; whereas if the axis 
be placed beneath the center of gravity, ſhould the 
center of 8 1 


| 
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Leer. lar line, which can ſcarcely be avoided, it will not 
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return, but from its tendency downward will be 


carried lower, ſo as to give the beam an inclined po- 


count of any oblique direction. t 


ſition; for which reaſon the weights will appear to 


be unequal, tho? in reality they are not ſo; and the 
. fame inconvenience will ariſe if the axis paſſes thro? 


the center of gravity, for in that caſe it has been 
already ſhewn, that the beam, notwithſtanding the 
equilibrium, wall reſt in any poſition. | 

Secondly, the arms of the beam ought to be ex- 


actly equal both as to weight and length, the rea- 


ſon of which is evident, from what was faid 
concerning the deceitful ballance. | 

Thirdly, the points from which the ſcales are 
ſuſpended, ought to be in one right line paſſing 
thro* the beam's center of gravity z for by this con- 
trivance the weights will act directly 5 each 


other, ſo that no part of either will * ſt on ac- 


Fourthly, the friction of the beam againſt the 
axis ought to be as little as poſſible; becauſe, ſnould 
the friction be great, it will require a conſiderable 
force to overcome it; upon which account, tho” 
one weight ſhould a little exceed the other, it will 
not preponderate, the exceſs not being ſufficient to 
overcome the friction, and bear down the beam. 


That the friction may be as little as poſlible, the 


parts of the beam which play upon the axis, as alſo 
the axis it ſelf ſhould be well poliſhed, and the axis 
ſhould be made as ſmall as the uſes of the ballance 
will admit; but as friction cannot be intirely pre- 
vented, to remedy the inconveniences ariſing from 
it as much as poſſible, the arms of the beam ought 
to be made as logg as they conveniently can; be- 


cauſe the longer the arms are, the leſs will the 
weight be that is requiſite to overcome the friction; 


the moments of weights increaſing in proportion to 
their diſtances from the center of motion, as has 
been already ſhewn, 1 


"W 
"I og be. 
Or THE BALLANC E. 


3 


| 


Or Tus BALLANCE, 


T ſhall cloſe what I had to ſay concerning the Ls er. 
ballance, by laying before you one property of it, VI. 


which is ſomewhat ſingular and ſurpriſing ; tho? it 
has not that I can find been taken notice of by any 


of the mechanick writers, namely, that if a man Exp. 11. 


ſtanding in one ſcale and counterpoiſed by a weight 
in the other, lays his hand to any part of the beam, 
and preſſes it upward, he will thereby deſtroy the 
ballance, and make the ſcale wherein he ſtands to 
preponderate. 
In order to account for this property; let AB pl. 8: 
repreſent the beam of a pair of ſcales pla 
the axis at C, and let a man ſtanding in the ſcale 
D, and counterpoiſed by 4 weight in the ſcale E, 
lay his hand to ſome part of the beam, either on 
the ſame ſide of the axis with himſelf as at H, or on 
the other ſide as at K, and preſs the ſame upward; 
inaſmuch as action and reaction are always equal 
it is manifeſt that with whatever force the hand 
reſſes upward againſt the point H or K, with the 
me the hand, and conſequently the man's whole bo- 
dy, is preſſed downward ; and therefore the ſcale D 
wherein he ſtands, bears the ſame preſſure from his 
feet that the point H or K does from his hand ; but 
the preſſure upon the ſcale D may be looked upon 
as applied to the beam at the point A from which 
the ſcale hangs 3 conſequently, the fame force which 
preſſes up the point H or K, preſſes down the you 
A; wherefore putting F to denote that force, 
Fx HC vill expreſs the moment wherewith the arm 
AC is prefſed upward when the hand is applied at 
H, and Fx KC the moment wherewith the arm 


The erty here mentioned, had net been taken notice 
of by. any of the Mechanick Writers, when the Author com- 
| poly this Lecture; but has been pyþliſhed ſince, both in the 

hiloſophical Tranſactions for the Year 1729 and in a courſe 
of experimental Philoſophy, by Dr. DzsacuLisRs, to whong 
our Author communicated it, as he told me and many others, 


' dhout thirtegn or fourteen Years ago when he was in London, 
. N 2 BG 


ying on Fig. 19, 
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BC is preſſed rd the hand being applied at K; 
and in both caſes Fx AC will expreſs the moment 
WY V wherewith the arm AC is prefled downward by 


means of the reaction; if therefore the hand be 
applicd at H, it is manifeſt that as the arm AC is at 
one and the ſame time preſſed upward by a force 
which is as FX HC, and downward by a force 
which is as the ſame F AC, and as HC is ever 
leſs than AC, the arm AC muſt deſcend with the 
difference of thoſe forces, that is, with a force equal 
to Fx AH, which is the diſtance of the hand from 


the point A; if the hand be applied at K, the arm 


CB 1s preſſed upward, and conſequently AC down- 
ward, with a force equal to Fx KC, and upon ac- 
count of the reaction AC is likewiſe preſſed down- 
ward with a force equal to Fx AC; and therefore 
it muſt deſcend with a force equal to the ſum of 
thoſe two forces, that is, with a force equal to 
Fx AK the diſtance of the hand from the point A; 
ſo that the ſcale D muſt preponderate whether the 
hand be applied to that part of the beam which 


lies on the ſame ſide of the axis with the man, or to 


that which lies on the other ſide; and if D be put 
to denote the diſtance of that point to which the 
hand is applied from the point A, the force where- 
with the preponderating ſcale deſcends will be uni- 
verſally as FxD, that is, as the force which the 
hand exerciſes againſt the beam, multiplied into 
-the diſtance of the hand from the point A. And 
if the force wherewith the hand preſſes the beam 
be required, it may be diſcovered by throwing in 
as much weight into the ſcale E as is ſufficient to bal- 
lance the force of the hand, and to prevent the de- 
ſcent of the ſcale D; for putting W to. denote that 
weight, its moment isas W x BC or AC, which be, 
ing equal toFxD the moment of F, F will be 


Found equal to WAN that is, to the weight 
multiplied 


FTE, 
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multiplied into half the length of the beam, and Lzecr. 
divided by the diſtance of the hand from A. For VI, 


inſtance, if the ballancing weight be twenty pounds 
and the diſtance of the hand from A be to half the 
length of the beam as one to two, the force where- 
with the hand preſſes the beam is 2 to twenty 
pounds multiplied by two and divided by unity, 
that is, it is equal to forty pounds; from what has 
been ſaid it follows, that when the hand is applied to 
that part of the beam which lies on the ſame ſide 
of the axis with the man, the force of the hand 
upon the beam is greater than the weight which bal- 
lances it in the ſcale E, and leſs than the ſame when 
the hand is applied to that part of the beam which 
lies on the other ſide of the axis with reſpect to the 


man; for in the firſt caſe, WxI< is greater than 


W, and in the latter leſs, inaſmuch as AC is in the 
— caſe always greater, and in the latter lef 
n D. | 
The ſecond, and indeed the molt ſimple of all the 
mechanick powers is the LEVER ; an engine chief- 
ly made uſe of to raiſe large weights to ſmall heights. 
y the writers of mechanicks, it is ſuppoſed to be 
an inflexible line void of all gravity ; tho* ſuch as 
as are in common uſe are both flexible and weighty. 
In every lever there is one immoveable point, about 
which as a center all the parts of the lever turn; 
and whatever ſupports that point is called the prop: 
and with regard to the different ſituations of the 
moving power, and the weight to be moved. in re- 
ſpect to the „the lever is divided into three 
kinds; the firſt of which is where the prop is placed 
between the moving power and the weight to be 


raiſed ; which kind of lever is repreſented, where- Pl. 2. 
in C denotes the prop, B the weight, and A the Fig- 11. 


power. In this lever there will be a ballance be- 
tween the power and the weight, provided they be 
w 


94 


Or TRE LEVER. 


LE r. to one another reciprocally as their diſtances from 


VI 


VI. 


the prop; that is to ſay, if the power at A be to 
the weight at B, as CB to CA; for upon the mo- 
tion of the lever round its fixed point C, the power 
at A will deſcribe the arch AD in the ſame time 
that the weight at B deſcribes the arch BE; conſe- 
quently, the velocity of the power will be to the 
velocity of the weight, as the arch AD to the arch 
BE; that is, becauſe the arches are ſimilar, as is evi- 
dent from the manner wherein they are generated, 
as AC to CB. That therefore the product ariſing 
from the multiplication of the power into its veloci- 
ty, may be equal to the product of the weight into 
its velocity, dr in other words, that their moments 
may be equal, the power muſt bear the ſame propor- 
tion to the weight, that BC the diſtance of th 

weight from the prop bears to AC the diſtance © 
the power from the prop. For inſtance, if BC be 
to AC as one to two, and if a man's ſtrength be 


- ſuch as that without the help of a machine he can 


Exp. 12. 


ſupport an hundred weight, he will by the help of 
this lever be enabled to ſupport two hundred ; be- 


cCauſe as BC is to AC, which by ſuppoſition is as 


one to two, ſo muſt the power at A be to the 
weight at B; but the power at A is ſuppoſed to be 
equal to one hundred, conſequently the weight muſt 
be equal to two, h 
As in this lever the prop.may be placed either 


at the middle diſtance between the moving power 


and the weight, or nearer to one than the other, it 
is evident that there may be a ballance between the 
power and the weight, either when they are equa], 
or when the one exceeds or. is exceeded by the other 
according to the different ſituations of the prop. 
To this kind of lever may be reduced ſeveral 
ſorts of inſtruments, ſuch as ſciſſars, pincers; ſnut- 


fers, each of which may be conſider _ up 
of two levers, whoſe prop is the ſame wi My 
W 
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which rivets them together. Quarry crows axe 
likewiſe levers of this kind, concerning which it 
mult be obſerved, that the larger and more ponde- 
rous they are, provided they are not ſo big as to 
become unmanageable, the more uſeful they muſt 
be, becauſe the weight of that part of a crow 
which lies on tlie ſame ſide of the prop with the 
power, and which uſually far exceeds the other part 
in length, acts in conjunction with the power, and 
thereby facilitates the railing of the ſtones. 

If the arms of this lever, inſtead of lying in a 
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right line, meet each other at the prop in a right Pl. z. 
angle, where AC and BC repreſent the arms of a Fig. 1. 


lever united at the prop C, in ſuch a manner as to 
conſtitute a right angle ACB ; if to one arm as 
CB placed horizontally, a weight be appended at B, 
and to the other as AC ſtanding perpendicularly a 

wer be applied at A acting in the direction AD. 
In order to a ballance the power muſt be to: the 
weight as BC to AC, that is, the power and weight 
mult be in the inverſe.ratio of the lengths of the 
arms to which they are applied. For as the arms 
turn together upon the prop C, in the ſame time 
that the point B deſcribes any arch as BK, the point 
A muſt deſcribe a ſimilar arch as AH; conſe- 
quently, the velocity of A will be to the velocity of 
Bas AC to BC ; but as the moment of the pow- 


er at A is ſuppoſed equal to the moment of the. 


weight at B, the power muſt be to the weight, as 
the velocity of the latter to the velocity of the for- 
mer, that is, as BC to AC. 


To confirm this by experiment, let BC be one Exp. 13. 


fourth of AC, and a weight of twelve ounces be ap- 
pended at B; to the chord ADF made faſt to the 
point A and paſling over a pulley at D, let a weight 
of three ounces be hung at F ſo as to pull the arm 
AC in the direction AD, and there will be a bal- 
lance. And if BC be one third or one half of AC, 
then a weight at F, which in the former caſe * 


Fr 


R — * * 
— = * * . 
—_ 3 * — - 


P — 


— — — 
2 — — a — — — 
. © — —— 2 


Lecr. 
VI. 


Or Tus LEVER. 


third, and in the latter one half of P will ballance 
the ſame; and if AC and BC be equal, the bal- 


WYW lancing weights muſt be ſo too. 


From the experiments, and what has been ſaid 
concerning them, it is evident, that the greater the 
proportion is which AC bears to BC, the greater is 
the force of the lever, or the leſs the power at A 
requiſite to ballance a given weight at B. And 
foraſmuch as the hammer when made uſe of in 
drawing .nails is a leyer of this kind, it is mani- 
feſt, that the longer the handle is in proportion to 


that part of the hammer which lies between the 


handle and that portion of it which gripes the nail, 
the leſs will the force be that is requiſite to draw the 


5 | he ſecond kind of lever, has its prop at one end, 


PI. 


the,power at the other, and the weight between, as 
where C is the prop, A the power, and B the 


. weight; in this lever, in the ſame time that the 


at A moves thro? the arch of a circle whoſe 


Power 
ExP. 14- radius is AC, the weight at B moves thro a ſimi- 


lar arch of a leſſer circle whoſe radius is BC; con- 
ſequently, the velocity of the power is to the velo- 
city of the weight as AC to BC; in order therefore 


to a ballance, the power muſt be to the weight as 


BC to AC; that is, as much as AC, the diſtance of 
the power from the prop exceeds BC, the diſtance of 


the weight from the prop, ſo much muſt the weight 


exceed the power. 
As in this lever the diſtance of the weight from 


the prop is always leſs than the diſtance of the 


power from the prop, it is evident that there can- 


Exy. 15 


not be a ballance in any caſe but where the weight 
exceeds the power, SAS! 
To this kind of lever may be reduced the oars 
and rudders of ſhips, cutting-knives fixed at one 
end, and doors moving upon hinges. 

If in this lever we ſappoſe the power and the 


weight to change their places, fo. as that the power 
may 
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Ade applied at B between the weig ht at A and LOT. 
e prop at who it will become a lever 155 the third VI. 
kind ; wherein 3 in order to a ballance, the power at 
B muſt fo far exceed the weight at A, as BC the Pl: 3. 
diſtance of the power from the prop, is less than AC Fig: 3: 
the diſtance of the weight from | the prop. | 
It is evident, that the moving power receiyes no 
advantage from this kind of lever, and therefore it 
is never made uſe of but in caſes of neceſſity; and 
where the weights to be raiſed cannot be managed 
in a_more convenient manner; as is the caſe of lad- 
ders, which being fixed at one end are by the fotce 
of a man's arms reared gain 'a Wall. | 
As levers are of ſeryice in raiſing. weights, ſo are 
they likewiſe in carrying and ſupporting the lame; 
concerning which it is to be obſer ved, that when two 
powers ſupport a weight by help of a lever, the ſum 
of the powers muſt equal the weight; and the weight 
being placed betwern them, their reſpective diſtances 
therefrom muſt be reciprocally as the powers, thus, 
if a weight reſting on the lever at B, de fo rted pl. ;. 
by two powers, one at A and the other at C, the Fig. 3 
diſtance of A from B muſt be to the diſtance of C 
from B, as the power at C is to the power at A. 
For in this caſe lever is of the nd kind, K: 1 
where each of the powers is in its turn to be looked C 
upon as the prop, and then the other power muſt 89. 
be to the weight as the diſtance of the weight from - * | 


the prop to the diſtance of the power from the >, , 4 
prop that is, when A is conſidered as the . c: 
the power at C muſt be to the weight at B, as A ot; Wo 
to AC; and when C is conſidered as the prop, the = 

2 


power at A muſt be to the fame weight at B, as 
CB to CA. Conſequently, ſince the power at A 1 4779 
is to the weight, as BC to AC; and fide the fille | 


weight þ * power at C, as AC to AB; the . A A ! 


| 


F at A N as BE to be, Ma * 
A, that is, che powers muſt be to one another "I 1 & 76 b 4 
"ih, as their W I the weight; ** th of 7 . JH | 


go 
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0 de EE 
it will appear to be from experiments. For if from 


the point B of the lever AC a weight as D be ſuſ- 
425 and if two other weights as E and F be ſuſ- 


pended from the extream points A and C by cords 
paſſing over pulleys, ſo as that they may draw the 
lever directly upward; they will ſupport the weight 
D provided the ſum of thoſe two weights be equal 


to the weight D, and the weight E be to the 


weight F as BC to BA. 
he ſame thing will happen, if the three weights 


be wade to pull the lever horizontally, which may 
be done by paſſing the cords over ſmall wheels or 
pins placed on a level with the lever. 


- 


In ſhewing wha: the proportion ought to be be- 
tween two powers which ſupport a weight placed 


upon a lever, I have ſuppoſed the poſition of the 


lever to be parallel to the plane of the horizon; 


what the proportion ought to be, and in what man- 


ner ſuch proportion is determined in incline@poli- 


Pl. 3. 
Fig. 5. 


Exp. 18. 


tions of the lever, ſhall be ſhewn, when I come, to 


treat of powers acting in oblique directions. 
If inſtead of a ſingle lever, ſeveral be combined 
together in ſuch a manner, as that a weight being ap- 
pended to the firit lever, may be ſupported by a 
power applied to the laſt, as in the machine, which 
conſiſts of three levers of the firſt kind, and is ſo 
contrived as that a power applied at the point L of 
the lever C, may ſuſtain a weight at the point S of 
the lever A. The power muſt be to the weight, in 
a ratio compounded of the ſeveral ratios, which thoſe 
powers that can fuſtain the weight by the help of 
each lever when uſed ſingly and apart from the reſt, 
have to the weight; for . inſtance, if the power 
which can ſuſtain the weight P by help of the lever 
A alone, be to the weight as one to five; and if the 
power whereby the, ſame weight can be ſuſtained 
by che help of the lever B alone, be to the weight, 
as one to four; again, if the power which can fup- 
ort the ſame weight by the help of na C 
One, 


| 
| 
1 
i 
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alone, be to the weight as one to five; the power Lz cr, 


99 


which ſupports the weight by means of thoſe thkes VI. 


levers joined together will be to the weight in a 
ratio compounded of one to five, one to four, and 
one to five, that 1s, it will be as one to an hundred. 
For ſince in the lever A, a power equal to one fifth 
of the weight P preſſing down the lever at L, is 
ſufficient to ballance the weight; and ſince it is the 
ſame thing whether that 27 be applied to the 
lever A at L, or the lever B at 8, the point & bear- 
ing on the point L, a power equal to one fifth of 
the weight P being applied to the point S of the 
lever B, and preſſing the ſame downward, will ſup- 
port the weigh but one fourth of the ſame pow- 
er being applied to the point L of the lever B, and 
puſhing the ſame upward, will as effectually depreſs 
the point S of the fame lever, as if the whole 
power was applied at S; conſequently, a power equal 
to one fourth of one fifth, that is, to one twentieth 
part of the weight P, being applied to the point L 
of the lever B, and puſhing up the ſame, will ſupport 
the weight; hut it matters not whether that force 
be applied to the e L of the lever B, or to the 
point S of the leve: | 

which reſts thereon muſt be fo too ; bur one fifth 


of the power applied at the point L. of the lever C. 


and prefling it downward will as effectually raiſe the 
point S of the fame lever, as if the whole 'power 
was applied at S and puſhed up the fame 3 conſe- 

gently, a power equal to one fifth of one twentieth, 
thr is, to one hundredth part of the weight F. be. 
ing applied to the point L of the lever C wil bal; 
lance the weight ar the point S of the lever A ; that 


1 b SS _ , : 
wer Which is to the weight, in a ratio com- 


eee 9 22 

ande of the three ratios, which the powers have 
to the weight in each lever taken e be 
a ballance to the weight, when the three ers 97 
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will be Buy. that, in, machines, of this kind, 


1 v : - 


| br all that has been Rhee 9 800 concerning . 
lever, che power and the 1 are ſu poſed. to act 
in direct oppoſition to other ; ; af on this fup- 
poſition, the power muſt be to the weight in each of 
the three Kinds of leyers, in the reciprocal ratio of 
their diſtances from I rop, as has been fully 
royed with regard to 7; KA, but where the 
irections of Pg power and weight, are inclined to 
each , the proportion will, vary from what has 
been ere determined, as ſhall be ſhewn, when I 
dome to treat of powets ating i in oblique di- 
* | 
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this a tal you an account of the 
bs the Axle in 71 N the Wedge, and 
the Screw. The PULLEY is a ſmall wheel that 
turns about its axis, and which has a drawing rope 
paſſing over it. It js mide uſe of jn {9 ng large 
weights to conſiderable Pein :and , of two 
kinds, fixed and moveable ; · the ſole . 2 of the 
fixed pulley, is to change the direct iqn of the moving 
porer hi which in all caſes where weights are to be 

ſed 7 50 Win pes fs nan and 
very often 9 


56h the man uſt quit his 10 Air 1. in 
brcler to 9 1 the weight, Inch for the moſt 
0 part 


„„ oe tant ARE 


that a man would otherwiſe lie under of aſcending 
along with the weight, and by ſo doing leſſens his 


a fixed pulley, that power muſt be equal to the 


the moyeable pulley E, it muſt move directiy up. 
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part is found to be inconvenient, and ſometimes im- LR r. 
ptacticable; whereas if to a rope as PAF paſting VII. 

ver the fixed pulley at A, the weight be made 
faſt at one end as P, and the hand applied to the 
other end at F, the man by drawing the rope AF 
downward, will without moving from his place raiſe 
the weight as effectually, as if his hand was applied 
to it and moved upward from P to A; ſo tliat in 
raiſing weights to great heights the fixed pulley is 
of ſingular ſervice, in as much as by changing the 
direction of the power, it takes off the neceſſity 


] r; beſides, it has R 15 57 5 at- 
tending it, that by means thereof the joint ſtrength 
of CORY Roar 3M be made uſe of to raiſe 5 
and the ſame weight, which in many caſes cannot 
be done, at leaſt not fo conveniently, where the 
weight is raiſed by the immediate application of 
the hands; but this pulley does not in the leaſt aſ- 
ſiſt the power, b Shfeatink its moment; becauſe 
it neither leſſens the velocity wherewith the weight 
riſes, nor augments that of the Power; for what- 
ever be the Ipace thro! which the power moves by 
drawing the rope AF, the weight muſt in the fame 
time be drawn up thro' an equal 75 z the rope 
AP conſtantly ſhortening in the fame proportion, 
that the rope AF is Nag betted; and therefore, 
wherever any power ſupports a weight by means of 


* . ; 7 


Feat a & | a 
When a pulley rifes and falls along with the 
weight, as does this pulley, it is faid to be move- py 
able, and with regard to its uſe, it is juſt the re. Fig. 7. 
yerſe of the fixed pulley ; for it adds to the ma. | 
ment of the power, but cauſes nd change in its di. | 
rection ; for if the hand be applied at F to the 

rope D, in order to raiſe the weight P appehded to 


ward 
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Lzcr, ward in the very ſame manner, as if it was applied 

VII. immediately to the weight; conſequently, the di- 
way altered by this pulley, but the moment thereof 
is doubled, becauſe it i; made to riſe twice as faſt 
as the weight ; for in the ſame time that the hand 
moves upward from F to G, thro' the ſpace FG 
equal in length to the two equal ropes D and C, 
the pulley, and conſequently the weight annexed, 
will be drawn up thro? the rs EH, whoſe length 
is equal to one of the ropes only. | 


In machines conſiſting of ſeveral pulleys, whereof 


ſome are fixed and ſome moveable, and which have 

one common, rope that goes round them all ; if 

one end of the rope be fixed, as is the caſe in the 
Pl. z. machines repreſented by theſe figures, in order to a 
Fig. 8, 9, ballance, the moving power mult be to the weight, as 
10. one to twice the number of moveable pulleys ;. be» 
cauſe the velocity wherewith the power moves in 

raiſing weights by the help of ſuch engines, is to 

the velocity of the riſing weight, as twice the num- 

ber of moveable palleys to unity; as I. ſhal 

Pl. 3, now ſhew you in the machine, which conſiſts 
Fig. 8. of one 1 pulley as A, and another move- 
able as E. Since it is one and the ſame rope that is 
continued from G to F, the part AF which lies be- 

50 the fixed pulley, cannot be drawn down and 
thereby lengthened, unleſs the two parts D and C 
which lie on each ſide of the movable pulley, be at 
the ſame time drawn up and ſhortened, and that 
equally ; whence it is evident, that the part AF 
will be lengthened as faſt again as either D or C is 
ſhortened, inaſmuch as what each of thoſe. parts 
loſe of their length is added to the length of AF; 
but the point F to which the power 18 applied, de- 
ſcends as faſt as AF is lengthened, and the point 
E to which the weight is faſtened, "aſcends as 15 5 


D or C is ſhortened, conſequently, the velpeity © 
the power is to the velocity of the weight, "as 88 


erection of the hand which raiſes the weight is no 
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to one, that is, as twice the number of moveable Lr. 
pulleys to unity; if therefore a weight appended at VII. 
„be to a weight appended at E, as one to two, 1 
they will ballance each other, as being to one an- 
other in the reciprocal ratio of their velocities. | 
In the machines, each of which conſiſts of two fix- PL 3. | 


| 1 | 
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| 


ed and as many moveable pulleys, and which differ Fig. 9. 0. 

only in this, that in one the pulleys of the ſame kind Exp. 3. 

move upon one and the ſame axis, and in the other up- 

on different axes ; I ſay, in theſe machines, the veloci- 

ty wherewith the power moves is to the velocity O 

wherewith the weight riſes, as four to one, that 

is, as twice the number of moveable pulleys to one z | 

for as the of the rope AF is drawn down and {| | 
| lengthened, the four parts B, C, D, H, which lie 

on each fide of the two movable pulleys, are drawn 

up and ſhortened, and that equally ; and what each 2 7 | 

of them loſes of its length is added to the length Y 

of AF; conſequently, AF is lengthened four times 76 67 2* 1 

as faſt as each of the other parts ſhortens; but the 

power moves as faſt as AF lengthens, and tee 

weight riſes as faſt as the other four ſhorten ; and n= 2 

therefore, the velocity of the power at F is to the . 

velocity of the weight at E, as four to one, or as 

twice the number of moveable pulleys to unity: 

for which reaſon, if a weight be appended at F 

which 1s to the weight at E, as one to four, that is, 

ip the reciprocal ratio of their velocities, there will 

de a ballance. * 

What has been thus proved with regard to the 
three laſt machines, namely, that the velocity 
wherewith a power moves in railing a. weight is to 
the velocity wherewith the weight riſes, as twice the 
number of moyeable pulleys to unity, is in the 

fame manner demonſtrable with regard to any other 
machine of the ſame kind, whatever be the number 
of. pulleys whereof it conlifts; and therefore, in all 
machines conſiſting of ſeveral pulleys whereof _ 


1 
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, AF hl 
4. 
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| 
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ſome 
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Lz.cT: ſome. are fixed and others moveable, and round 


which goes one common rope, fixed at one end, 


Vit may be laid down as a general rule that in order; 


Exp. 4: 


FI. 3. 
Fig. 11. 


Pl. 


to a ballance between the moving power and the 
weight, the former mult be to the latter, as one to 


twice the number of moveable pulleys. 


If the r which goes round the pulleys, inſtead 
of being 1 b at one end, be faſtened to the 
. or to the block which ſupports the move- 
able pulleys, ſo as to riſe therewith, as in this ma- 
chine, which conſiſts of five pulleys, whereof three 
are fixed and two movyeable, and in which the end 
of the rope is. joined at G to the block which ſup- 
ports the two, moveable pulleys ; the velocity of the 
power is to, the velocity of the weight, as the ſum 
85 twice the number ot moveable pulleys increaſed 

by unity to one; for in this caſe, the parts of the 
re which are equally ſhortened in order to 


engthen the part AF, are more in number by one 


than the ſum of the moveable pulleys when doubled; 
e ſince the * at F moves as faſt as 


| 18 lengthened, whilſt the weight at E riſes in 
. portion only to the ſhortening of the ropes 


85 D, H, K. the velocity of the power bears 


the. ſame proportion to the velocity of the weight, 
as the ſum of twice the number, of moveable Br, i 
0 


increaſed by unity does to one; and there 


the power be to the weight in the inverſe ratio, that 
is, as one to twice the number of moveable pulleys 


added to unity,-there will be a hallance. Thus, if in 
us machine a weight appended at, F be to another 
at E, as one to five, ey will ballance, and re- 


main unmoved, 
If to any of the PINS machines be ad- 


died a runner, that is, a ſingle moveable pulley, 
which has its own rope diſtinct from that which is 


common to the other pulleys, one end whereof is 
fixed as at L, the other being faſtened to the 


LE 
Vig. 12, block at E, and the weight appended at * 
orce 


a, F WL EN 


Or Tur PULLEY. 


force of the former machines will be doubled by tis L r. 
additional pulley ; tor ſince the point E moves with VII. 
twice the velocity of the point M, as I ſhewed SW 


when ſpeaking of the ſingle moveable pulley, what- 
ever be the proportion which the velocity of the 

er at F bears to the velocity of the weight when 
appended at E, it will be doubled if the weight be 
| appended at M; conſequently, the power will by 
the help of the runner be able to ſuſtain twice the 
weight that it did before. 


If a machine be combined of ode fixed and ſe- Pl. 3. 
veral moveable pulleys, put together in ſuch a man- Fig. 13. 
ner as that each of the moveable pulleys has a ſe- Ep. 6. 


parate rope, one end whereof being fixed, the other 
either paſſes over the fixed pulley, as does that of 
the -firlt moveable pulley E, or is joined to the 


moveable pulley which lies next above it, as is the 


caſe of theropes B, C, D, which belong to G, H, and 
I, the ſecond, third and fourth moveable pulleys ; 
B being joined at N to the firſt moveable pulley, 
C at K to the ſecond, and D at L to the third; the 
_ being appended to the laſt moveable 
at H, The velocity wherewith the weight riſes in 
ſach a machine is to the velocity of the power, as one 
to the laſt term of a duple progreſſion, whereof the 
firſt term is unity, and the number of terms more 
by one, than the number of moveable pulleys. 
For as 1 proved when ſpeaking of the ſingle 
moveable pulley, the velocity of the power at F 
is to the velocity wherewith the pulley E riſes, as 
two to one; ſo likewiſe is the ity of E, 
to that of G, and that of G, to that of I, and ſo 
on, whatever be the number of moveable pulleys, 
the velocity of each ſucceeding pulley is but one 
half of the velocity of the preceding; wherefore, 
if the velocity of the laſt pulley, which is the ſame 
with the velocity of the weight, be put equal to 
unity, the velocity of that which immediately 
cedes it, to wit H, as. aac and the veloci-. 
n ty 


r 
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Or TRE AXLE in Tus WHEEL. 
of G, as four, and of E, as eight, and ſo on, 


VII. if there be more moveable pulleys, the velocity 


will be continually doubled, and ſince the velocity of 
the laſt pulley is expreſſed by unity, that of the 
firſt will be expreſſed by the-laſt term of a duple 
| ſſion whoſe firſt term is unity, and the num- 
— of terms equal to the number of moveable pul- 
leys; and conſequently, ſince the velocity of the 
er is double that of the firſt moveable pulley, 
if the duple progreſſion be continued to one term 
more, that term will expreſs the velocity of the 
power, the velocity of the weight being as unity; 
thus, in this 2 as _— _— . 
leys being four, the velocity of the weight at 
bs ha the power at — to ſixteen”; 
if therefore a weight appended at F be to the weight 
at M, as one to ſixteen, there will be a ballance. 
Tho? this engine be of greater force than any 
other wherein there is the ſame number of move- 


able pulleys, yet maſmuch as it does for that very 


reaſon raiſe weights more ſlowly ; men for the 
fake of diſpatch chooſe rather to make uſe of ſuch 
combinations of pulleys as are repreſented in the 
9th and 10th Figures, and where they have occaſion 
to raiſe very large weights, they doubk the force 
of thoſe machines by the addition of a runner. 

The fourth mechanick Power is called the 
AXLE IN TRE WHEEL ; Which is a ſimple engine 
conſiſting of one wheel fixed to the end of an axle 
that turns along with the wheel; the manner of 
raiſing weights by the help of this machine is thus; 
the power being applied to ſome part of the wheelꝰs 
circumference, turns the wheel and together with 
it the axle, by which means a rope that is tied to 
the weight at one end, and made faſt to the axle 
at the other, is wound about the axle, and thereby 
the weight drawn up; and for as much as the wheel 
and its axle revolye together, in whatever time the 
power movesthro? a ſpace equal to K 

2 0 


Or Taz AXLE u Tax WHEEL. toy 


of the wheel, the weight muſt in the fame timebeLzcr, 
raiſed up thro? a ſpace equal to the circumference of VIL 
the axle, — the velocity of the power 


is to the velocity of the weight, as the circumfe- 
rence of the wheel to the circumference of the axle; 
that is, from the nature of the circle, as the diame- 
ter of one to the diameter of the other; if there- 
fore the power be to the weight in the inverſe ratio 
of thoſe diameters; that is to ſay, if the power be 
to the weight, as the diameter of the axle to the 
diameter y the wheel there will be a ballance ; the 
wer in that caſe being juſt ſufficient to fupport the , 
— ht. For inftance, f the diameter of Th , 
be five inches, and that of the axle one, a weight 
'of®one ounce hanging from any point in the circum- 
ference of the wheel, will ſupport a weight of five 
ounces hanging at the axle; and if the diameter of 
the axle * half an inch, then will ten ounces at 
the axle be ſupported by one at the wheel. 
Where the parts of the axle differ in thickneſs, 
if weights be hung at the ſeveral parts, they may 
be ſuſtained by one and the fame yep applied to 
the circumference of the wheel, provided the 
product ariſing from the multiplication of the 
Power into the diameter of the wheel be equal 
to the ſum of the products arifing from the multi 
plication of the ſeveral weights into the diameters 
of thoſe parts of the axle from which they are 
ſuſpended. Thus à weight of five ounces hanging Exp. 8, 
from the part of an axle whofe diameter is one 
inch, and another of ten ounces from a part whoſe 
diameter is half an jnch, will be ballanced by a 
weight of two ounces hanging from the cireumfe- 
rence of the wheel whoſe diameter is five inches; 
for the ſum of the products of five into one, and 
of ten into one half, which expreſs the moments 
of che weights, is equal to ten, as is alſo the pro- 
duet of two into five, which expreſſes the moment of 


i P 3 | If 


the power. 


408 Or Tue AXLE in THe WHEEL. 
LecT, If to the axle in the wheel be added one or more 
VII. wheels with teeth, ſo that motion may be commu- 

nicated from the firſt wheel to the laſt ; the weight 

being hung from the axle of the laſt wheel, whilſt 

the moving power is applied to the circumference 

of the firit Wheel; in order to a ballance, the pow- 

er muſt be to the weight in a ratio compounded of 

the inverſe ratio of the diameter of the firſt wheel 

to the diameter of the laſt axle, and of the inverſe 

ratio of the number of revolutions made by the firſt 

wheel, to the number of revolutions made by the 

laſt axle in a given time; for jt the firſt wheel and 

the laſt axle revolved in the ſame time, the ratio of 

the diameter of the wheel to that of the axle, would 
expreſs the ratio of the velocity of the power, to 

the velocity of the weight; but if the wheel re- 
volves oftener than the laſt axle in a given time, it 

is evident, that the ratio of the velocity of the 

power to that of the weight, will be greater in that 
proportion; conſequently, the velocity of the power 

muſt be to the velocity of the weight in a ratio 
compounded of the ratio of the diameter of the 

firſt wheel to the diameter of the laſtaxle, and of the 
revolutions of the firſt te thoſe of the laſt axle in a 

given time; and therefore, that there may be a bal- 

lance between the power and the weight, - the for- 

mer mult be to the latter inverſly in the ſame com- 

Exp. 9. pounded ratio. For inſtance, in a machine con- 
liſting of two wheels with their axles, wherein the 
diameter of the firſt wheel is four inches, and that 
of the ſecond axle a quarter of an inch, and where- 
in the cogs or teeth of the firſt axle by apply ing 
| themſglves ſucceſſively to the teeth of the ſecond 
wheel, turn it about, and therewith its axle; but 
the teeth of the firſt axle being in number but 
one fourth of the teeth of the ſecond wheel, that 
axle, and conſequently the firſt wheel, muſt re- 
volve four times in order to turn the ſecond wheel 
and its axle once; ſo that * 


r ᷑ 7 et en RET 


a a {mall wheel with fourteen teeth at the other 


Or THE WE DGB. 


firſt wheel i in a given time are to the revolutions of LecT. 
the ſecond axle, as four to one: in this machine; in VII. 
order to a ballance, the power muſt be to the weight SY 


inverſly in a ratio compounded of fixteen to one, 
and of four to one; that is, it muſt be to the weight 


inverſiy as ſixty-four to one; ſo that a weight of 


one ounce at the circumference of the firſt wheel, 
will __ a weight of ſixty· four ounces faſtened 
to the ſecond axle. 


Again, in a TEE cual; of three axles, Exp. 10, 


the two laſt having wheels with teeth, and the firſt 


Aa þ 1 ne ſcrew which in each revolution of the 


firſt axle moves one tooth only of the wheel of the 
ſecond axle; which wheel having twenty-eight 
teeth, moves round once in the ſame time that the 
firſt axle turns twenty-eight times; and there bei 


of the ſecond axle, and theſe teeth applying them- 
ſelves-continually,to the teeth of a wheel fixed on 
the/third axle, which are twenty-eight in number; 
the wheel of the third axle muſt revolve but once 
in the ſame time that the wheel of the ſecond axle 


revolves twice, and of conſequence the third wheel 


and its axle move round but once whilſt the firſt 
axle performs fifty-ſix revolutions ; and the diame- 
ter of the firſt axle is to that of the laſt as two to 
one; in order therefore to a ballance between the 
power which is applied to the firſt: axle, and the 

weight which is applied to the laſt ; the power muſt 
—— in a ratio compounded of 
two to one, and of fifty- ſix to one ; that is, the 


power muſt be to the weight as one to an 


and twelve; ſo that one ounce hanging from the 

firſt axle will ſupport an hundred and twelve ounces 
ing from the laſt axle. 

In order to exhibit the force of the en 

which is the fifth mechanick power, let AD repre» pz, 


ſent the baſe of a edge, from whoſe middle point Fig.” 14. 


B let the line BRE be drawn 1 


Or TAT WEDGE. 


Lees: fide DC, and the line BC at right angles to AD, 
VII. and conſequently, biſſecting the angle ACD made 


LYN by the concourſe of the 


2 to rend timber with ſuch es, are directly as the 


ſides. 

In cleaving timber with a wedge, the force of the 
mallet which ſtrikes the wedge, is to be looked up- 
on as the moving power, and the coheſion of the 
— of the timber, as the reſiſtance or weight to 

oved; now, whilſt the wedge is driven by the 
-- pink the edge of the wel from B to C, * 
9 e the w to be on the 
. piece of — to rend it) 
8 
ſide of the wedge in lines perpendicular to thoſe 
ſides, is equal to BE. Conſequently, that the mo- 
ment T 
the wood, the abſolute force of the mallet muſt be 
to the force wherewith the parts of the wood chere. 
as BE to BC, that is, as the ſine of the angle BCD 
to radius; whence it follows, that all ſimilar wedges 
are of equal force, for in ſuch the angle BOD is 
given; it likewiſe follows, that the powers of diſ- 
limilar wedges are inverſly as the fines of the angles 
BCD, or in other words, that the forces requiſite 


ſines BE, which is by the following” ex- 
periment. 
Let a machine be l n 
equal cylinders, rowling upon their axles in an 
8 along os . of two rulers, 
and let them be drawn and ke 2 
, 2 free Bop mb _ 
 __ ateachend to . 
a wedge be — 2 — the cylinders, —— 
that when a ſufficient weight is hung to it, it may 
be drawn down between the cylinders; in this ma- 


cC.hine the force wherewith the cylinders are drawn 


together, added to the attrition of their axles in 


: 2 wowling upon the rulers, may be looked upon as 


| the refiſtance of the timber, a 
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with the appending weight where- Ls cr. 


wedge 
by it is pulled down between the cylinders, as the VII. 
force of the mallet upon the wedge 3 now, if three W"WNg 


wedges be made uſe of, each three inches long, in 
which the fines BE are as one, — three, — 

weights likewiſe being in the ſame proportion, 
firſt will be drawn down by a weight of 300 grains, 
the ſecond by one of 600 grains, and = third by 
one of 900 grains. 


To the wedge may be reduced the axe ne 


the teeth of ſaws, the chizel, the augur, the ſpade 
and ſhovel, knives and ſwords of all kinds, as alſo 


the bodkin and needle, and in a word, all forts of 


inſtruments, which beginning from edges or 3 


grow gradually thicker as they len — —— 
manner wherein the power is appli ſuch == 


ments, 18 different according to their different ſha 
and figures, and the various uſes for whith-choy 
were contrived. 

The next and laſt mechanick power is the 
SCREW, which conſiſts of two whereof the 
firſt is called the male or outſide ſcrew, being a cy- 
linder cut in, in ſuch ſort-as to have aprominent part 
going round it in a ſpiral manner, which promi- 
nent part is commonly called the thread of the 
ſcrew ; the other which is called the female or 
inſide ſcrew, and by common workmen the nut, is 
a ſolid body that contains an hollow cylinder, whoſe 
concave furface is cut in the ſame manner as the 
convex ſurface of the male ſcrew, ſo that the pro- 
minent parts of the one may fit the cavities of the 
other, The chief deſign of this machine is to 
preſs the parts of bodies cloſely together, and in 


is made uſe of one part is commonly fixed, whilſt 
the other is turned round, and in each revolution 
the moveable part is carried in the direction of the 
axis of the cylinder throꝰ a ſpace equal in length to 
— 
y 


, - 


2 to break and divide them; when it 


made are forced to move towards one another thro” 


WY a ſpace equal to that interval; which interval there- 


tore does expreſs the velocity wherewith the ſeveral 


parts of the body give way to the 10 whilſt 
the circular periphery, which is deſcribed by the 
power whereby the moveable part of the ſcrew is 
turned round, expreſſes the 2 of the power; 
for the moveable part of the ſcrew is uſually 
turned by means of an handle or handſpike, 
to ſome part of which the power is applied, and by 
moving round with that part deſcribes the circum- 
ference of a circle; if therefore the moving power 
be to the reſiſtance of the body which is preſſed, as 
the diſtance between two contiguous threads of the 
ſcrew to the circular periphery deſcribed by the 
power, there will be a ballance; and if the power 
be eyer ſo little increaſed beyond that proportion it 
mult overcome the reſiſtance, and move the ſcrew ; 
and thus it would conſtantly be, provided there was 
no reſiſtance from the attrition of the parts of the 
ſcrew one againſt another; but as that is very con- 
fiderable, there is an addition of power requiſite to 
overcome it, over and above what is neceſſary to 
overcome the reſiſtance of the body whereon the 
preſſure is made: for which reaſon ſuch experi- 
ments as are made to ſhew the force of the ſcrew, 
muſt vary more from the theory, than thoſe which 
have been made concerning the other mechanick 
powers, wherein the attrition is far leſs conſide- 


rable; however it will appear from the following 


experiment, that ſmall powers are ſufficient by the 
help of the ſcrew to overcome great reſiſtances in 
the bodies which are preſſed. bo: 


der inches, be 


fixed at its center to the head of a male ſcrew in an 
horizontal poſition, and let end of a rope, 
which is wound about the grqbve of the wheel, 
paſs over a pulley in ſuch a manner as that having 

* | : . a welght 


. 


: _ 9 * * 


Or THE SCREW. 


a weight faſtened to ir, it may be drawn in a line, Lr. 
that is a tangent to the wheel, by which means the VII. 


intire gravity of the weight will be imployed in 
turning the wheel ;; to one end of a lever, ſupported 
by a propat the middle, let a weight of ſeven pounds 
be hung, and let the bottom of the male ſcrew 
reſt on the other end of the levers and let the diſ- 
tance between the threads of the ſcrew, be equal-to 
one fifth of an inch, and a weight of three ounces 
and 250 grains being hung to the end of the rope 
which paſſes over the pulley, will juſt turn the wheel, 
and thereby thruſt down the ſcrew and with it the 
end of the lever-whereon it reſts, and by ſo doing 
raiſe up the weight at the other end, 

In this caſe the power which moves the ſcrew, is 
to the weightraiſed whereby the reſiſtance that is made 
to the preſſure is meaſured, as one to 24 nearly z 
whereas it ought not to exceed the proportion of one 
to63 z for the diameter of thewheel being four inches 
the cirgumference is twelve and an half nearly, but 
12.5 is to 4, which is the interval between the threads 
of the ſcrew, as 624 to one; conſequently, if the 

wer which turns the ſcrew be to the weight that 
is to be raiſed in the inverſe ratio of thoſe numbers, 
that is, as one to 622, it ought to ballance the 
weight, and if it be increaſed ever ſo little it ſhould 
overpower and raiſe the weight: ſince therefore the 
force that is requiſite to turn the wheel is nearly 
three times as great as what is neceſſary to overcome 
the reſiſtance of the weight to be raiſed, it is evi- 
dent, that almoſt two thirds of that force is im- 
ployed in overcoming the reſiſtance ariſing from 
the attrition of the parts of the ſcrew one againſt 
another ; what the nature of this reſiſtance is, and 
1 it varies, ſhall be ſnewn here 
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LECTURE VIII. 


Or Courou ND EnGINEs. 


Lz cr. ps mechanick powers, which for the moſt 

VIII. part are made uſe of ſeparately, may in ma- 
ny caſes be combined together, and engines th 

formed of ſuch efficacy, as that by the help thereof 

exceeding great weights may be raiſed by very ſmall 

powers. In all ſuch compounded machines the 

proportion which the moving power bears to the 

weight when they ballance each other, is com- 

nded of the ſeveral ratios which thoſe powers 

five to the weight which ballance it in each ſimple 

machine, whereof the compounded engine conſiſts, 

Thus when a machine is compoſed of an axle in the 

wheel and a pulley, by faſtening the drawing rope 

of the one to the axle of the other ; the power 

which ballances the weight in ſuch a machine, muſt 

be to the weight, in a ratio compounded of the ratio 

which that power has to the weight which ballances 

itby means of the axle inthe wheel alone, and of the 

ratio which that power has to the weight, which 

ballances the weight by means of the pulley alone. 

Exp. 1. For inſtance, if the nature of the pulley be ſuch, 

as that a power equal to one tenth of the 

weight ballances it; and if the axle in wheel be 

ſuch, as that a power equal to one fifth part of the 

weight can ſupport it ; the your which ballances 

the weight in the compounded machine, will be to 

the weight in a ratio compounded of one to ten, and 

of one to five, that is, 1t will be to the weight as 

one to fifty; for, ſince the weight is in effect 

faſtened to the axle of the wheel by means of the 

rope which goes round the pulleys, it is evident that 

the axle will be drawn by a force equal to that, 


which 


Or COMPOUND ENGINES, 


which when applied to the drawing rope of the Lz cT, 
pulley is requiſite to ſuſtain the weight by means of VIII. 


the pulley, which force is by ſuppoſition equal to 
one tenth part of the weight ; but that force at the 
axle is ballanced by a fifth part thereof applied to 
the wheel ; conſequently, the power requiſite to bal- 
lance the weight in this machine, is equal to one fifth 
of one tenth of the weight, that is, the power 
is to the weight, as one to fifty. So that one ounce 


at the wheel will ſupport fifty ounces at the Pa. * 
e Axle, Exp. 2. 


If a machine be compoſed of the lever, t 
and the perpetual ſcrew ; the lever being thirteen 
inches long, and fixed at its center toan axle, where- 
on is a perpetual ſcrew, the tooth whereof adapts it 
ſelf to the teeth of the wheel of an axle, the teeth 
of that wheel being twenty-four in nymber, and 
the diameter of the axle belonging to that wheel 
equal to ſix tenths of an inch; in ſuch a machine 
the power being applied to one end of the lever, and 
the weight to the axle of the toothed wheel, the 
former will ballance the latter, if it be in propor- 
tion thereto, as one to 520; for if the lever to 
which the power is applied, moved round in the 
ſame time with the axle of the toothed wheel 
whereunto the weight is faſtened, the power would 
be to the weight, as the diameter of the axle to the 
length of the lever, that is, as ſix tenths of an inch 
to thirteen inches, or in whole numbers, as ſix to 
an hundred and thirty; but as there are 24 teeth 
in the wheel of that axle which ſuſtains the weight, 
and as the endleſs ſcrew moves but one of thoſe 
teeth in each revolution of the leyer, the lever 
muſt go round 24 times in order to turn the axle, 
which ſuſtains the weight, once ; u which ac- 
count the power muſt be to the weight, as one to 
24, which ratio of one to 24 being combined with 
the former of ſix to 130, gives a ratio of ſix to 
3120, or of one to 520 ; ſo that an ounce weight 


being made to act with all its gravity at one end of 
being made nn Fe, 


Or OBLIQUE POWERS. 


Lr. the lever in order to turn it round, which may be 
VIII. done by fixing a wheel to the lever, will ballance a 


weight of 520 ounces at the axle of the toothed 
wheel. | 
If to the laſt machine one moveable pulley be 
added, it will conſtitute a machine of double the 
force; for the ratio of the power to the weight in 
the foregoing machine, being as one to 320, and in 
a ſingle moveable pulley, as one to two; the ratio 
compounded of both, will be as one to 1040 ; ſo 
that in this machine an ounce will ballance 86 
nds 8 ounces 3 and if the ſtrength of a man's 
hand be ſuch, as that it can without the aſſiſtance of 
an engine ſupport an hundred pounds, it will by 
the help of this machine ſuſtain 104000 pounds. 
In all that has been hitherto ſaid concerning the 
mechanick powers the moving force and the 
weight or reſiſtance have been N to act in 
direct oppoſition to one another. I ſhall now con- 
ſider the effects of powers acting obliquely, and 
ſhew in what caſes they ballance each other. 
And firſt, if three powers acting in oblique di- 
rections, be to one another, as the reſpective ſides of 
a triangle formed by the concourſe of three lines 
drawn parallel to the directions of the powers; 
thoſe powers will ballance one another. For in- 
ſtance, if three powers drawing the point A in the 


Pl. 4. directions AB, AC, and AE, be to one another, as 
Fig. 1. the ſides of the triangle ADE, or ADC, made by 
Exp. 4. the concourſe of the lines AD, AE and ED; or 


AD, CD, and AC, which lines are to the 
directions of the powers; they will ballance one an- 
other, and the point A will remain unmoved. 
Forif the line AD be ſuppoſed to denote a 

equal to that which acts in the direction AB, but 
_ contrary thereto ; the power denoted by AD will 
draw the point A as forcibly towards D, as it is 
drawn by the oppoſite power towards B; conſe- 
quently, there will be a ballance between the two 
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powers; but the power denoted by AD may be re- LEOr. 
ſolved into two powers denoted by AE or CD, VIII. 
and AC or ED; which two powers acting to- A 


gether upon the point A in their proper direc- 
tions AE and AC, will draw it as — towards 
D, as it is drawn by the ſingle power denoted by 
Ab; as is evident from what has been ſaid concern- 
ing the reſolution and compoſition of motions and 
forces; conſequently, two powers which are as AE 
or CD, and ED or AC, acting in the directions 
AE and AC, will ballance the third power which 
is as AD acting in the direction AB; that is, two 
powers, which are as the two ſides of a triangle, 
acting in directions parallel to thoſe ſides will bal- 
lance a third power, which is as the third ſide, and 
which acts in a direction parallel thereto ; and what 
has been thus proved in particular of two of the 

wers with regard to the third, is in like manner 

monſtrable of any two of the powers with reſpect 
to the other; conſequently, any three powers 
which are to one another reſpectively as the ſides of 
a triangle, and which act in directions parallel to 
thoſe ſides, will deſtroy each the others effect, and 
remain in equikbrio, To confirm this by an expe- 


riment; let the ſides of a triangle ABC drawn on Pl. 4. 
an horizontal plane, be as two, three, and four; Fig. 2. 


and let CE be parallel to the ſide AB, and the fide 
AC continued towards D. Let three ſmall chords 
be —— together at C, and ſtretched over three 
pulleys in ſuch a manner, as that one of them may 

cover the line CD, another the line CE, and the 
third the line CB ; this being done, if a weight of 
four ounces be hung to the chord which paſſes over 
CD, and one of three ounces to that which covers 
CB, and one of two ounces to that which covers 
CE, there will be a ballance; the weights, which 
in this caſe are the moving forces, being to one an- 
e the i ef de ul to Wich the direc- 
tions of the weights are parallel. 


Exp. 5. 


Or OBLIQUE POWERS. 
If the weight A hangs freely from one end of a 


VIII. ballance, ſo as to have its line of direction DA per- 


pendicular to the arm of the ballance; and if an- 


— 4. Other weight as B, be hung at the other end E, in 
Exp. 6. ſuch a manner, as that its line of direction EC by 


ing over a pulley at C may be oblique to the 
— of the n weight B muſt be to the 
weight A when it counter ballances it, as EC to 
CF, that is, as radius to the fine of the angle 
CEF made by the oblique direction of B with 
the arm of the ballance ; for if the whole force of 
gravity in the weight B acting in the direction EC, 
be denoted by the line EC, it may be reſolved in- 
to two forces denoted by EF and FC, acting in the 
directions of thoſe lines, of which two forces, the 
latter only which acts in the direction FC perpendi- 
cular to the arm of the ballance withſtands the force 
of gravity in the weight A, the other force which 
acts in the direction EF being intirely imployed in 
preſſing the ballauce againſt the axis of its motion; 
ſince therefore, that part of the weight B which 
acts in oppoſition to the weight A, is to the whole 
weight B, as FC to EC; it is manifeſt, that in or- 
der to make the weight B ballance the weight A, it 
muſt exceed the weight A in the ſame proportion 
that the line EC exceeds the line FC; and thus it 
is found to be from experiments ; for if the pulley 
be ſo ordered as that EC may be to FG as three 
to two, then a weight of three quhces appended at 
E, will ballance one of two ounces appended at D. 
._A8a-cqgoLLARY it follows, that the — 
cular diſtances of the lines of direction from the 
center of motion, are to one another inverſly as the 
weights; for, if from G the center of motion be 
let fall GH perpendicular to EC, that line will be 
the perpendicular diſtance of the direction EC from 
G; and EG, equal to DG, is the perpendicular 
diſtance of the direction DA; but the * 
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EFC and EHG are ſimilar, becauſe their angles LR cr. 
at E are equal, and they have each a right angle; VIII. 
conſequently, as EC is to CF, ſo is EG to HG; 


| but the weight B is to the weight A, as EC to FC, 


that is, as EG or DG to HG; ſo that wherever two 
powers, which act in oblique directions, are to one 
another in the inverſe ratio of the perpendicular or 
ſhorteſt diſtances of their lines of direction from the 
center of motion, they muſt ballance one another; 
whence it follows, that if two weights as A and B, pl. 4. 
be ſuſpended from two points as D and E in the Fig. 5. 
plane of a wheel Sond in a vertical poſition z and 
if the line DE which is drawn thro? the two points 
of ſuſpenſion, paſſes thro* C the center of motion, 
the weights will ballance, provided they be to one 
another inverſly as the diſtances of their points of 
ſuſpenſion from the center of motion, that is, if A 
be to B, as CE to CD; for ſince the weights hang 
freely, their lines of direction DA and FB, will 
be perpendicular to the horizon, and of conſequence, 
lel to each other ; wherefore, if the line HCF 
drawn thro* the center of motion perpendicular 
to the two lines DA and FB, the triangles DHC 
and ECF will be ſimilar, conſequently, DC will 
be to EC, as HC to FC; but by ſuppoſition, the 
weight A is to the weight B, as CE to CD; that 


is, as CF to CH; ſo that the weights are to one 


another inverſly as the perpendicular diſtances of 

their lines of direction from the center of motion 
conſequently, they muſt ballance ; and tho? the 
wheel ſhould be turned upon its axis, and the diſ- 
tances of the lines DA and EB from C be thereby 
altered, yet will the ſimilarity of the formentioned 
triangles continue, and of conſequence the ballance 
—̃ ä —ũ— hts will be preſerved; as will a 

pear ollowing iment, Let a weight Exp. 5. 
of one ounce Þ ſuſpended from the point '» "hg 7 
another of two ounces from the point E ; DC be- 


ng 
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Lz cr. ing to EC, as two to one, that is, inverſly as the 
VIII. weights, there will be a ballance, and the wheel 
ill continue at reſt, And if by the force of the 


hand it be turned about its axis either to the right 
from I towards K, or to the left towards M, the 
ballance will ſtill continue, and the wheel will re- 
main unmoved when the hand quits it, whatever 
be its poſition. | | 

If the points of ſuſpenſion D and E, be fo po- 
ſited, as that the right line DE which joins them, 
does not paſs thro* C the center of motion ; let that 
line be divided any where as in G by another line 
as IL paſſing thro* the center C, and there will be 
a ballance, if the appending weights be to one ano- 
ther inverſly as the parts of the line DE, that is, if 
A be to B as EG to DG, provided the poſition of 


the wheel be ſuch, as that the line IL may be per- 


r to the horizon; for ſince the lines EF, 
C, and DH are parallel, FC is to HC, as EG to 
DG ; but by ſuppoſition, as EG is to DG, ſo is 
A to B; wherefore A is to B, as FC ta HC, that 
is, the weights are inverſly as the perpendicular diſ- 
tances of their lines of direction fom the center of 
motion, conſequently, their moments are equal ; but 
if by turning the wheel about its axis the line IL 
be put out of its perpendicular poſition, the bal- 
lance will be deſtroyed ; becauſe, in that caſe, one 
of the lines of direction will approach nearer to 
the center of motion, whilſt the other recedes ; 
and of courſe their perpendicular diſtances will not 
continue in the inverſe ratio of the weights ; for if 
the wheel be moved upon its axis from I towards K, 
ſo as to have the line SCR perpendicular to the plane 
of the horizon; the line of direction DA will ap- 
proach towards the center ſo as to become DP, and 
Its ndicular diſtance from the center of moti- 
on will be NC, whilſt the other line of direction 
recedes as far as EQ, and its perpendicular —_ 

om 
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from C becomes equal to OC; for which reaſan Lec. 
the weight B muſt preponderate, and move the VIIL 
wheel about its axis in the direction IKL. 
And as the wheel continues to move in that directi- 
on, the direction of the weight A will approach 
nearer and nearer to the center of motion, and at 
length — beyond it, ſo as to be on the ſame ſide 
with the direction of the weight B; ſo that the 
wheel will then be moved by the joint force of 
both weights, and continue fo to be, till ſuch time 
as, the direction of the weight B getting on the 
other ſide of C, B begins to act in oppoſition to A, 
and at length the point I being brought into the 
place of L, the weights do again ballance each 
other, the line DE being divided by the perpendi- 
cular line IL in the reciprocal ratio of the weights. 
To confirm what has been ſaid by an experiment, Exp. 8. 
let the line DE in the plane of a wheel, be divided 
in G by the line IL in ſuch a manner, as that DG 
may be double of EG; then ſetting the line IL 
perpendicular, let a weight of one ounce be h 
trom D, and another of two ounces from E, — 
the wheel will remain unmoved ; let then the wheel 
be turned a little upon its axis, either to the right 
hand or to the left; in the former caſe, the two 
ounce weight will prevail, and the wheel 
downward to the right hand, but in the latter the 
ſmaller weight will preponderate, and make the 
wheel to revolve towards the left. 

If the line DE be divided in another point as T, x,y; g. 
by the line SR, ſo as that DT may be one third of 
ET; and if a weight of three ounces be ſuſpended 
at D, and another of one ounce at E, the fame 
things will happen as in the former experiment; 
for the line SR heing placed vertical there will 
be a ballance; and upon moving it out of that 
poſition the ballance will be deſtroyed. 

If the crooked lever FCD be ſo placed on its pl. 4. 
prop at C, 9 CF may be parallel to Fig. 7. 

| e 
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LEcT. the plane of the horizon, and the arm CD inclined 
VIII. thereto; if two weights as B and A appended at 


D and F, be in the reciprocal proportion of the 
icular diſtances of their lines of direction 
from the prop; that is, if B be to A as FC to EC 
there will be a ballance; for as long as the arm CF 
continues parallel to the horizon, the weight B hang- 
ing from the point D acts in the ſame manner in 
oppoſition to the weight A, as if it hung from E 
the extremity of the ſtrait lever FC continued on 
to E, in which caſe the weight B that ballances the 
weight A muſt bear the ſame proportion to it that 
FC does to EC; if therefore the arm DC be bent 
in ſuch a manner, as that EC may be one half or 
one third of FC in the former caſe a weight of two 
ounces, and in the latter one of three ounces hang- 
ing from D will be Tn, row by one ounce 
hanging from F. | 
It by moving the lever, the arm FC be put out 
of its parallel poſition, the ballance will be deſtroy- 
ed; for that cannot be preſerved, unleſs the diſ- 
tance of B's direction from the prop continues to 
bear the ſame proportion to the diſtance of A's di- 
rection, that EC does to FC; which in this caſe is 
impoſſible ; for firſt, if the point F be moved up- 
ward towards H, and of courſe the point D down- 
ward towards G, it is manifeſt, that the diſtances 
of both directions will be leſſened; but the decreaſe 
of EC in a given time will bear a greater propor- 


tion to the decreaſe of FC, than EC does to FC; 
for by that time the point D has moved from D to 


G thro? the arch DG, which meaſures the angle of 
CD's inclination, EC will vaniſh z whereas FC 
cannot vaniſh till ſuch time as the point E has moved 
from F to M thro' the quadrantal arch FM; but in 
the ſame time that the point D moves from D to 
G thro' the arch DG, the point F can move only 


from F to H thro? the arch FH fimilar to DG; 


which arch being always leſs than th equadrant, the 
N per pen- 
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Per pen 
to wit FC, will not vaniſh upon the arrival of the VIII. 
int F at H, that is, it will not vaniſh fo ſoon as 


C; conſequently, the decreaſe of EC in a given 
time muſt bear a greater proportion to the decreaſe 
of FC, than EC does to FC: wherefore EC as 
diminiſhed in any given time, will be to FC as di- 
miniſhed in the ſame time, in a leſs proportion 
than that of EC to FC; or in other words, the 
perpendicular diſtance of B's direction from the 

rop will bear a leſs proportion to the perpendicu- 
lar diſtance of A's direction, than EC does to FC; 
and therefore, the weight A will preponderate. If 
the point F be moved downward, and conſequent- 
ly D upward, it is manifeſt from the inſpection of 
the figure, that the diſtance of A's direction from 
the prop continually diminiſhes, at the ſame time 
that the diſtance of B's direction jncreaſes ; and 
therefore the weight B muſt in that caſe over- 
ballance the weight A. 


If FCD be a crooked lever placed as the laſt, Pl. 4. 
and if a weight, inſtead of being hung from the Fig · 8. 


arm DC, be laid thereon at D, and by a vertical 
plane, as HK, ſet cloſe to it, be hindered from 
falling off; from the point D whereon the weight 
reſts, let the line DE be drawn perpendicular to the 
arm FC continued on towards G; the weight at D 
will be ballanced by the weight A hanging freely 
from F, provided the weight D be to the weight 
A, in a ratio compounded of EC to CD and of 
FC to CD; that is, as a rectangle under EC and 
FC the perpendicular diſtanees of the directions of 
the two weights from the prop, to the ſquare of 
CD the inclined arm of the lever. For whatever 
be the moment wherewith the weight A preſſes 
down the arm FC, the arm DC muſt with an 
equal moment be preſſed upward, and with it the 
weight D in the direction DG . 
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CD; and foraſmuch as the ſame weight preſſes per- 

ndicularly againſt HK the vertical plane, it muſt 
bs preſſed backward by the fame in an horizontal 
direction; and at the fame time it muſt have a ten- 
dency downward from the force of gravity in the di- 


rection ED; fo that it is acted upon by three forces 
in the directions DG, GE and ED; in order 


therefore to a ballance, the forces muſt be as the 
ſides of the triangle DGE; and the force of gravity 
which preſſes it in the direction ED, muſt be to the 


force preſſing it in the direction DG, as ED to 


DG, or, becauſe the triangles DGE and CDE. 
are ſimilar, as EC to CD; but as the force which 
preſſes it in the direction DG is of equal moment 


with the weight A, that force muſt be to the weight 


A, as FC to CD ; conſequently, the force of gra- 
vity in the weight D muſt be to the force of gravi- 
ty in the weight A, that is, the weight D muſt be 
to the weight A, in a ratio compounded of EC to 
CD and of CF to CD, or as the rectangle under 
CE and CF to the ſquare of CD. To confirm 


this by experiment, let a crooked lever as FCD 


conſiſt of equal arms, and let it be bent in ſuch a 
manner as that EC may be to CD, as one to two; 
and let a weight of one ounce be laid on at D, and 
another of two ounces. be hung from F, and they 
will ballance each other; for in this caſe the pro- 
duct of EC which is as one, into CF which is as 
two, will be two ; and CD being as two, the ſquare 

will be four; ſo that the rectangle under 
EC and CF, is to the ſquare of CD, as two to 
four, or as one to two; in which proportion there- 
fore the ballancing weights muſt be. 

All things remaining as in the laſt experiment, 
— that the arm CF is as long again as CD, 
ſo that EC, CD, and CF are as one, two, and 
four; a weight of one ounce at D will be ballanced 
by one ounce hanging freely from F; for CD be- 
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ing as two, its ſquare is four; and the produce of LR er. 
EC, which is as one into FC, which is as four, is VIII. 
likewiſe four. * 
In wheels turned by the force of water falling Exp, 12 
upon them from an height, and which on that ac- f 
count are commonly called overſhot wheels, the 
moving power is partly the percuſſive force of the 
water which falls into the uppermoſt bucket, and 
partly the gravity of the water contained in the 
other buckets, which are lodged on the rim of the 
uppermoſt quarter of the deſcending part of the 
wheel; and the effects which theſe forces have up- 
on the wheel are greater or leſs in proport. on to their 
abſolute quantities, and the diſtances of their lines 
of direction from the center of the wheel. Thus, 
where ATOP repreſents an overſhot wheel, C its center, pi 
K, L, M, N, four buckets fixed on the uppermoſt Is 0. 
quarter of the deſcending part of the wheel; AB 
the direction of the water flowing into the upper- 
moſt bucket K, CB the perpendicular diſtance of 
that line from the center C; DE, FG, and HI, 
the lines of direction of the centers of gravity of 
the ſeveral portions of water contained in the buc- 
kets L, M, N; CE, CG, and Cl, the perpen- 
dicular diſtances of thoſe lines from the center C, 
The force of the water flowing into K is propor- - 
tional to the quantity flowing in in a given time, as 
; alſo to the — wherewith it flows, and the diſ- 
. tance of its line of direction from the center; and 
r therefore, where the quantity and velocity are given 
0 the force will be as BC the perpendicular diſtance of 
— AB the line of direction, from C the center of mo- 
tion; conſequently, the nearer AB approaches to 


t, the tangent in the point A, or the more obliquely 
, the water flows in upon the wheel, the greater will 
d its force be. The portions of water contained in 
ed the buckets L, M, N, have different forces accord- 
e- ing to their different quantities, and the different 


ng diſtances of their lines of direction from the cen- 
. ter 
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| Lzcr. ter C, their quantities being greateſt, when the diſ- 
1 VIII. tances of their directions are leaſt, for the buckets 
| WY empty as they deſcend ; ſo that their force leſſens as 
they deſcend, by reaſon of the diminution of their 
quantities, but at the ſame time it likewiſe increaſes 

on account of the increaſe of the diſtance of their 

lines of direction from the center of motion; ſo 

that upon the whole, the force in each bycket may 

be looked upon as invariable ; but whether this be 

ſo or not, certain it is, that if the wheel be truly 
centered, and the buckets be equal and alike, and 

if the water flows in uniformly, the whole moving 

force muſt continue the ſame as long as the wheel 
| continues to move; and ſince it acts inceſſantly, 
| the motion of the wheel muſt be continually acce- 
lerated, and that uniformly ; and thus it would 
be, were it not that when the wheel arrives at a cer- 

| tain degree of velocity, the reſiſtance which is gi- 
ven becomes ſo great as to deſtroy the increments 
of _— as faſt as they are generated by the 
moving force; by which means the wheel is made 
to revolve with one uniform velocity, which is the 
greateſt that can be given it by that moving 


power, 
. 4. > A plane as AB placed obliquely to BC, which 
Fig, 10. repreſents an horizontal plane, is called an inclined 
plane; the angle ABC is called the angle of eleva- 
tion, and its. complement BAC the angle of incli- 
nation, the line AC perpendicular to BC is called 
the height of the plane, and AB its length. If a 
weight as P be laid on an inclined plane as AB, and 
be thereon ſuſtained by a power acting in a direction, 
as PF, parallel to the inclined plane; in order to a 
ballance, the ſuſtaining power muſt be the weight, 
as the height of the plane to the length thereof, that 
is, as AC to AB, or, putting BA for the radius, 
as the fine of the angle of elevation to radius; for 
the weight P is acted upon by three powers in dif- 
ferent. directions, the firſt of which is the force of 
1 gravity 
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gravity, which preſſes it downward in the direction LR er. 
PD perpendicular to BC; the ſecond is the power VIII. 


which draws it in the direction PF parallel to BA; 
and the third is the plane BA, which does as it were 
preſs it upward in the direction PH perpendicular 
to BA; for as the weight P preſſes the plane in a 

direction perpendicular thereto, it is reacted upon 
by the plane in a contrary direction. If therefore 
the line EG be drawn parallel to PD, the ſides of 
the triangle PEG will be proportional to the thre: 
powers, and the force which ſupports the weight on 
the inclined plane, and which acts in the direction 
PF, will be to the abſolute weight of the body act- 
ing in the direction PD parallel to GE, as PG to 
GE; but inaſmuch as the triangles PEG and CBA 
are ſimilar, as PG is to GE, ſo is AC to AB; 
conſequently, the power neceſſary to ſupport a 


weight on an inclined plane muſt bear the ſame pro- 


portion to the weight ſuſtained, that the height of 
the plane does to its length; which is confirmed by 


experiments ; for if a weight of four ounces be laid Exp: 13: 
on a plane whoſe length is to its perpendicular 


height, as two to one, it will be counterballanced by 
a weight of two ounces, provided the whole gravity 
thereof be made to act in drawing the other weight 
in a direction parallel to the inclined plane, which 
may be done by faſtening one end of a cord to the 
greater weight, and then ſtretching the cord along 
the plane, ſo as to keep it parallel thereto, and 
paſling it over a pulley at the top of the plane; for 
the ſmaller weight being tied to the end of the cord 
which lies beyond the pulley will hang freely, and 
for that reaſon act with all its gravity in a direction 
parallel to the plane. | 


The fame weight of four ounces being laid on Exp. 14. 


an inclined plane whoſe length is to its height as 
four to one will be ſuſtained by a weight of one 
ounce hanging freely as before. n ' 


- 
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Laer. The force wherewith a body reſting on an in- 


VIII. 


Fig. 11. 


clined plane preſſes the ſame, is to the weight of the 


body, as the ſine of the angle of inclination to ra- 


dius ; for in the triangle PEG, PE denotes the 
force wherewith the body preſſes the plane, and GE 
the weight of the body ; but from the ſimilarity of 
the triangles, as PE is to GE, ſo is BC to BA; and 
putting BA for the radius, BC is the ſine of BAC the 


angle of inclination ; wherefore as BC the ſine of 


the inclination is to the radius AB, fo is the force 
wherewith the body preſſes the plane to the abſolute 
weight of the body. Hence, if uponan inclined lever 
as AB, reſting on the two props A and B, a weight be 
laid any where as at P, it will be caſy to determine 
what proportion of the weight each prop bcars z 
for drawing the horizontal line AE, equal in length 
to AB, and from the point P whereon the weight 
reſts letting fall PD perpendicular to AE, if AE 
be ſuppoſed to denote the whole weight of the body 
AD will denote that part of it which is ſuſtained 
by the uppermoſt prop, and DE that part which 
is ſupported by the lower; for if the lever was ho- 
rizontal, ſo as that the body might preſs it with all its 
gravity, the whole weight of the body would be to 
that part of it which preſſes the -prop B, as BA to 
PA, as is evident from what has been ſaid concern- 
ing the ſecond kind of lever; but as in the inclined 
poſition of the lever the whole weight of the body 
does not preſs upon it, that part of the weight 
which the prop B ſuſtains in the horizontal poſition, 
muſt be to the part ſuſtained in the inclined poſition, 
in the ſame proportion with the abſolute weight of 
the body to the force wherewith it preſſes the in- 
clined plane, that is, as PA to AD ; for putting 


PA for the radius, AD is the fine of the inclination 


of the lever; conſequently, the whole weight of 
the body muſt be to that part which preſſes on the 
prop B in the inclined poſition of the lever, in a ratio 


c 


| 
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compounded of BA to PA, and of PA ® AD, 
that is, it muſt be as BA to AD, or becauſe AB 
and AE are equal, as AE to AD; and of conſe- 
quence the part ſupported by the other prop A muſt 
be as DE. 

Hence it follows, that if two perſons carry a 
load fixed upon a lever, the load being placed be- 
tween them, which is the caſe of chairmen, upon 
deſcents the foremoſt man will bear the greateſt 
burthen, and upon aſcents the hindermoſt. It like- 
wiſe follows, that in coaches and all other four- 
wheel carriages which have the foremoſt wheels 
ſmaller than thoſe behind, the load muſt be thrown 
more upon the former than the latter; what effect 
1 be ſhewn in my next 
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N my laſt lecture I ſhewed you what force is LE cr. 
requilite to ſuſtain a body on an inclined plane. IX. 


If a body be laid on a plane parallel to the horizon, 


it does not ſtand in need of any force to ſu it 

| for as the direction of gravity is cular to 
the plane of the horizon, the whole weight of the 
body muſt be ſuſtained by the horizontal plane 
, whereon it reſts : whence it follows, that it any 
power endeavours to move a body reſting on an ho- 
rizontal plane in a direction parallel nay, plane, it 
will meet with no reſiſtance from the weight of the 
body, that being intirely taken off by the reaction of 
the plane whereon the body preſſes; but a reſiſtance 
will ariſe from the attrition of the body. againſt 
the plane z for the ſurfaces of all bodies whatever, 
even ſuch as are of the fineſt poliſh, being in ſome 
187 S | mealure 
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L x cr. meaſuft rough and unequal, (as is evident from the 
IX. obſervations that have been made by the help of mi- 
c croſcopes) when a body is moved upon a plane, 
the prominent parts both of the body and plane 
muſt of neceſſity fall into each others cavities, and 
thereby create a reſiſtance to the motion of the bo- 
dy, inaſmuch as the body cannot be moved unleſs 
the prominent parts thereof be continually raiſed 
above the prominent parts of the ſurface whereon it 
flides; and this cannot be done unleſs the whole bo- 
dy be at the fame time lifted up, and as it were 
raiſed on an inclined plane equal in height to the 
forementioned protuberant parts ; upon which ac- 
count the moving power mult ſuſtain ſome of 
the weight of the body, even in moving it along an 
horizontal plane. But as this is occaſioned by the 
inequalities in the ſurface, if thoſe were intirely ta- 
ken off, ſo as to leave the ſurface perfectly ſmooth 
and even, the reſiſtance ariſing from friction would 
likewiſe be removed; and ſetting aſide the reſiſt- 
ance of the medium, the ſmalleft force would be 
ſufficient to move the moſt ponderous body along 
an horizontal plane. But ſince there are not in na- 
ture any bodies, whoſe ſurfaces are perfectly equal; 
there will ever be ſome reſiſtance ariſing from fricti- 
on; which reſiſtance will remain unvaried what- 
ever be the magnitude of the ſurfaces that rub one 
againſt the other, provided the weight which preſ- 
ſes thoſe ſurfaces together, as alſo the roughneſs of 
the ſurfaces continue the ſame ; for the ſame weight 
. will ever require the ſame force to raiſe it over pro- 
minences of a given height, whatever be the mag- 
nitude of the ſurface whereon the weight reſts ; 
conſequently, the quantity of reſiſtance will not be 
varied by varying the magnitude of the ſurface ; 
Exp. 1. which may be confirmed by the following experi- 
ment. Let four pieces of poliſhed box be laid on 
a poliſhed horizontal plane, and let each piece be 
ſo loaded as that its own weight, together with m 
0 
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of its load may be 6685 grains, and let the baſis. of LR Or. 


one be two inches long, and half an inch broad, 


and thoſe of the other three, be each four inches in WW 


length, but let their breadths be half an inch, an 
inch, and an inch and an halt, ſo that the magnitudes 
of the baſes may be as one, two, four, and fix ; 
let then a ſmall cord be faſtened to the end of each 
piece, and by paſling over a pulley, be kept in a poſi- 
tion parallel to the plane, and a weight of 2030 
grains hanging from the end of the cord which lies 
beyond the pulley, will juſt ſuffice to move each 
pour along the plane; fo that the reſiſtance ariſin 
om friction is the ſame in each piece, notwithſta 

ing the different magnitudes of the ſurfaces whereon 
they reſt. 


If the roughneſs of the ſurfaces whereon the bo- Exp. 2. 


dies move be given, the reſiſtance ariſing from fric- 
tion will vary with the weights of the bodies, and 
be proportional thereto z; for if a certain force be 
ſufficient to raiſe a certain weight over prominences 
of a given height, it is manifeſt that a double or 
triple weight will require a double or triple force 
to raiſe it to the ſame height. If therefore the 
pieces of box be ſo loaded, as that each of them 
with its load may weigh 13370 grains, that is, as 
much again as in the laſt experiment, a weight of 
4960 grains, that is twice as much as before, will 
be to move them along the ſame plane. 
If the roughneſs of the ſurface whereon a body 
moves be increaſed, the reſiſtance will likewiſe in- 
creaſe tho the weight of the body remains the 
ſame ; but as the degree of roughneſs in any ſur- 
face cannot otherwiſe be determined than by expe- 
riment, ſo neither can the reſiſtance ariſing there- 
from; if the plane made uſe of in the laſt experi- 
ments be thinly covered with fine ſand, the reſiſt- 
ance will thereby become greater in the proportion 
of about five to four ; for the ſame pieces of -box 
which were ſet a going by 2030 grains when the 
4 S 2 plano 
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L - 5 r. plane was free from ſand, will in this caſe require 
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2500 grains, that is about one fourth more, 

To avoid as much as poſlible the reſiſtance ari- 
ſing from friction, which in rough and uneven 
roads muſt needs be very great, WHEEL CAR- 
RIAGES have been contrived ; the advantages 
whereof I ſhall endeavour to explain to you, but I 
ſhall firſt ſhew you from what cauſe it is that wheels 
turn round during their progreſſive motion along a 
plane. If a wheel as ACB playing freely on the 
axis at A, be lifted off the plane BD by a power 
applied to the axle, and be carried in any direction 
whatever,” It, will not revolve about the axle ; for 
fince in all wheels that are truly made the axle paſſes 
thro* the center of gravity, it is evident, that in 
this caſe the wheel is ſuſpended by its center of 
gravity, and of conſequence will not of it ſelf 
change its poſition, but each point thereof will de- 
ſcribe a line parallel to the direction of the moving 
power without any rotation about the axle, in the 
very ſame manner as if the wheel was fixed to the 
axle; but if one point of the wheel as B reſts upon 
the plane BD, and if a power applied to the axle 
draws the wheel in any direction as AP, ſo as to 
move it along the plane BD; the motion of the 

int B will be retarded by the reſiſtance ariſing 

om friction, whilſt the point C which meets with 
no reſiſtance is carried forward without any retar- 
dation of its motion, and conſequently-muſt move 
forward faſter than the point B; but as all the parts 
of the wheel cohere, the point C cannot move for- 
ward fafter than the point B, unleſs the wheel re- 
volves about its axis from C towards E ; and as the 
ſeveral points of the wheel's circumference which 


are ſucceſſively applied to the plane, ſuffer a retar- 


dation in their motion whilſt the oppoſite points 
move freely, the wheel during its progreſſive moti- 


on along the plane, muſt continue to revolve about 


ns axle, 
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By this rotation of wheels about their axles, the Ls cr. 
reſiſtance ariſing from friction is very much dimi- IX. 
niſhed, and drafts thereby rendered more eaſy ; for WW 
in plain roads, where the height of the prominent 
parts is inconſiderable with reſpect to the diameter 
of the wheel; the _m of the revolving wheel 

which a ply themſelves ſucceſſively to the road, 
may be Joo ed upon in ſome meaſure as deſcending 
upon the minute prominences, and of courſe muit 
paſs over them without any conſiderable friction. 
And ſo much is the reſiſtance ariſing from friction 
diminiſhed in wheel carriages, that if upon the ſame Exp. 4. 
plane whereon the pieces of box were drawn, a car- 
riage be laid with four equal wheels, each three 
quarters of an inch in diameter, and loaded in ſuch 
a manner, as that the weight of the carriage and 
load may amount to 6685 grains, which was the 
__ of each piece of box with its load, it will 
be ſet a going by a weight of 420 grains drawing 
it horizontally, whereas 2030 grains were requiſite 
to move the pieces of box along the ſame plane. 
From this experiment it appears, that the fricti- 
on is very much leſſened by means of wheels; which 
diminution is not to be attributed to the wheels 
touching the plane in a few points, as may poſſibly 
be imagined, but to the rotation of the wheels, for 
if the wheels of a carriage loaded as before be made 
faſt to the axle, ſo as not to revolve in their motion, Exp. 3. 
2030 grains will be neceſſary to ſet the carriage a 
going, that is juſt as much as was requiſite to move 
the pieces of box. B 

As wheel carriages in general meet with leſs re- 
fiſtance in their motion than any other, ſo thoſe of 
larger wheels, ceteris paribus, are leſs reſiſted than 
thofe of ſmaller ; for the proof whereof, it will be 

| to premiſe two LEMMAS; the firſt of 
which is, that the ſecants of angles are to one another 
inverſly as the fines of their complements, that is AD, pj, , 
which is the ſecant of BAD, is to AC, which 4 the Fig. 13. 
3. { * ecant 
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ſecant of BAC, as AF, which is the ſine of the com- 


IX. plement of BAC, to AH, which is the ſine of the com- 
V plement of BAD. For from the nature of fimilar 


Fig. 14. 


triangles AD is to AC, as AE to AK, that is, as 
AE to AG; but AE is to AG, as AF to AH; 
conſequently, AD isto AC, as AF to AH. 

The ſecond LE MMA is, that if two arches of un- 
equal circles have their verſed ſines equal, the arch of 
the leſſer circle is greater in proportion to the whole pe- 
riphery, than the arch of the greater circle; or in 
otber words, the angle meaſured by the arch of ihe 


 teſſer circle, is greater than the angle meaſured by the 


arch of the greater circle, Let HF and DB be two 
arches of unequal circles, whoſe verſed ſines FG 
and BC are equal ; I fay, the angle HE is greater 
than the angle BAD; for ſince F is leſs than AB, 
and GF and CB are equal. EF is to GF in a leſs 
proportion than AB to CB; conſequently, EG is 
to EF in a leſo proportion than AC to AB, that is 
the ſine of the angle GHE, is leſs than the ſine of 
the angle CDA, and of courſe the angle GH E is 
leſs than the angle CDA; conſequently, the angle 
HEG, which is the complement of the leſſer angle 
GH E, is greater than the angle DAC, which is the 
complement of the greater angle CDA. 

Theſe two LEMMAs being premiſed, let HM 


. repreſent a plane whereon move the two wheels 


ABH and KLR, which are of different magni- 
tudes, but equal in weight, and let BC and LM be 
two obitacles of equal heights, and of ſuch a na- 
ture as that the wheels cannot otherwiſe paſs than 
by ſurmounting thoſe obſtacles ; the force requiſite 
to draw the larger wheel over the obſtacle BC, is leſs 
than what is requiſite to draw the leſſer wheel over 
the obſtacle LM equal in height to the former; for 
ſince the wheels revolve in paſſing over the points B 
and L, their centers of gravity A and K may be 


looked upon as revolving about the fixed points. B 


and L, and deſcribing the arches AF and KP; 


conſequently, 
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conſequently, the forces which move the wheels LEO r. 


may be looked upon as drawing them upon inclined 
planes, whoſe directions coincide with the directions 
of the curves in the points A and K, that is, they 
coincide with the tangents AE and KO; which 
tangents being parallel to the tangents of the wheels 
in the points B and L, that is to ſay, to DB and 
NL; the centers of gravity of the two wheels, and 
1 the wheels themſelves may be looked 


pon as drawn up the inclined planes DB and NL; : 


bat be ine the wheels are — to be equal in 
weight, the forces which ſupport them on the in- 
elined planes DB and NL, te height whereof is 
given, mult be to one another inverfly as the 
lengths of the planes; that is, the force which ſup- 
ports the larger wheel on the plane DB, muſt be to 
the force ſupporting the ſmaller wheel on the plane 
NL, as NL to DB; that is, putting BC or LM 


for the radius, as the ſecant of the angle NUM to 


the ſecant of the angle DBC ; or, becauſe KS and 
LM, as alſo AI and BC are parallel, as the 
ſecant of the angle KSL to the ſecant of the 
angle AIB; but, from the nature of ſimilar 
triangles, the angle KSL is equal to the angle 
KLOQ, as is alſo the angle AIB to the angle ABG; 
and therefore the force which ſuſtains the greater 
wheel on the inclined plane DB, is to the force ſuſ- 
taining the leſſer wheel on the inclined plane NL, 
as the ſecant of the angle K LQ to the ſecant of the 
angle ABG; but, by the firſt Lemma, the ſecant 
of KLQ is to the ſecant of ABG, as the ſine of 
BAG to the fine of LKQ and, by the ſecond 
Lemma, the ſine of BAG is leſs than the ſine of 
LKQ ; conſequently, the force which raiſes the 
ter wheel over the obſtacle BC, is leſs than the 

ce which raiſes the leſſer Wheel over the obſtacle 
LM equal in height to the former; but the forces 
requiſite to make the wheels ſurmount the obſtacles 
are the meaſures of the reſiſtances, and therefore, 
ceteris 
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Lecr. cæteris paribus, the greater wheel muſt meet with 
IX. leſs reſiſtance from the ſame obſtacle than the ſmal- 
ler. To confirm this by an experiment; let an ob- 
Exp. 6. ſtacle one tenth of an inch in height be fixed on an 
| horizontal plane, and cloſe behind it let there be 
placed the carriage with four equal wheels, each 
three quarters of an inch in diameter, and if it be 
loaded in ſuch a manner as that the weight of the 
carriage and load may amount to 6685 grains, it 
will not be raiſed above the obſtacle by leſs than 
2850 grains drawing it in a direction parallel to the 
plane; whereas if four wheels, each an inch and 

an halt in diameter, be fitted to the fame carri 
the weight of the whole being the ſame as before, 
it will be raiſed above the obſtacle by 2050 grains, 
| that is, by 800 grains leſs than were requilite to 
| raiſe it with the ſmaller wheels. 
| From this experiment it appears, that the reſiſt- 
ance which larger wheels meet with in ſurmounting 
obſtacles, 1s lels than the reſiſtance given to ſmaller 
wheels by the ſame obſtacles ; and from what has 
been demonſtrated it is evident, that the reſiſtance 
given to the greater wheel is to the reſiſtance given 
to the ſmaller, as the ſine of an angle meaſured by 
an arch of the greater wheel, to the ſine of an 
angle meaſured by an arch of the ſmaller wheel, 
the verſed fine of each angle being to the 
height of the obſtacle ; ſo that putting R and r for 
the radii of the two wheels, and x for the verſed ſine 
or the height of the obſtacle, it follows from the | 
* R — A 

nature of the circle, that as — = 5 to 


9 — £ 

Me ut ſo is the reſiſtance given to the larger 

wheel to the reſiſtance given to the ſmaller, or di- 
 /2R-—x yF 2r—Xx 


viding by xz, as R to n 3 but as the 


Oo = _v2@ mw 
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proportion of theſe ſines is not fixed, but varies with, Lx c T. 


the height of the obſtacle, ſo likewiſe muſt the pro- 
portion, which the reſiſtance given to the greater 
wheel bears to the reſiſtance given to the ſmaller ; 


and all that can be determined in this caſe is, that 


larger wheels ever meet with leſs reſiſtance in ſur- 
mounting obſtacles than ſmaller ; and that the diſ- 
proportion between the reſiſtances ſuffered by each 
wheel, increaſes with the height of the obſtacle. 
Indeed where the obſtacle vaniſhes, which is the 
caſe when wheels move upon planes, the expreſſions 
for the reſiſtances, and conſequently the reſiſtances 


1 I 
themſelves, are as. "ood =, that is, the re- 


ſiſtances are inverſly as the ſquare roots of the ſe- 
midiameters of the wheels; ſo that where the heights 
of the wheels are as one and two, the forces re- 
quiſite to draw them along the ſame horizontal 
plane, are as fourteen and ten, that is, inverſly as 
the ſquare roots of one and two, which is confirmed 
by experiments; for whereas the carriage whoſe 
wheels are three quarters of an inch in diameter, 
required 420 grains to move it along the horizontal 
plane, the weight of the carriage and load being 
6685 grains; the carriage whoſe wheels are 14 
inch in diameter, when loaded in the ſame manner, 
will be ſet a going by 300 grains; but 4201s to 
300, as 14 to 10, that is, the forces requilite to 
move the two carriages along the ſame plane, are in- 
verſly as the ſquare roots of the heights of the 
wheels. 5 

If the nature of the obſtacle be ſuch, as to be 
bore down by the preſſure of the wheel, the larger 
wheel will in this reſpe& likewiſe have the advan- 
tage over the ſmaller, and depreſs the obſtacle with 
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greater force. For let LK be continued to T, fo Fl. 4. 
that TL may be equal to AB; and fince the wheels Fig. 15. 


are ſuppoſed to be equally weighty, let AB and 
* | T TL ex- 
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Lect, TL expreſs. the abſolute forces of the two wheels 
IX. acting againſt the obſtacles in the directions AB and 
RI; it is evident from what has been ſaid concern- 


ing the reſolution of forces, that the force denoted 
by AB may be reſolved into two forcez; one where- 
of may be denoted by AG, and the other by GB, 
whereof AG alone acts in depreſſing the obſtacle 
BC, inaſmuch as it bears directly down upon it; 
whereas the other force denoted by GB, inaſmuch 
as its direction is perpendicular to the obſtacle, may 
thruſt it forward, but can contribute nothing to- 
wards preſſing it downward from B towards C. 
In like manner the force denoted by TL, is re- 
ſolvable into two forces, which may be denoted by 
TV and VL, whereof. TV alone acts in depretling 
the obſtacle LM ; conſequently, the force where- 
with the greater wheel depreſſes the obſtacle, is to 
the force wherewith it 1s depreſſed by the leſſer, as 
AG to TV, or as the ſine of the angle ABG to 
the ſine of the angle TLV or KLQ; but by the 
ſecond Lemma, the angle BAG, which is the com- 
plement of GBA, is leſs than the angle LKQ 
the complement of KL Q; conſequently, the angle 
ABG is greater than TLV, and AG the fine of the 
former greater than IV the ſine of the latter; but 
as AG 8 to ITV, ſo is the depreſſing force of the 
greater wheel to the depreſſing force of the leſſer; 
conſequently, the ſame obſtacle is more eaſily de- 
preſſed by the larger wheel than the ſmaller, and of 
courſe mult give leſs reſiſtance to the former than to 
the latter. ar =} 

If the obſtacle be ſuch, as that it can neither be 
ſurmounted nor depreſſed, but muſt be driven for- 
ward, then indeed the ſmaller wheel has the advan- 
tage of the larger ; forthe forces of the wheels being 
teſolved as before, the lines GB and VL will expreſs 


dhe forces which act in driving the obſtacle forward; 


but it has been demonſtrated, that GB the ſine of 
the angle GAB, is leſs than VL the fine of the 


angle 
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angle VTL equal to QKL; and therefore the Lz cr. 
force wherewith the greater wheel propels the ob- IX. 
ſtacle, is leſs than the force wherewith the ſmaller WWW 


wheel propels the ſame ; beſides, as the greater 
wheel preſſes the obſtacle directly downward with a 
greater force than the ſmaller, the reſiſtance made 
by the ſame obſtacle to the propelling force of the 
larger wheel, will be greater than what is made to 
the propelling force of the ſmaller ; ſo that where 
the obſtacle is to be propelled, the ſmalier wheel is 
preferable to the larger ; but as in drafts this is 
rarely if at all the caſe, the obſtacles which are 
commonly met with in roads being ſuch as muſt 
either be ſurmounted or depreſſed by the wheels, 
ſuch wheels are to be preferred as beſt ſerve both 
thoſe purpoſes, and thoſe I have ſhewn to be the 
larger wheels; which likewiſe are attended with 
other advantages beſides what have been already 
mentioned ; for firſt, it frequently happens in rough 
and uneven roads, that two obſtacles are placed ſo 
near each other, that before the wheel has quit- 
ted one it meets with the other, and reſting upon 
each, hangs between them ; in which caſe the ſmal- 
ler the wheel is, the lower it deſcends between the 
obſtacles, and thereby renders the draft more diffi- 
cult; inaſmuch as it muſt be raiſed to a greater 
height in order to over the foremoſt obſtacle, 


than when the wheel is larger: For the illuſtration pl. ,, 
of which, let FE and HG repreſent two obſtacles Fig. z, 


placed at ſo ſmall a diſtance, that the wheel having 
ſurmounted the firſt but not quitted it, may meet 
with the ſecond, ſo as to hang between them; it is 
manifeſt, that as the arch FDH of the leſſer wheel, 
which lies between the obſtacles, has a greater cur- 
vature than /FBH the arch of the greater wheel, 
which lies between the ſame obſtacles, the point D 
muſt deſcend. lower than the point B ʒ conſequently, 
the ſmaller wheel muſt be raiſod to a greater height 


than the larger, in order to paſs over the ſame ob- 
4 1 211 eee: 
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Leer. ſtacle ; and therefore a greater force will be neceſſa- 


ry to pull up the ſmaller wheel, than what is requi- 
ſite to raiſe the larger; which is confirmed by the 


Exp. 7. following experiment, Let a carriage with four 


wheels each an inch and an half in diameter, and fo 
loaded as that the weight of the carriage and load 
may amount to 6685 grains, be ſo placed on the 
plane before made uſe of, as that the two foremoſt 
wheels may hang between two obſtacles whoſe diſ- 
tance is half an inch, and their height likewiſe half 
an inch, and a weight of 1150 grains drawing the 
carriage horizontally, will move the wheels from 
between the obſtacles z whereas if four ſmaller 
wheels be made uſe of each three quarters of an inch 


in diameter, a weight of 2700 grains will be requi- 


fite to draw them from between the obſtacles. 
As wheels cannot always' run upon the nail, 


but muſt frequently meet with heavy roads, they 
will fink down, and thereby render the draft more 
difficult; but the larger the wheels are, the leſs cæ- 
teris paribus will the depth be to which they ſink. 


For if ABC denotes the plane of the road, and if it 


- be of ſuch a nature as to ſuffer the ſmaller wheel to 


ſink down as far as E; it is manifeſt that the gra- 


vity of the wheel muſt overcome the reſiſtance of 


as much of the earth whereon it preſſes, as is equal 
to the ſegment HED ; for it cannot otherwiſe fink, 
than by forcing ſuch a quantity of the earth out of 
its place; and ſhould the larger wheel ſink to the 
ſame depth, the gravity thereof muſt overcome 
the reſt ** of as much earth as is equal to the 


ſegment AEC, that is, it muſt overcome a greater 
relſiſtance in order to ſink to the ſame depth with 
the ſmaller; but it cannot poſſibly overcome a 


greater reſiſtance, becauſe it is ſuppoſed to have the 
lame gravity with the ſmaller ; conſequently, it 


will not ſink as deep as the ſmaller, and for that 
reaſon will make the draft leſs troubleſome. 


As 
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As large wheels have the advantage of ſmall ones LR e T. 
with regard to the reſiſtance ariſing from the- ob. IX. 


ſtacles and impediments in the roads, ſo have they 
likewiſe in relation to the reſiſtance occaſioned by 
the friction of the box againſt the arm of the axle; 


not that this reſiſtance is leſs in greater wheels than 


in ſmaller ; for ſince it is not varied by varying the 
magnitude of the ſurface, as has been ſhewn, if the 
boxes and arms are truly fitted and of an equal 
ſmoothneſs, and the weights whereby the arms and 
boxes are preſſed together be equal, the quantity of 
reſiſtance will be given, whatever be the magni- 
tude of the wheels, as alſo of the arms of the axle 
whereon they play; but where the arms of the 
axles are of equal diameters, (which is commonly 
the caſe in one and the ſame carriage, tho' the 
wheels be unequal) a leſs force is requilite to over- 
come the given reſiſtance in a larger wheel than in 
a ſmaller ; for in this caſe the ſemidiameter of the 
wheel may be looked upon as a lever, whoſe prop 
or fixed point is at the center of the arm, — the 
impediment ariſing from the friction of the box 
againſt the arm may be looked upon as a weight 

upon the lever at the diſtance of the arm's 
ſemidiameter from the prop, whilit the moving 
power is applied to the extremity of the wheels ſe- 
midiameter; and therefore in order to a ballance, 
the power muſt be to the reſiſtance, as the ſemidia- 
meter of the arm to the ſemidiameter of the wheel ; 
ſince then the impediment is given, as alſo the diſ- 
tance thereof from the prop, it is evident, that the 

the lever is, and conſequently, the larger the 
wheel, the leſs is the force requiſite to overcome the 


reſiſtance. Thus, if BEF repreſents the circumte- pj, 5. 
rence of the arm of an axle, whereon the wheels Fig. 2. 


AGH and DIK revolve, C the center of the arm, 


BC its ſemidiameter, DC the ſemidiameter of the 


ſmaller wheel, and AC that of the larger; in the 
bigger 
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Le r. bigger wheel the length of the lever is AC, and in 


IX. 


- = 


Exp. 8. 


the ſmaller DC ; ſince therefore the ſame impedi- 
ment is in both levers placed at the ſame diſtance 
from the prop C, to wit at B, it will be ballanced 


by a lets force at A than at D ; and the force at A 


is to the force at D, as DC to AC, that is, inverſly 
as the ſemidiameters of the wheels; for the force at 
A is as BC applied to AC, and the force at D is as 
the ſame BC applied to DC ; that is, the force at 
A which ballances the-reſiſtance at B, is to the force 
at D which ballances the ſame reſiſtance, as BC di- 


- vided by AC, to BC divided by DC, that is, mul- 


tiplying croſſwiſe, and throwing out BC, as DC to 
AC. Whence it follows, that when the ſemidia- 
meter of the arm is given, the more the wheel is en- 
larged, the leſs will the force be that is requiſite to 
overcome the reſiſtance ariſing from the friction of 
the wheel againſt the arm; ſo that upon this account 
as well as the former, large wheels are to be pre- 
ferred to ſmall ones. 

In order to leſſen the reſiſtance ariſing from the 
friction of the box againſt the arm of the axle, 
there has been a late contrivance, whereby the axle, 
contrary to what is uſual in moſt carriages, is made 


to revolve, and its arms, inſtead of preſſing againſt 


the boxes, are made to bear on the circumferences 
of moveable wheels, which wheels from their uſe 
in diminiſhing the friction, are by the author of this 
contrivance called friction wheels. Now that ſuch 
wheels, where they can be made-uſe of, do take off 
much of the reſiſtance occaſioned by friction, will 


a pear from the following experiments; from the 


axle of the machine called the axle in the wheel, in 
which the diameter of the wheel 1s to the diameter 


of the axle, as nine to one, let a weight of 23163 


grains be hung, and a weight of 2770 grains hang- 


ing at the circumference of the wheel, will turn the 
machine, provided the axle turns on the circumfe- 


rences 
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rences of two moveable wheels; whereas, if it turns Le Cr. 
in the pevets it will be neceſſary to add 600 gratns IX. 
more, ſo as to make the whole 3370 grains; conſe. WW 
quently, the reſiſtance occaſioned by friction in the 
latter caſe, is more than four-fold what it is in the 
former; for ſince the diameter of the wheel is nine 
times as great as that of the axle, a weight of 2574 
grains at the wheel is requilite to ballance the weight 
of 23163 at the axle, which ballancing weight 
being deducted from 2770, and likewiſe from 
3370 grains, leaves 196 grains for overcoming the 
reſiſtance in one caſe, and 796 in the other; but 
796 is to 196, as four and a little more to one. 
Again, let a ſmall cart with friction wheels be ſo 
loaded, as that its own weight added to that of the 
load, may amount to 20000 grains; and a weight 
of 54 grains drawing horizontally, will move it 
along a ſmooth level table, whereas, if the friction 
wheels be taken off, 322 grains will be neceſſary to 
ſet it a going. If the cart be {6 loaded as that the 
weight of the whole may amount to 40000 grains, 
then in each caſe, a double force will be requiſite to 
move it, that is to ſay, 108 grains with the fricti- 
on wheels, and 644 without them ; ſo that in this 
cart the friction wheels take off five parts in ſix of 
the reſiſtance ; for 54 is but a ſixth part of 322, as 
is likewiſe 108 of 644. And from theſe experiments 
it does again appear, that under like circumſtances 
the reſiſtance ariſing from friction, is proportional 
to the weight, whereby the ſurfaces which rub one 
againſt the other are preſſed together. | 
Seeing then that great wheels havein ſo many re- 
ſpects the advantage over ſmall ones, it will not be 
—— in this place to ſhew you, on what account 
it is, that the wheels of common carrs, as alſo the 
foremoſt wheels of coaches, chariots, and moſt 
other four-wheel carriages, are commonly made fo 
ſmall as ſeldom to exceed two feet and an half in 
diameter; and che firſt reaſon of this contrivance 
is 
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Lec rw. is for the convenience of turning; for as in moſt 


roads, but more eſpecially ſuch as are narrow, there 
are windings of fuch a nature as to allow but a ſmall 
ſpace for carriages to turn in, it is neceſſary to make 
uſe of ſuch wheels as can turn in the narroweſt com- 
and ſuch are ſmall ones; for it is a thing well 
nown to carters and all others who are uſed to 
drive wheel carriages, that the larger the wheels are, 
the greater compaſs do they require in order to turn 
with eaſe and ſafety; and ſhould they at any time 
attempt to turn carriages with large wheels as ſhort 
as thoſe which have ſmaller, the wheels will drag, 
and thereby render the draft very difficult, and 
ſometimes endanger the Ar of the car- 


e. 
"tha the ſecond, and indeed the principal reaſon 
for the uſe of ſmall wheels i is, that upon — and 
hw ng over obſtacles in rough and hilly roads, 
ittle of the horſe's force may be loſt as poſſible 5 
if roads were level and ſmooth without riſings or im- 
ents, the moſt convenient ſize forwheels, 


aſide the neceſſity of turning, would be where the 


axle is upon a level with the breaſt of the horſe ; for 
ſince the whole force of the horſe in drawing is 
— to that part of the tackle which lies upon the 
eaſt, and to "which the traces are joined; and ſince 
the traces are faſtened to the carriage in ſuch a man- 
ner, as that being continued they muſt pals thro? 
the axle of the foremoſt wheels, it is manifeſt, that 
if that axle be of an equal height with the cheſt of 
the horſe, the traces, in whoſe plane the line of di- 


rection lies, will be parallel to — road whereon the 


carriage is drawn z conſequently, the whole force of 
the horſe will be employed in drawing the carriage 
directly forward, without any loſs or diminution 3 
whereas if the wheels be of "ſuch a ſize as that the 
height of the axle is either greater or leſs than that 
of the horſe's cheſt, the whole force of the horſe 
will not be employed i in the direct draft; * the 

ormer 
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former caſe, ſome part of the force will be ſpent in Lx cr. 
refling the carriage directly downward, and in «te IX. 

5 in lifting the ſame directly upward. For 

the proof and illuſtration whereof, let the firſt of pl. g. 

the three wheels be of ſuch a ſize, as that its axle A Fig. 4. 


may be of an equal height with the horſe's breaſt 
at B; and let the ſecond wheel be ſo large as that 
its axle A may ſtand higher than the horſe's cheſt at 
B, and in the third, let the axle be lower than the 
breaſt of the horſe ; and in each wheel Jet the lines 
of direction of the horſe's draft, to wit AB be 
taken equal, and let each of thoſe lines expreſs the 
force of the horſe; it is manifeſt, that in the firſt 
wheel, the whole force denoted by AB, is imployed 
without any loſs in drawing the wheel forward, be- 
cauſe the fine of direction AB, wherein the force 
draws, is parallel to EF, the road whereon the 
wheel moves; whereas, in the ſecond and third 
wheels the lines AB, wherein the forces draw, be- 


ing inclined to EF, whereon the wheels move, 


| ſome part of each force muſt be loſt ; for if each 
force denoted by AB be reſolved into two, to wit 
CB and AC, whereof CB is parallel to EF, and 
AC perpendicular thereto ; it 1s evident, that that 
force alone which is denoted by CB, acts in moving 
the wheel forward along EF, whilſt the force de- 
noted by AC does in the fecond wheel prefs it di- 
rectly downward againſt the road, and in the third 
lifts it directly upward 3 whence it follows, that if 
the force of a horſe be juſt ſufficient. to move the 
firſt wheel, it will not ſuffice to ſtir the ſecond or 
third, It likewiſe follows, that if the wheel be fo 
far inlarged, as that the angle which the line of di- 
rection AB makes with the plane EF, approaches 
nearly. to a right one, the line CB will bear a very 
{mall proportion to AB, whilſt AC becomes near- 


ly equal thereto; ſo that almoſt the whole of the 


horſe's force will be ſpent in preſſing down, and 
thereby increaſing the oh whence it * 
* 0 7 


= 
% 
— 
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Lor. that notwithſtanding the ſeveral advantages ariſing 


from the largeneſs of wheels, yet may they be fo 
far increaſed, as even upon account of their magni- 
tude to render the draft impoſſible. By the uſe of 
ſmall wheels whoſe axles lie below the level of the 
horſe's cheſt, proviſion has been made againſt the 
inconvenience laſt mentioned, and the loſs of force 
(which by reaſon of the roughneſs and inequalities 
of roads cannot wholly be avoided) has been ren- 
dered as little as poſſible, and made to obtain chief- 
ly in level ſmooth roads, where there is leaſt occa- 
ſion for the whole force; whereas upon aſcents, and 
in paſſing· over obſtacles in rough roads, where the 
ſtreſs is greateſt, there little of the force is lot ; for 
the proof of which, let the wheel be of ſuch a ſize, 
that its axle A may be below the horſe*s breaſt at B, 
and let AB, as before, denote the force of the horſe; 
if the wheel be drawn along a ſmooth level road as 
EF, CB will expreſs that part of the force which 
draws the wheel along the road, and AC that part 
of the force which is imployed in lifting up the 
wheel, which part is loſt as to the draft, but how- 
ever, is not intirely uſeleſs ; becauſe, by pulling the 
wheel directly upward, it caſes the load, and there- 
by renders the draft leſs difficult; tho“ at the ſame 
time the draft is by no means as eaſy as it would be, 
if the force of the horſe was applied at G, ſo as to 
draw in the direction AG E to EF. If the 
wheel inſtead of moving along a ſmooth road, be 
to paſs over the obſtacle DH, or which is the ſame 
thing, if it be to be drawn up the aſcent EHL ; 
and if the force of the horſe be applied at G, ſo as 
that the direction of the draft AG may be parallel 
to EF, and conſequently, inclined to EHL ; it 1s 
manifeſt upon reſolving the force AG into two 
forces, to wit AK and KG, whereof AK is pa- 
rallel, and KG perpendicular to EHL ; that force 
alone which is expreſſed by AK, acts in drawing the 
wheel up EHL ; whereas the force W 
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KG acts in preſſing the wheel directly againſt EHL, Lz cr, 


and thereby adds to the weight of the wheel; ſo 
that in this caſe, ſome part of the horſe's force is 
loſt, and the load at the ſame time increaſed, both 
which inconveniencies are avoided where the breaſt 
of the horſe is fo far elevated above the axle of the 
wheel, as that the line of direftion AB may be pa- 
rallel to EHL ; for then no part of the horſe's 
force will be Joſt, but the whole will be imployed 
in drawing the wheel directly over the obſtacle, or 
up the aſcent ; ſo that a leſs force will be requiſite 
to draw the wheel over the obſtacle DH in the di- 
rection AB, than in the direction AG; and this is 
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fully confirmed by experiments. For whereas the Exp. g. 


little carriage with four wheels, each three quarters 
of an inch in diameter, being ſo loaded as that the 
weight of the carriage and load amounted to 6685 
grains, was not drawn over the little obſtacle one 
tenth of an inch in height, by leſs than 2850 grains 
acting in an horizontal direction, it will be drawn 
over by 2450 grains provided the direction be made 
parallel to the tangents of the wheels in thoſe points 
which touch the obſtacle ; and 1950 grains will be 
ſufficient to draw the carriage with the Jarger wheels 
over the fame obſtacle, if the direction of the 
draft be made parallel to the forementioned tan» 

ents, whereas 2050 grains were neceſſary when 
the direction was parallel to the horizontal plane. 
And if the direction be ſtill farther removed from 
the paralleliſm of the tangents, which may be done 


by depreſſing it below the horizontal plane, the 


force of 2350 grains will be but juſt ſuffcient 
to ſurmount che obſtacle, and draw the carriage 
over. 

Tho? in four wheel carriages, the contrivance of 
ſmall wheels befare has its A yet is it not 
intirely ſree from inconveniences ; for by this means 


the load pauſt of neceſſity be thrown forward, and 
1 e 04s a greater 


\ 
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a greater ſtreſs laid -on the foremoſt wheels ; where- 
by the reſiſtance that ariſes from the friction of the 
axle againſt the wheels will become greater in the 
foremoſt than in the hindmoſt wheels, in proportion 
to the greater weight which they ſuſtain. Beſides 
as the ſpaces deſcribed by wheels in each revolution 
are nearly equal to the peripheries of the wheels, 
it is manifeſt that the foremoſt wheels muſt revolve 
pftener than the hindmoſt, in order to rid the ſame 
ground. And this frequency of turning requiſite 
in the foremoſt wheels joined to the greater ſtreſs 
upon them from the load, as allo to the greater re- 
ſiſtance which they meet with from obſtacles in the 
road, 1s the true reaſon why they are more frequent- 
ly out of order, and ſtand in need of repair much 


oftener than thoſe behind. 
LECTURE K. 


 MoT1ion or Bo DIES down INCLINED 
PLANES. | 


Lzcr. Y deſign in this lecture is to explain the 
X. chief properties of the PENDULUM ; and 
nm order thereto, I ſhall lay down the following 
PROPOSITIONS Concerning the motion of bodies 

down inclined planes and curve furfaces, 


Prop, I. The force wherewith a body deſtends up- 
on an inclined plane, as AC, is to the abſolute force of 
gravity herewith the ſame body falls freely and perpen- 
dicularly, as the height of the plane to the length there- 
of, that is, as AB io AC, | 


For it has been proved, that the force requiit 
to ſuſtain a body upon an inclined plane, is to the 


abſolute weight of the body, as the height * — | 


8 8 8 8 


lion, the motion of — an inclined 
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plane to its length; but the force wherewith a body LOT. 
 endeaveurs to deſcend upon an inclined plane, mift X. 
be equal to the force which is neceſſary to ſupport — * W 


it upon that plane; conſequently, the propoſition is 
true, 

Conror, I. Hence it follows, that the motion 
of a body deſcending on an inclined plane is uni- 
formly accelerated; for ſince the force which carries 
a body down an inclined plane, has every where, 


and in all parts of the plane the ſame proportion to 


the abſolute weight of the body, and ſince the ab- 
ſolute weight remains unvaried, the other force 
nes do ſo too; conſequently, as it acts inceſſantly 

n equal times, it makes equal impreſſions on the 
— body, ſo as to generate equal degrees of 
velocity in the motion thereof; that is, in other 
words, the motion of a body deſcending on an in- 
clined plane is uniformly accelerated. 

Co Rx or. II. On account of this uniform acce- 
leration of the motion, the times of deſcending, as 
alſo the velocities acquired at the end of the deſcent, 
are as the ſquare roots of the ſpaces deſcribed, as in 
the caſe of bodies falling freely; that is to ſay, the 
time wherein a body deſcends upon the inclined 
pane from A to D, is to the time of the deſcent 
rom A to C, as the ſquare root of AD, to the 
ſquare root of AC; and the velocity of the body 
when it has deſcended as far as D, is to the velocity 
thereof when it arrives at C in the fame e 
of the root of AD to the root of AC. ; 


Proe, II. The velocity acquired in any given 
time by a body deſcending on an inclined plane, is to the 
velocity acquired in the ſame time by a body falling free- 
ly and perpendicularly, as the height df the * to its 
length, that is, as AB to AC, 


For, by the firſt corollary of the foregoing Propo- 
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Lr. is uniformly accelerated, in the ſame manner as the 
X. motion of a body falling freely; conſequently, at 
che end of any given time, the velocities acquired 
muſt be as the accelerating forces; but by the fore- 
going propoſition, the accelerating force of a body 
moving down an inclined plane as AC, is-to the 
accelerating force of a body falling freely and per- 
ndicularly, as the height of the plane to its 
gth ; and therefore the velocities acquired in any 

given time muſt be in the ſame proportion. 


PRO p. III. The ſpaces deſcribed in a given time 

by two bodies moving from a ſtate of reſt, whereof one 

deſcends on an inclined plane, and the other falls freely, 

are in the ſame ratio of the height of the plane 10 its 

length ; that is, the ſpace deſcribed by a body moving 

along AC, is to the ſpace deſcribed by @ body falling 
Aon the perpendicular AB, as AB to AC. | 


For where the motions are equable, the ſpaces de- 

fe, Af{cribed in a given time, are as the velocities where- 

| } | with they are deſcribed ; if therefore the velocities 

'[{; 4} be increaſed ina conſtant uniform manner, the ſpaces 

if „ » deſcribed will likewiſe increaſe in the ſame manner; 

but by the ſecond propoſition, the velocities are aug- 

5 20 mented in ſuch a manner as in a given time to bear 
ay 


1 the ſame proportion to one another, as the height 

of the plane does to its length 3- conſequently, the 

ſpaces deſcribed in a given time muſt be in that 
proportion. . 15 

CoRor, I. If from B, the line BD be drawn 

ndicular to AC, AD will be the ſpace deſcribed 

| a body moving down the plane AC, in the 

£4 fame time that a body falls freely down the height 

of the plane from A to B. | 

For, from the nature of ſimilar triangles, AC 

isto AB, as AB to AD; but by the propoſition, as 

AC is to AB, ſo is the ſpace deſcribed in a given 


time by a body falling freely, to the ſpace a 
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by a body deſcending upon the inclined plane 8 Lzcr. 


conſequently, ſince AB is the ſpace deſcribed by 


body falling freely, AD mult be th the ſpace deſcribed IE 


in the ſame time by a body deſcending along AC. 
Coror, II. All the chords of a circle are de- 
ſcribed in the ſame time by bodies running down 
them. For if a'circle be deſcribed with the diame- 
ter AB, which is the height of the inclined plane pi. 


AC, the point D, which determines the ſpace AD Fig. 


thro' which a body deſcends upon the inclined 
plane, whilſt another falls freely from A to B, will 
be in the periphery of the circle, becauſe the angle 
ADB in the ſemicircle is always a right one ; and 
for the ſame reaſon, if the height of the plane 
continuing the ſame, the inclination thereof be va- 
ried, ſo as that it may become AG, the point E. 
which determines the ſpace AE, 'thro' which a 
body moves along the plane AG, during the 
time of a body's fall from A to B, vill likewiſe be 
in the periphery of the circle; conſequently, in 
the ſemicircle ADB all tne chords as AD and AE 
will be deſcribed in the fame time; and as in the 
ſemicircle AFB, whatever chords as BF and BH 
are drawn thro? the point B, other chords as AD 
and AE may be drawn in the other ſemicircle pa- 
rallel thereto and equal; it follows, that whether a 
body falls freely down the diameter AB, or whe- 
ther*it deſcends along a chord as HB or EB, it will 
in the ſame time arrive at the loweſt point of the 
circle; or in other words, all the chords of a circle 
will be deſcribed in equal times by bodies running 
along them, 


PRO. IV. The time wherein a body moves * pl. 5. 
an inclined plane as AC, is to the time wherein à bo. Fig. 6, 
dy falls freely down AB the height of the plane, as the 
length of the plane to its bright, bat i bs, the times are 
as 7he ſpaces — 


For 
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Fig. 6. 


| height. 
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For by the ſecond Corol. of the firſt Prop. tho 
time of a body's motion along the inclined plane 
from A to C, is to the time of its motion from A 
to D, as the ſquare root of AC to the ſquare root 
of AD; but by the ſecond Corel. of the third 
Prop. the time of a body's motion along the in- 
clined plane from A to D, is equal to the time of 
the fall from A to B; and therefore the time of the 
motion along the plane from A to C, is to the 


time of the D fall from A to B, as the 
A 


ſquare root of AC, to the ſquare root of AD, 
that is. becauſe from the ſimilarity of triangles 
AC, AB, and AD are in continued proportion, as 
AC to AB, or as the length of the plane to its 


OROL, Hence it follows, that if ſeveral in- 
clined planes have equal altitudes, the times where- 


n thoſe planes are deſcribed by bodies running down 


them, are to one another as the lengths of the 


es. 

For the time of the deſcent along AC, is to the 
time of the fall down AB, as AC to AB, and the 
time of the fall down AB, is to the time of the 
deſcent along AG, as AB to AG; conſequently, 
the time of the deſcent from A to C, is to the time 
of the deſcent from A to G, as AC to AG, that 
is, the times are as the lengths of the planes. 


Prop. V. The velocity acquired at the end of the 


fall, by a body falling down the perpendicular height of 


an inclined plane as AB, is equal to the velocity ac- 
quired at the end of the deſcent by a body moving down 


the inclined plane, from A to C. 


For by the firſt Prop. the accelerating force of a 
body falling freely from A to B, is to the accelera- 
ting force of a i moving along the plane AC, 
as AC to AB; by the fourth Prop. as AB is 
. | : +" 40 


— 


. 
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to AC, ſo is the time of the fall from A to B, Lect: 


to the time of the deſcent from A to C; 
ſo that the forces which accelerate the bodies during 
their motions, are to one another, reciprocally as 
the times that they continue to act; conſequently, 
at the end of thoſe times, the velocities generated 
muſt be equal. For inſtance, if AB be one half 
of AC, the force which accrlerates the body in its 
fall from A to B, is to the force which accelerates 
the body in its deſcent from A to C, as two to one; 
but the time that a body takes to fall from A to B, 


is but one half of the time that a body takes to de- 


ſcend from A to C; ſo that the accelerating force 
which acts upon the body during its motion from 
A to C, tho? it be but one half of the accelerating 
force which acts upon the body during its fall from 
A to B, yet does it continue to act twice as long; 
and therefore muſt in the end produce the fame ve- 
loci 

00 K Oo. Hence it follows, that the velocities 
acquired by bodies in falling down inclined planes, 
are equal where the heights of the planes are equal. 

For, the velocity acquired in falling from A to 
C, is equal to the velocity acquired in falling 
Ato B, as is alſo the velocity acquired in 11 
from A to G; conſequently, the yak velocities "i 
in falling from A w C, SIR BY are 


equal,” \ | 
Pxoy. VI. If a body deſcends along ſeveral con- 


gans planes as AB, BC, and CD, the velocity Fe 
A'to D, is equal * 
— fall from * i 
ly is not retar a" v0 


which it acquires in its deſcent from 
to the velocity acquired by the 

H to D, on /i poſition that t 
the ſhocks it ſuffers in the angles B and C. 


For * the horizontal lines HE and DE 
thro* the points A and D, and cing the planes 
CB and xs furs Gund Ez by the orot. of the 


from ie 


laſt 
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L er. laſt Propoſition, the ſame velocity is acquired in the 
int B, by a body in dercn from A to 
. as in deſcending from G to 1 
ly, the ſame velocity is Sy in the po 
C, by a body deſcending from A thro? B — 
C, as in deſcending from G to C; but by the ſame 
Corollary, the velocity acquired in deſcending from 
G to C, is equal to the velocity acquired in de- 
ſcending from E to C; wherefore, the velocity in 
the point D acquired by the deſcent along the three 
planes AB, BC, and CD, :s equal to the velocity 
acquired by the d deſcent from E to D, which veloci- 
ty by the foregoing Propoſition, is equal to the ve- 
locity acquired by the perpendicular fall from H to 
D. 


s. Conxol. Hence it follows, that if a body de- 

9. ſcends along the arch of a circle as AB or of any 
other curve, the velocity acquired at the end of the 
deſcent, is equal to the — — acquired by falling 
down CB, the perpendicular height of the arch. 
For curves may be looked upon as compoſed of 
ME. number eh lines inclined one to 
another. 


by 
4 


Fl. 9. PRor. vl. If two planes as AB 2410 EW 
Fi 3 together at B, have equal degrees of elevation with two 
8 other planes as EF and FH. joined together at F, and 
if AB be o EF as BD 10 Fa; the t time of a body's 
fall down the planes ABD, will be to the time of the 
fall down EFH, as the. ſquare root of AB. and BD 
- 1 Jaken together, 10 the en root Sf RE and FH 

. taken together, __ 


Let ABand Erbe e 
55 and FG to FH. Since AB is to BC, 
2s EF to FG, AB is to AC, as EF to EG; and 
ſince choſe four quantities AB, AC, EF and EG 
are proportional, their ſquare roots will be ſo too. 


Again, Tince | be N * and. EG are 1 


* 
416k 
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elevated, they may be looked upon as parts of one Lec, 
and the fame plane, and therefore, by the ſecond X. 
Corol. of the firſt Prop. the time of a body's —"V W 


fall from A to C, is to the time of the fall from 
E to G, as the ſquare root of AC to the ſquare root 
of EG, or as the ſquare root of AB to the ſquare 
root of EF ; bat the time of a body's fall from A 
to B, is to the time of the fall from E to F, as the 
ſquare root of AB to the ſquare root of EF; fo 
that the time of the fall from A to C, is to the 
time of the fall from E to G, in the ſame proportion 
of the time of the fall from A to B, to the time 
of the fall from E to F; conſequently, the time of 
the fall from B to C, ſuppoſing the motion to begin 
from A, muſt be to the time of the fall from F to - 
G, ſuppoſing the motion to begin from E, in the 
ſamepri on of the root of AB to the rootof EF; 
if the bodies after their fall from A to B and from 
E to F, inſtead of moving along BC and FG con- 
tinue their motions along BD and FH, fince thoſe 
two planes are equally inclined to AB and EF, and 
ſince BD is equal to BC, and FH -equal to FG, 
whatever proportion the time of the body's motion 
along BD bears to the time of its motion along BC, 
the ſame will the time of the motion along FH 
bear to the time of the motion along FG; but it 
has been already proved, that the time of the mo- 
tion along BC, is to the time of the motion along 
FG, as the ſquare root of AB to the ſquare root of 
EF; wherefore, the time of the motion along BD, 
is to the time along FH, as the fquare root of AB to 
the ſquare root of EF, that is, in the fame proportion 
with the time-along AB to the time along EF; and 
therefore; the ſums of thoſe times will be in the 
lame proportion ; that is to ſay, the time of the 
motion along AB, added to the time of the motion 
along BD, to the time of the motion along EF, 
added to the time of the motion along FH, as the 
ſquare root of AB to the ſquare rovt of EP i but 
"0 AE x7 ip 
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to the — root of EF, as the ſquare root of AB 
and BD taken together, to the ſquare root of EF 
and FH taken together; and therefore, the time 
of a body's fall from A thro* B to D, is to the time 
of the fall from E thro' F to H, as the ſquare root 
of ABD to the ſquare root of EFH, Which was 
to 2 oved. And what has been thus proved with 
to two planes on each ſide, is in like manner 

— — wich regard to any number of planes, 
rovided thoſe on one ſide be proportional to thoſe 
+: the other, and that the correſponding planes 

have equal degrees of elevation. 

Coo r. Hence it follows, that if bodies deſcend 


. 11. thro? the arches of circles, the times of deſcribing 


ilar arches ſimilarly poſited, are as the ſquare 
roots of the arches. For inſtance, if bodies move 
down the ſimilar arches AB and CD, which are ſi- 
milarly poſited with regard to the horizontal plane 
ED, the time; of deſcribing AB, is to the time of 
© deſcribing CD, as the ſquare root of AB to the 
{quare root of CD. 

For all circles whatever, may. be. conlidered as 
ſimilar polygons, conſiſting of an indefinite num- 
ber of ſides indefinitely. ſmall ; and therefore, ſimi- 
lar arches muſt conſiſt of an equal. number of ſides 
pro rtional the one to the other; and foraſmuch 
Feen 

es the correſſ 2 

S 1 

z and conſequently, the times abe 
ration arches will be as pas ſquare roots. 

In my lecture upon gravity, I ſuewed you, thatif 


| abody be thrown directly x uprak Rt wi riſe to the 
ell 


fame height whence, if it fell from a ſtate of reſt, 
it would by the end of the fall acquire the ſame ve- 
locity wherewith. it is thrown up I likewiſe ſhewed 
E 1 that the time of neee to chat of the 


by 8 Puaor. 
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PRor. VIII. That the ſame things do 2 ob- Lect, 


tain with regard to bodies thrown up obliquely, whe 


7 


tber they aſcend upon inclined planes or along the ares * 


of curves. 


Becauſe the ſame forces which accelerate the mo- 
tions of bodies deſcending on ſuch planes or curves, 
do in the very ſame manner retard the motions of 
ſuch bodies as aſcend thereon ; and therefore, what- 
ever be the time requiſite for a body to deſcend 
upon an inclined plane or thro? the are of a curve, 
in order to acquire any velocity, the ſame mult the 
time be, wherein that — is deſtroyed in a bo- 
dy aſcending upon the ſame plane or curve; and 
whatever be the length of the plane or curve, thro? 
which a body deſcends in order to acquire any velo- 
city, the ſame muſt the length of the plane or curve 
be, thro* which it muſt aſcend | in order to have _ 
yelocity deſtroyed. 

Co Rol. Hence it follows, that if by'aty cons 
trivance a body be made to deſcend thro? the arch 


of a circle as from C to A, and with the velocity pl. 5. 
the acth Figs = 


ired by the deſcent to aſcend alo 
of the ſame circle, the arch AD w it de- 
. will be equal to the arch CA 
deſcribed in the deſcent; and the times in which 
thoſe arches are deſcribed will be equal. | 

And this is the caſe of the PxxndvuLvumM ; which 
is a heavy body as A, hanging by a ſmall cord as 
BA, and moveable therewith about the point B, to 


which the cord is faxed. If when the cordis ſtretch f. 1. 


ed the weight be raiſed as high as C, and thence let 
fall, it will by its own gravity deſcend thro? the 
circular arch CA; and by the Corol. of the ſixth 


Prop. it will bave the ſame velocity in the point A, 
that a body would a in falling perpendicular- 


ly from E to A; and, by the firſt ANW] or M- 
TURE, it will endeavour to go off with that velo- 
ty in the tangene AP1 bar being — 


; payee W 2 


** . C 


x58 Or TRE PENDULUM. 


Lze r. the chord made to move in the periphery CAD, 
X. it will riſe thro? the arch AD as high as D, where 
| looſing all its velocity, it will be turned back by its 

gravity, and deſcending thro* the arch DA, will 
upon its arrival at A, have the ſame velocity as be- 
fore, with which it will aſcend to C; and thus it 
will continue its motion forward and backward along 
the curve CAD, which motion is called an'ofcilla- 
tory or © vibratory motion; and each ſwing from C 
to D, as alſo from D to C, is called a vibration; 
and if the pendulum ſuffered no retardation in its 
motion from the reſiſtance of the air, nor from the 
friction of the chord agajnſt the center about which 
it moves, the arches deſcribed in each vibration 
would be exactly equal, and the motion of the pen- 
dulum would continue for ever; but whereas the 
motion of the pendulum is continually retarded by 
the forementioned cauſes, the arches deſcribed in 
each vibration muſt grow leſs and leſs continually, 
and at laſt vaniſh vio the motion of the 
ulum.” 
—_... The vibrations of one nad the fame pendulum 
25 7 vibrating in unequal circular arches, are performed 
very nearly in equal times, provided the arches are 
Pl. 5. but ſmall. Thus, in the pendulum AB, the vibra- 
Fig. 13. tion thro' the arch CAD, is performed very nearly 
in the fame time wherein che pendulum vibrates 
thro* the arch EAF, on ſuppoſition that the arches 
CA and EA are but ſmall. 
For, drawing the chords CA and AD, as alſo 
EA and. AF, inaſmuch as the arches are ſuppoſed 
E. to be ſmall, they will not differ much either as to 
* length or declivity from their reſpective chords; 
/ conſequently, the times of | deſcribing the - arches 
CA and EA, by a heavy body: 
1 them, will be nearly equal to the times of deſeri- 
_—. bing the chords; but by the ſecond Corbl. of the 
the times of the ——— 


e webs wee 
5 3 , 
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arches CA and EA, muſt be nearly equal; and Lx r. 
ſo likewiſe muſt the double of thoſe times, or the X. 


times wherein the pendulum vibrates thro* the un- 
equal arches CAD and EAF. And this is con- 


firmed by experiment. For if two pendulums of Exp. 2. 


an equal length, be ſet going at the ſame inſtant of 

time, ſo as to vibrate thro? ſmall but unequal arches, 

they will for a long time keep pace together; and 

continue to begin and end their ſwings without any 

ſenſible difference as to point of time, during a 
number of vibrations. 

If a pendulum as BA, vibrates thro* the circu- 


lar arches CAD and EAF, the velocity which it Fig. 14. 


acquires by that time it arrives at the loweſt point 
A, 1s as the chord of the arch which it deſcribes in 
its deſcent ; that is, the velocity which it acquires in 
deſcending from C to A, is to the velocity acquired 


in its deſcent from E to A, as the chord CA to 


the chord EA. 

For, drawing the horizontal lines EK and CH, 
the velocity acquired in falling from H to A, is to 
the velocity acquired in falling from G to A, in 
the ſubduplicate ratio of HA to GA, as I proved 
in my lecture upon gravity ; that is, becauſe, from 
the nature of the circle HA; CA, and GA, are in 
continued proportion, as CA to GA; for the ſame 


reaſon, - the velocity acquired in falling from G to 
A, is to the velocity acquired in falling from K to 


A, as GA to EA; conſequently, the velocity ac- 
quired in falling from H e A, is to the velocity ac- 
L to A, as CA to EA; but 
by the Corol. of the lixth Prop. the velocity acquired 
in falling from H to A, is equal to the velocity ac- 
quired in the deſcent from C to A, and the velocity 
acquired in falling from K to A, is equal to the ve- 
locity acquired in the deſcent from E to A; where- 
fore, the velocityacquired in deſcending thro? the arch 
CA, is tothe velocity;acquired in deſcending thro* the 
ach EA, as the chord CA to the chord EA. 


01! 5 0 Hence 
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Lecr, Hence it appears, that if the arch of a circle where- 


in a pendulum vibrates, be ſo divided in the points 


, 2, 3s 4, and fo on, beginning from the loweſt 


AC 


"4 . "= 
* 


* 

vj 

4 
— 


* 5 
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ſquare root of BC, that is, the times of the vibra- 


point A, as that the chords drawn from A to the 
ſeveral points of diviſion, may be to one another, 
as thoſe numbers, the velocities acquired by a pen- 
dulum in the loweſt point A, when let fall ſucceſ- 
ſively from the ſeveral points of diviſion, wilt be 
as the numbers affixed to the reſpective points; and 
it was upon this account, that in the experiments 
relating to the colliſion of bodies, the balls were 


conſtantly let fall from ſuch heights, as that the 
chords of the arches which they deſcribed in their 
deſcent, might be to one another in the ſame pro- 


portion with the velocities wherewith the balls were 
ſuppoſed to meet at the loweſt point. 
he times wherein pendulums of unequal lengths 


vibrating in ſimilar arches, perform their vibrations, 
are to one another, as the ſquare -roots of their 
for inſtance, the time wherein the pendu- 

lam BA vibrates thro? the arch FG, is to the time 
wherein the pendulum:BC vibrates thro* the arch 
DE ſimilar to FG, as the ſquare root of BA to the 


ſquare root of BC. 


For, by the Corol. of the ſeventh Prop. ſince the 
arches FA and DC are ſimilar and ſimilarly poſited, 
the time of the deſcent thro* FA, is to the time 
of the deſcent thro* DC, as the ſquare root of FA, 
to the ſquare root. of DC ; but by the Corel. of the 
eighth Prop. the time of the deſcent thro? FA, 
is one half of the time of the vibration from F to 
G, and the time of the deſcent thro” DC, is one 
half of the time of the vibration from D to E ; 
confequently, the time of the vibration thro FG 
is to the time of the vibration thro* DE, as 
the ſquare root of FA, to the root of 
DC ; that is, . N A and 
are ſimilar, as the ſquare root of BA to the 


. — 
4 — 
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tions are as the ſquare roots of the lengths of the Lr. 


pendulums. And forafmuch as the times wherein 


pendulums perform their vibrations, are to one an- SEEDS, 


other inverſly as the number of vibrations per- 
formed in a given time; the numbers of vibrations 
performed by pendulums in a given time, are to 
one another inverſly as the ſquare roots of the lengths 
of the pendulums. For inſtance, if the length of 
the pendulum BA, be to the length of the pendu- 
lum BC, as one to 4, the number of vibrations 
1 in any given time by the ſhorter pendu - 
um, is to the number of vibrations performed in 
the ſame time by the longer, as the ſquare root of 
4 to the ſquare root of one, that is, as two to one; 
which caſe is experimentally confirmed by two pen- 


dulums, whereof the longer being 39.125 inches, Exp. 3. 


vibrates in one ſecond of time; and the ſhorter be- 
ing 9.781 inches, vibrates in half a ſecond, and 
rforms two vibrations in the ſame time that the 
performs one. 
| | | Incbes. 


WoL 9.125 Halley 

Length of a pendu- ( 2d. 39.207 Newton 
lum vibrating in: a zd. 9781 N 

| 1 4 4 9.801 Newton 


The timd of a pendulum's vibration is no way 
altered by varying the weight thereof; for ſince the 
gravity of every body is proportional to its quanti- 
ty of matter, as I proved in my lecture upon gravi- 
ty, all bodies in the fame circumſtances are moved 
by the force of gravity with, the ſame velocity; and 
therefore, if the length of a pendulum continues 
the ſame, it will perform its vibrations in the ſame 
ume, ' whatever be the magnitude of the 1 2 
weight z which may be confirmed by the following 


experiment, Let two unequal weights be hung by Exp. 4: | 


two threads ſo as to conſtitute two pendulums equal 
in length, ane ant hag unn 
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fall from equal heights, they will keep pace toge- 


X. ther ſo as to perform their vibrations in equal times. 
ln the foregoing part of this lecture I ſhewed 


you, that the vibrations of one and the ſame pen- 
dulum a thro* unequal but ſmall circular 


arches, are performed in times that are very nearly, 


but not preciſely, equal. Whence it follows, that 
however uſeful ſuch a pendulum may be in mea- 
ſuring time where great exactneſs is not requiſite, 


yet can it by no means be admitted as an accurate 


meaſure of time, unleſs by ſome contrivance it be 
made to perform all its vibrations in equal arches, 
which, conſidering the unavoidable imperfections 
of all machines, is extreamly difficult, if not im- 
poſſible; for it has been found by experience, that 
the beſt regulated pendulum clocks, wherein the 
greateſt care has been taken to make the pendulums 
vibrate in equal arches, have notwithſtanding va- 
ried in a courſe of time, ſo as to ſtand in . of a 
new regulation, which they could not poſſibly do 
in caſe the pendulums, whereon the regularity of 


all the other movements depends, continued con- 


Pl. 5. 
Fig. 16. 


ſtantly to vibrate in equal arches. 

In order therefore to obtain an exact unerring 
meaſure of time, it is neceſſary to make a pendu- 
lum vibrate in ſuch a manner, as that all its ſwings 
whether they be thro? larger or ſmaller arches, may 


* performed in times exactly equal; and this may 
d 


one by making a pendulum vibrate in the 
curve of a cycloid, as I ſhall now demonſtrate ; 
but I ſhall firſt ſhew you the manner wherein that 
curve is generated, and what its chief properties 
are, as alſo by what contrivance a pendulum is 
made to vibrate in ſuch a cuw we. 

If a circle as CEF, which touches the right 
line AB in the point C, be moved along that line 
in the manner of a wheel from C to D, fo as“ to 
perform an intire revolution; the point C will by 


vertue of its double motion deſerie the curve line 


y 
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CID, which curve line is called a cycloid ; and the Lz cr. 


right line CD is called the baſe, the line IK perpen- 


dicular to the baſe at its middle point is called tle 


axis of the cycloid, and the point I the vertex, and 

4 circle CEF or KLI is called the generating 

circle. 

From any point in the cycloid as H, let a right 
line as HL, be drawn parallel to the baſe CD, and 
continued till it meets the generating circle KLI, 

_ deſcribed about the axis IK ; and let the line HM 
touch the cycloid in the point H; this being done, 
the chief properties of the cycloid are theſe three. 

Firſt, The arch IPL of the generating circle, 
intercepted between the vertex of the cycloid and 
the point L, wherein the right line HL meets the 
E circle, is equal in length to the right 

e HL. 

Secondly, The chord IL of the circular arch 
IPL, is parallel to the right line MH, which 
touches the cycloid in the point H. 

Thirdly, The cycloidal-arch IH intercepted be- 
tween the vertex and the point H, is double the 
GIL. 

The demonſtrations of theſe properties may be 
ſeen in HuroENSs, WaALL1s, Cor Es, and others 
who have wrote of the cycloid. 

The contrivance whereby a pendulum is made to 


cloid as AVB, being deſcribed on the baſe 
let the axis VD 'be produced towards C 
becomes equal to VD; thro? the points & and A, 
and C and B, let two ſemi-cycloids CA and CB be 
© Wl drawn, each equal to half of AVB, their vertic 
5 WW being at A and B; if then we 3 * CA and CB © 
to be two. plates of ſome breadth, and an heavy 
body to hang from the point C by a ſtring equal in 
length to CV, and to vibrate between the plates 


CA and CB, the upper pr of the firing hy Fw 


.4 


vibrate in the curve of a cycloid, is thus. A 71 
l A » Pl. 5. 
till DC Fig. 37, 
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ſtantly apply it ſelf to that plate towards which the 


ly moves, and by fo doing cauſe it to move in 
the cycloid AVB, as has been proved by Huy cens 
the author of this contrivance ; and likewiſe by 
Cor xs in his treatiſe de -motu pendulorum, where he 
has delivered the whole doctrine of pendulums in 
four ThzoREMs, which I ſhall here lay down and 
explain. | s A 


"THEOREM I. If a pendulum vibrating in a cy- 
cloid as BVA, begins its motion downward towards 
V, from any point taken at pleaſure ag L, and if 7 

on a radius as VL, equal in length to the cycloidal 
arch VL, a circle be deſcribed; the velocities of the 
pendulum in the ſeveral points of the cycloidal arch, 
will be as the right ſines in the circle which are raiſed 
from the correſponding points in the radius; for in- 
ance, if in the radius LM be taken equal to LM in 
the cycloid, and from the point M in the radius corre- 
ſponding to the point M in the cycloid, be raiſed the right 
fine MN, the velocity of the pendulum in the point M, 


after it has deſcended from L, will be as the fine MX. 


For the proof of which, from the points L and 
M in' the cycloid, let the right lines LOR and 
Ms be drawn perpendicular to the axis, cutting 
the generating circle in O and Q, from whence to 
the vertex, let the right lines OV and Q be 
drawn, By the Corol. of the ſixth Prop. the velo- 
city which the pendulum acquires in deſcending 
along the cycloid from L to M, is equal to the ve- 
locity acquired by a body in falling perpendicularly 
from R to S; but the velocity which a body ac- 
quires in falling perpendicularly, is in the ſubdu- 
plicate ratio of the ſpace deſcribed, as I proved in 
my lecture upon gravity ; conſequently, the velo- 
city acquired by the pendulum in its deſcent from 


L to M, may be expreſſed by the ſquare root o 
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RS; but RS, being equal to the difference be- L x * r. 


tween RV and SV, the velocity in the da 
may be expreſſ:d by the ſquare root of the difference 
between RV and SV ; or, becauſe RV multiplied 
into the axis DV, is to SV multiplied into the ſame 
DV, as RV to SV, the velocity may be expreſſed 
by the ſquare root of the difference between the 


product of RV x DV and SV x DV; but from the 


nature of the circle, the product of RVxDV is 
A to the ſquare of VO; and the product of 
SV x DV is equal to the ſquare of VQ; wherefore, 
the velocity at M may be expreſſed by the ſquare 
root of the difference between the ſquare of VO and 
the ſquare of VQ; but, by the third property of 
the cycloid, VO 1s equal to one half of the cycloidal 
arch VL, and VQ to one half of the arch VM; 
wherefore, as VO ſquare, is to VQ ſquare, ſo is 
VL fquare, to VM {ſquare ; conſequently, the ve- 
locity of the pendulum at M may be expreſſed by 
the ſquare root of the difference between the ſquare 
of VL and the ſquare of VM; but the cycloidal 
arches VL and VM are by Auppoſition equal to 
VL and VM in the radius of the circle ; and, from 
the nature of a right-angled triangle, the difference 
between the ſquare of VX, which is equal to VL, 
and the ſquare of VM, is equal to the ſquare of 
MX; wherefore, the velocity of the pendulum at 
the point M,. is ag, the ſquare root of MX ſquare, 
that is, as MX, as was aſſerted in the Theorem. 
And what has. been thus proved with regard to the 
velocity at the point M, is in like manner demon- 
ſtrable " regard to the velocity- at any other 

int as N; namely, that it is as the right fine 

Y raiſed from the point N in the radius corre- 
ſponding to the paint N in the cycloid ; ſo that the 
velocities of a lum defcending in a cycloid, 
are in the feveral points of the cycloidal arch, 'as ths 
right {ines in a circle which are raiſed from the cor- 


* points of the radius, the radius being | 


equi 
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Lc r. equal in length to the cycloidal arch intercepted be- 

N. tween the vertex and that point from which the 

WY'V pendulum begins its motion. Thus, VM and VN 
in the radius of the circle, being taken equal to 
VM and VN in the cycloid, ſo as that the points 
M, N, V, in the radius, may correſpond to the 
points M, N, V, in the cycloid, the velocities of 
the pendulum in thoſe points are to one another, as 
the fines MX, NY, and VZ, the radius VZ ex- 
preſſing the greateſt velocity at the vertex V. 


4 5 TRAnEOREM II. If a body be ſuppoſed to move 
Fig. 17. uniformly inthe curve of the circle, with a velocity equal 
to the velocity acquired by the pendulum in its deſcent 
from L to V, which velocity is, as was juſt now 
ſhewn, expreſſed by the radius VZ; any arch of the 
circle as X taken at pleaſure, will be deſcribed by the 
body moving along it in the forementioned manner, in 
the ſame time that the . which begins its mo- 
tion from the point L in the cycloid, deſcribes the cy- 
cloidal arch MN, correſponding to and equal in length 
to MN, that part of ghe radius, which hes between the 
fines MX and NY, which terminate at the extremi- 
ties of the circular arch X. 
f -- 


Let the ſine FGH, be drawn indefinitely near 
to the ſine MX, and let XG be drawn el to 
MF; and let MF in the.cycloid be equal to MF in 
the radius of the circle. By the Wregoing Theorem, 
the velocity of the pendulum in the point M, is as 
MX ; and therefore, ſince F is ſuppoſed to be in- 
definitely near to M, the little cycloidal arch MF, 

equal to MF in the radius, is to be looked upon as 
"Aeſcribed by the pendulum with a velocity which is 
as MX ; and the little circular arch XH, 4s by 
ſuppoſition deſcribed with a velocity which is as 
VZ, equal to VX; and the friangles MXV and 
GXH being ſimilar, inaſmuch as the angles at M 
and G are right ones, and the angle MXV equal to 
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GXH, becauſe GX V is the complement of each Ln cr. 
of them to a right one; XH is to XG equal to X. 
MF, as VX or VZ to MX; that is, XH and MF WY WV 
are to one another, as the velocities wherewith they 
are deſcribed z conſequently, they muſt be deſcribed 
in the ſame time. And what has been thus demon- 
ſtrated of MF and XH, is in like manner demon- 
ſtrable of the ſeveral correſponding parts in the cy- 
cloidal arch MN, and circular arch XY ; conſe- 
ently, the whole cycloidal arch MN, will be de- 
ſcribed by the pendulum in the ſame time, that the 
circular arch XY 1s deſcribed by a body moving 
along it uniformly with the velocity expreſſed by 
VZ; and by the fame way of reaſoning, the time 
of deſcribing any other cycloidal arch as LV, is 
equal to the time of deſcribing the correſponding 
circular arch LZ. | 
Cox ol. As a Corollary it follows, that the time 
wherein a pendulum deſcribes any arch of a cy- 
cloid as MN, may be expreſſed by the correſpond- 
ing circular arch XV. lates 
For, as the motion along the curve of the circle 
is ſuppoſed to be uniform, the time of deſcribing 
any arch as XV, muſt be as the length of the arch; 
but by the Theorem, the times of deſcribing the cir- 
cular arch XY, and the cycloidal arch MN, are 
equal; conſequently, the time in which the pendu- 
lum deſcribes the cycloidal arch MN, is as the cir- 
cular arch XY, | 


THrztoREmM III. The time of one intire vibration Grays WH. 
of a pendulum moving in a cycloid, ts to the time 
wherein a body falls perpendicularly thro? a ſpace equal 
in length to the axis of the tycloid, as the periphery of 
a circle to its diameter. 8 


All chings being ſuppoſed as before, the time of pl. 35. 
deſeribing the ſemicircular periphery LZ P with the Fig. 17. 
| | velocity * 
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Lzcr. velocity expreſſed by VZ, is to the time of deſcri- 
K. . the ſemidiameter LV with the ſame velocity, 
as the ſemicircular periphery to the ſemidiameter, 
or as the whole periphery to the diameter ; but the | 
time of deſcribing the ſemicircular periphery L ZV | 
with the velocity VZ, is equal to the time of an in- 
tire vibration ; for, by the eighth Prop. the time 
wherein the pendulum deſcribes the cycloidal arch 
LY, is one half of the time wherein it performs an 
intire vibration; and by the ſecond Theorem, the 
time wherein a pendulum deſcribes the cycloidal 
arch LV, is equal to the time wherein the quadran- 
tal arch of the circle, to wit LZ; is deſcribed with 
the velocity expreſſed by VZ; conſequently, the 
time of an intire vibration, is equal to the time of 
_ deſcribing the ſemicircular periphery LZ P; and the 
time of deſcribing the ſemidiameter LV with the 
velocity VZ, is equal to the time of a body's fall 
down the height of the axis DV ; for, by 7 ſe- 
cond Corel. of the third Prop. the fall down the 
axis DV, is performed in the ſame time with the de- 
ſcent along the chord OV; and by the eighth Prop. 
the velocity acquired at the end of the deſcent along | 
the chord OV, will in the ſame time with that of | 
the deſcent deſcribe a ſpace equal to twice OV ; but 2 
by the third property - the cycloid, twice VO is ſ 
2 to the cycloidal arch LV, which by ſuppoſi- a 
| equal to the ſemidiameter VL ; and conſe- 72 
quently, the velocity acquired at the end of the de- I dc 
cent to 
thy 


along the chord OV, is ſuch, as will in a time 

equal to that of the fall down the axis DV, deſcribe 

the ſemidiameter LV; but, by the Corol. of the 

ſixth Prop. the velocity acquired at the end of the 
deſcent along the chord OV, is equal to the veloci- 

ty acquired by the pendulum in its deſcent along the 

; _ eycloidal arch from L to V, which by the firſt 
{ . "Theorem, is as VZ; wherefore, the time of deſcri- 
* the ſemidiameter LV with the velocity 2 wa 
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but it has been already proved, that the time of de- 


ſeribing the ſemicircular arch LZP with the veloci- 4 


ty VZ, is tothe time of deſcribing the ſemidiame- 
ter LV with the ſame velocity, as the periphery of 
the circle to its diameter ; and it has been likewiſe 

ved, that the time of deſcribing the ſemicircular 
arch with the velocity VZ, is equal to the time of 
an intire vibration of the pendulum ; conſequently, 
the time of ſuch a vibration, is to the time of the 
fall down the axis, as the periphery of the circle to 
its diameter, | 


Co kot. From what has been proved it follows, 


that the time of a vibration of a pendulum moving 
in a given cycloid is given; or in other words, that 
all the vibrations of ſuch a pendulum, whether they 
be in larger or ſmaller arches, are performed in 
times exactly equal. 
For, as it has been proved, that the time of the 
vibration which begins from the point L, is to the 
time of the fall down the axis, as the periphery of 
the circle deſcribed on a radius equal to the cycloidal 
arch VL, to its diameter ; it may in like manner 
be demonſtrated, that if the vibration begins from 
any other point as M, the time thereof will bear the 
ſame proportion to the time of the fall down the 
axis, that the periphery of a circle deſcribed on a 
radius equal in length to the cycloidal arch VM, 
, does to its diameter; but the ratio of the periphe 
- to the diameter in any one circle, is the ſame wi 
that in any other ; wherefore, the times of the vi- 
- BK brations thro? arches, have all the ſame 
ratio, to the time of the fall down the axis, and of 
conſequence muſt be equal. 
From this equality in the times of the ſwings it 
is, that this kind of pendulum is preferable to ſuch 
as vibrate in circular arches, as being a more exact 
and juſt meaſure of time ; a minute of mean or 


equal to the time of the fall down the axis DNV; LI r. 


equal time being Peay meaſured by fixty * 
0 
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LE r. of a pendulum of this kind, whoſe length is equal 
X. to three horary feet, which anſwers to 39 inches and 
LY VV one eighth of our meaſure, according to Doctor 


HaLLey ; or to 39 inches and one fifth, accord- 
ing to Sir Isa Ac NewrTon ; and now that I have 
mentioned mean or equal, otherwiſe called true time, 
it will not be improper in this place, to ſhew you 
wherein it differs from that time, which by aſtrono- 
- mers 1s called unequal and apparent time, 

As time in it ſelf does not fall under the notice 
of our ſenſes, and as the parts thereof go on in a 
continued ſucceſſion one after another, no two ex- 
iſting together, it is impoſſible to diſcover the equa- 
lity or inequality of any two portions of time, by 
an immediate compariſon of one with the other; 
and therefore, it was neceſſary for thoſe who firſt 
thought of diſtinguiſhing the parts of time, to have 
recourſe | to ſomething ſenſible, and of a different 
nature from time, as a meaſure thereof. And as 
nothing ſeems better fitted to ſerve this purpoſe, 
than ſuch natural appearances as fall under every 
man*s notice, and at the ſame time have frequent 
returns, it is highly probable, that in the firſt ages 
of the world, men obſerving the frequent rifings 
and ſettings of the ſun, took the one or the other 
for their firſt meaſure of time, calling that portion 
of time which paſſed between two riſings or ſettings, 
which immediately ſucceeded each other, by the 
name of a day; in like manner it is rational to ſup- 
poſe, that upon obſerving the frequent returns of 
the full and new moons, they made the one or the 
other their ſecond meaſure. of time, calling that 
cy which paſſed between two ſucceſſive new or 

Il moons by the name of a moon or month. And 
it is likely, that for ſome time they contented them- 
ſelves with theſe meaſures, without knowing or 
conſidering whether- they were exact or not: but 
in proceſs of time, as men became better acquainted 
with the motions of the heavenly bodies, they 2 

| co 
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covered ſome A oat a in the apparent mation L 


of the ſun, and of conſequence, an inequality in the 
natural days which depend on that motion; inaſ- 
much as the portion of whine, which paſſes between 
the ſun's departure from the plane of any meridian 
and its next return thereunto, is not always the 
ſame. By conſidering the cauſes of this inequality, 
they were led into a method of making ſuch cor- 
rections in the natural days, by adding to ſome, 
and taking from others, as reduced them all to a 
mean equal length; each day being made to con- 
ſiſt of 24 equal hours, each of which is divided into 
ſixty equal parts called minutes, and each of theſe 
into ſixty others called ſeconds, and theſe again into 
thirds, and ſo on in a /exageſimal progreſſion, the 

of each denomination being conſtantly equal 
among themſelves. And theſe parts of time thus 
reduced to an equality conftitute the mean or equal 
time, as it ſtands diſtinguiſhed by aſtronomers, 
from the unequal or apparent time, which is mea- 
ſured by the apparent motion of the ſun, 

In order to have a conſtant meaſure of equal 
time, HuyGens contrived a method of adapting 
pendulums to clocks, whereby their motions are fo 
exactly regulated, as that in a clock whoſe move- 


ments are rightly adjuſted, the ſeconds, minutes, and 


hours, are for fome time pointed out with the great- 


eſt exactneſs; I ſay, for ſome time only, becauſe . 


it is not poſſible that any clock whatever ſhould 
continue exactly true for a long courſe of time; 
for as the pendulums of clocks according to 
Huvvoxs's firſt contrivance, and by the general 
practice of clock-makers at this day, are made to 
vibrate. in circular arches, where the times of the 
vibrations are not preciſely equal, unleſs the arches 
throꝰ which the pendulum moves be ſo too. If the 
wheels on account of the thickening of the oil by 
froſty weather, or from any other cauſe grow more 
e 2 2 ſluggiſh 
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Lor. ſluggiſh, ſo as to give the weight, which in clocks 


_ 


is the moving power, greater reſiſtance than ac- 


LY V cording to the firſt adjuſtment, the force of the 


ſmaller arches, 


crown-wheel upon the of the pendulum will 
likewiſe be diminiſhed, and of c ence, the 
pendulum being thrown leſs forcibly will move 
thro* ſmaller arches than before, and by fo doing, 
will meaſure out ſmaller portions of time, the time 
of ſixty ſwings not amounting to a minute, upon 
which account the clock muſt gain, and go too faſt, 
On the other hand, whenever the parts of the move- 
ment which rub one againſt another, do by reaſon 
of the thinning of the oil by the heat of the wea- 
ther, grow more ſlippery, or from their conſtant 
friction become more ſmooth, ſo as to give leſs re- 
ſiſtance to the moving power than . . 4 to the 
firſt adjuſtment, the crown - wheel acts more forci- 
bly on the pendulum, and cauſes it to vibrate in 
larger arches, by which means the time of each 
ſwing is inlarged, and of courſe the clock loſes 
and goes too flow. To remedy theſe inconve- 
niences, HuyGEtns thought of a ſecond method of 
adapting pendulums to clocks, ſo as to make them 
wy. 1 their vibrations in cycloidal arches; by 
which means, tho* the force of the crown- wheel 
upon the pendulum ſhould vary, ſo as to cauſe it 
to vibrate ſometimes in larger and ſometimes in 
yet will not any variation ariſe from 
thence in the times of the vibrations; as is evi- 
dent from the Corollary of the third Theorem; ſo 
that in clocks whoſe motions are governed by pen- 
dulums vibrating in cycloidal arches, the i i- 
ties ariſing from the variation of the force of the 
crown- wheel upon the pendulum are wholly avoid- 
ed; and yet a clock of this kind will not always 
go true; for as the pendulum cannot vibrate in the 
curve of a cycloid, unleſs the . of 
the ſtring does as often as it moves from the per. 
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pendicular towards either fide, form it ſelf intoa Lr. 
cycloidal arch; and as this cannot be done unleſs 
that part of the ſtring be made of filk, or ſome 
other foft and pliable ſubſtance, which as ſuch is 
apt to imbibe the moiſture of the air; wherever 
the weather becomes remarkably moiſt, the watery 
particles which float in the air, will inſinuate them- 
ſelves into the pores of the ſtring, and by fo doing 
cauſe it to contract and ſhorten ; upon which ac- 
count, the vibrations of the pendulum will be 
quickened, as will appear from the next Theorem, 
and the clock will gain. So that neither a clock of 
this, nor of any other kind can go exactly true 
for any long courſe of time, which is a thing well 
known to clock-makers, who have frequently e- 
perienced the beſt regulated clocks to vary in the 
compaſs of a few months, ſome ſeconds from the 
equation table, ſo as to ſtand in need of a new ro- 
gulation. 


THtoREgM IV, The times wherein pendulums Pl. ;. 
of different lengths as CV and AB perform their vi- Fig. 17. 
ons, are ta one another in the fame proportion with ' 3: 

the ſquare roots of the lengths of the pendulums, 


For, by the third Theorem, the time wherein the Pl. ;, 
pendulum CV performs its vibrations, is to the Fig. 17. 
time wherein a body falls down the axis DV, as the 
circumference of a circle to its diameter; and by 
the ſame Theorem, as the circumference of a circle 
is to the diameter, ſo is the time wherein the pen- 
dulum AB ms its vibrations, to the time pl. ;. 
wherein a body falls down the axis EB; conſequent- Fig, 18. 
ly, the time wherein the pendulum CV performs 
its vibrations, is to the time wherein the pendulum 
AB performs. its vibrations, as the time of the fall 
. is _ 4 * 
ut as I proved in my re upon gravity, 
time of the fall down DV, is to the time hay + 
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fall down EB, as the ſquare root of DV, to the 
ſquare root of EB; or, becauſe DV is one half of 


„ CV, and EB one half of AB, as the ſquare root of 


CV, to the ſquare root of AB; wherefore, the 
time wherein the pendulum CV performs its vibra- 
tions, 1s to the time wherein the pendulum AB 

rforms its vibrations, as the ſquare root of CV, 


to the ſquare root of AB, that is, the times are as 


the ſquare roots of the lengths of the pendulums ; 
ſo that if one pendulum be four times as long as an- 
other, the ſhorter will vibrate in half the time, ſo 
as to perform two vibrations in the fame time that 
the longer performs one. 

In this Theorem, as alſo in every thing elſe that 
has been hitherto ſaid concerning the pendulum, the 
force of gravity is ſ ppoſed to be given; whence it 
follows, that if pendulums of different lengths, as 
CV and AB, perform their vibrations in equal 
times, the force of gravity in ſuch pendulums muſt 
vary, and that in proportion to the lengths of the 
pendulums, that is to ſay, the force of gravity in 


the pendulum CV, muſt be to the force of gravity 


in the pendulum AB, as CV to AB, For, as the 
times of the vibrations are ſuppoſed to be equal, the 
times of the perpendicular falls down the axes DV 
and EB muſt hkewiſe be equal, inaſmuch as they 
have been proved to be proportional to the times of 
the vibrations; ſince therefore, forces which act 
conſtantly and uniformly are to one another as the 


velocities which they generate in any given time, 


the force of gravity which carries a body down DV, 
muſt be to the force of * which in the ſame 
time carries a body down EB, as the velocity acqui- 
red at the end of the fall down DV, to the velocity 
acquired at the end of the fall down EB; but I proved 
in my lecture upon gravity, that the _— acqui- 
red in falling down DV, is ſuch as will in a of 
time equal to that of the fall, carry a body thro? a ſpace 


Equal to twice DV, that is, thro* a ſpace equal = 
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the length of the pendulum CV; and therefore, Lx Gr. 


the time being given, the velocity may be expreſfed 


by the length of the pendulum; and for the ſame 


reaſon, the velocity acquired in falling down EB, 
may be expreſſed by the length of the pendulum 
AB ; conſequently, the force of gravity which 


moves the pendulum CV, is to the force of gravity 
which acts upon the pendulum AB, as the length of 


the former, to the length of the latter. Since there- 
fore, it has been found by experience, that a pen- 
dulum which vibrates in a ſecond of time under the 
line, muſt be lengthened as it is removed from the 
line, and that more and more as its diſtance there- 


from increaſes; it is manifeſt, that the force of 


gravity is leſs in the æquatorial parts of the earth, 
than in any other, and that it increaſes continually 
as the diſtance from the line increaſes, ſo as to be 
greateſt under the poles; in what proportion this 
increaſe of gravity is made, and from what cauſe 
it proceeds, I ſhewed in my lecture upon gravity. 


As the ſeveral parts of the cycloidal arch LV, Pl. 5. 
have different inclinations to the plane of the hori- Fig. 17. 


zon, it is evident, from what has been ſaid con- 
cerning the motion of bodies upon inclined planes, 
that the force which accelerates the motion 2 pen- 
dulum in its deſcent from L to V, muſt continual- 
ly vary; it being greateſt in the point L, and thence 
continually leſſening as the cycloidal arch ſhortens, 


till at. length in the point V it intirely vaniſhes 


and what is particularly remarkable in this caſe is, 
that the accelerating forces in the ſeveral points of 
the cycloid, are to one another in the ſame propor- 
tion with the cycloidal arches intercepted between 
the vertex and the reſpective points; for inſtance, 
the force which accelerates the pendulum in the 
point L, is to the force which accelerates the ſame 
in the point M, as the arch LV, to the arch MV. 


For 
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Leer. For, as the points IL. and M have the fame di- 


> 


rections with their tangents, the accelerating forces 


n thoſe points mait be the ſame with the forces 


a pendulum deſcending in the arch of a cycloid, the 


which accelerate the motions of bodies deſcending 
along the tangents z or becauſe the chords OV and 
QV in the generating circle, are by the ſecond 
proper of the cycloid, parallel to the tangents at 

and M, as the forces which accelerate bodies in 
their deſcent upon the chords OV and QV ; but 
foraſmuch as thoſe accelerating forces act conſtantly 
and uniformly, they mult be to one another, as the 
velocities which they generate in a given time; and 
therefore, ſince it has been proved, that the chords 
OV and QV are deſcribed in the ſame time, the 
accelerating forces are as the velocities acquired at 
the end of the deſcent along tho chords; bur it 
has likewiſe been proved, that thoſe velocities are 
as the lengths of the chords ; conſequently, the 
force which accelerates a body deſcending along the 
chord OV, is to the force which accelerates a body 
deſcending along the chord QV, as OV to QV ; 
but foraſmuch as by the third property of the cy- 
cloid, OV is one half of LV, and QV one half of 
MV, as OV is to Q, fo is LV to MV; and 
therefore, the accelerating force along OV, is to the 
accelerating force along QV, as the cycloidal arch 
LV, to the arch MV; but it has been proved, that 
the accelerating force along OV, is the ſame with 
the accelerating force in the point L, and that the 
accelerating force along QV, is the ſame with the 
accelerating force in the point M; conſequentiy, 
the force at L, is to the force at M, LV to MV. 
and what has been thus demonſtrated of the forces 
at the points L and M, is in like manner demon- 
ſtrable of the forces at any other points, ſo that in 


accelerating force is in every point as the length of 
the cycloidal arch intercepted between the point 5 
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Leer. For, as the points I, and M have the ſame di- 
X. rections with their tangents, the accelerating forces 
n choſe points matt be the ſame with the forces 
which accelerate the motions. of bodies deſcending 

along the tangents; or becauſe the chords OV and 

QV in the generating circle, are by the ſecond 
pron of the cycloid, parallel to the tangents at 

Land M, as the forces which accelerate bodies in 

their deſcent upon the chords OV and Q but 
foraſmuch as thoſe accelerating forces act conſtantly 

and uniformly, they mult be to one another, as the 
velocities which they generate in a given time; and 
therefore, ſince it has been proved, that the chords 

OV and QV are deſcribed in the ſame time, the 
accelerating forces are as the velocities acquired at 

the end of the deſcent along tho chords; bur it 

has likewiſe been proved, that thoſe velocities are 

as the lengths of the chords ; conſequently, the 
force which accelerates a body deſcending along the 
chord OV, is to the force which accelerates a. body 
deſcending along the chord QV, as OV to QV ; 
but foraſmuch as by the third property of the cy- 
cloid, OV is one half of LV, and QV one half of 
MV, as OV is to Q, fo is LV to MV; and 
therefore, the accelerating force along OV, is to the 
accelerating force along QV, as the cycloidal arch 
LV, to the arch MV; but it has been proved, that 
the accelerating force along OV, is the ſame with 
the accelerating force in the point L, and that the 
accelerating force along QV, is the ſame with the 
accelerating force in the point M; conſequentiy, 
the force at L, is to the force at M, LV to MV. 
and what has been thus demonſtrated of the forces 
at the points L and M, is in like manner demon- 
ſtrable of the forces at any other points, ſo that in 
a pendulum deſcending in the arch of a cycloid, the 
accelerating force is in every point as the length of 
the cycloidal arch intercepted between the point __ 
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the vertex 3 or in other words, the force is every 
where proportional to the ſpace to be deſcribed. 


This then being the law of the accelerating force, 


and it having been proved, that the pendulum, 
whether it begins its motion from L or M, or any 
other point in the cycloid, will arrive in the fame 
time at the loweſt point V; it follows, that if ſe- 
veral bodies, placed at different diſtances from any 
= or center, begin to move towards it at the 
ame inſtant of time, with forces that are 

where proportional to the diſtances from the center, 
they will all arrive at the center at the ſame inſtant 
of time; which I thought fit to mention in this 
place, in order to avoid the trouble of demonſtra- 
ting the ſame, when I come to treat of the motions 


of muſical ſtrings, towards the expla.ning of which 


this property will be of uſe. 
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S the DocrxIxE or PRoj ers, whereof I LEO. 


intend to treat in this lecture, cannot be 


XI. 


rightly apprehended without ſome knowledge of the WW 
a 


rabola ; I ſhall by way of introduction ſhew the 
manner wherein that curve is generated, and point 
out ſuch of its properties as I ſhall have occaſion to 
make uſe of in explaining the motion of projects, 
referring you for their demonſtrations to thoſe au- 
thors who have wrote of the conick ſections. 


If a cone as ABC, be touched by a plane in the Pl. 6. 
right line AB, and be cut by another plane parallel to Fig. 1. 


the former, the curve whichariſes from the interſection 
of the plane with the ſurface of the cone is called a 


Parabola; being ſuch as is repreſented in Fig. 2, in pl. 6. 


which the higheſt . is called the principal ver- Fig. 2. 
A l 3 | 
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Lecr. tex; the right line CAP paſſing thro? the point P, 
XI. and perpendicular to the tangent at that Fam. is 
WYVW called the axis; a right line as DA, drawn from any 
point in the curve perpendicular to the axis, is called 

an ordinate to the axis; PA the part of the axis in- 
tercepted between the vertex and the ordinate, 1s 

called the ab/ciſſe to that ordinate ;, a right line, being 

a third proportional to the abſciſſe and its reſpective 
ordinate, 1s called the principal parameter, or the 
parameter to the axis; a right line as DEH, drawn 
from any point in the curve parallel to the axis, 1s 
called a diameter; a right line as PE, intercepted 
between any point in the curve and the diameter, 
and parallel to BD which touches the curve in the 
| point D, is called an ordinate to that diameter; DE. 
| the part of the diameter lying between the vertex D 


and the point E, is called the abſciſſẽ to the ordinate 
PE; and a right line, being a third proportional to 
| the abſciſſe DE and the reſpective ordinate EP, is 
| called the parameter to the diameter DH, or to the 
| vertex D. | | 
| The ſquare of any ordinate divided by the re- 
ſpective abſciſſe, 13 equal to the reſpective parame- 
ter; thus the ſquare of DA divided by PA, or the 
of OQ divided by PQ, is to the prin- 
cipal parameter ; and the ſquare of EP divided 
DE, as alſo the ſquare of LM divided by DL, is equal 
to the parameter belonging to the vertex D. The 
ſquares of the ordinates to the axis, or to one and 
the ſame diameter, are to one another in the ſame 
proportion with their reſpectivr aBſciffa's. Thus, 
the ſquare of DA is to the ſquare of OQ, as PA to 
PQ; and the ſquare of PE is to the ſquare of ML, 
8 puts 
one and the fame parabola, the princi - 
rameter is the leaſt of all the parameters; _ bh 
other parameters increaſe, as the diftance of their 
vertices from the principal vertex increafes, tho not 
in the ſame proportion. 
I 
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If from any point in a parabola as D, an ordi- LE Or. 


nate be drawn to the axis, and if from the ſame 


XI. 


point a tangent be drawn upward, it will meet the WY 


axis when produced; and AB, the part of the axis 
intercepted between the ordinate DA and the tan- 
gent DB, will be biſſected by P the principal 
vertex. * 

Theſe things being premiſed; if a body be 
thrown in any direction whatever that is not per- 
pendicular to the plane of the horizon, it will in its 
motion deſcribe a parabola. 


For the proof of which, let AE be the direction pl. 6. 
of the projection, which in the 3d Fig. is parallel to Fig. 3. 4. 
the horizon, and in the 4th and 5th inclined there- 5: 


to; and let AE be the ſpace which the project 
. would deſcribe in any given time by means of the 
force impreſſed, ſuppoſing it had no motion down- 
ward from the force of gravity ; likewiſe let AB be 
the ſpace thro* which it would deſcend in the given 
time by vertue of its own gravity, ſuppoling it had 
no other motion; then compleating the parallelo- 
gram ABCE, it is manifeſt from what was former 
ly faid concerning the compoſition of motion, that 
at the end of the given time, the project muſt by 
vertue of its double motion, be found in the point 
C; but, forafamch as the motion impreſſed in the 
direction AE is uniform, the fpace defcribed, that 
is AE, muſt be as the time in which it is deſcribed; 
conſequently, AE ſquare, or BC ſquare, is as the 
ſquare of the time ; but AB or EC, which is the 
fpace deſcribed in the fame time by the force of 
gravity is likewiſe as the ſquare of the time, as I 
proved in my lecture upon gravy; conſequently, 
AB is as the ſquare of BC; and therefore, from the 
nature of the parabola, the point C throꝰ which the 
project moves, muſt be in the curve of a parabola, 
whoſe diameter is n 
from whence the project begins its motion, the 

A2 2 parameter 
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LE cT. parameter belonging to that vertex, BC ſquare di- 


XI. 


vided by AB, or AE ſquare divided by EC; and 
what has been thus demonſtrated of the point C, 1s 
in like manner demonſtrable of all the other points 
thro* which the project moves; conſequently, the 
line which it deſcribes is a parabola. 

The velocity of a project in any point of. the pa- 
rabola as A, is ſuch as a body acquires in falling 
down the fourth part of the parameter belonging to 
that point. For the velocity of the project in the 

int A 1s ſuch, as would carry it from A to E in 
the ſame time that a body deſcends from E to C ; 


| andthe velocity acquired in the deſcent from E to C 


two velocities muſt be equal. 


is ſuch, as in the ſame ſpace of time with that of 
the fall, would carry a body thro? a ſpace equal to 
double EC ; conſequently, that velocity is to the 
velocity of the project in the point A, as twice EC 
to AE, or as EC to AE; but as EC is to AE, 
ſo is the velocity acquired in falling from E to C, 
to the velocity acquired in falling down the fourth 
part of the parameter belonging to the vertex A; 
for, by the nature of the parabola, the parameter 


belonging to the vertex A, is equal to 1. 


© wherefore, the velocity acquired in falling from E 


to C, is to the velocity acquired in falling down the 


fourth part of the parameter, as the ſquare root of 


EC to the ſquare root of 4 8 „ which ſquare 


roots are to one another, as EC to AE, as may 
appear by . multiplying each into the ſquare root of 

C; ſo that the velocity acquired in falling thro? 
a fourth part of the parameter belonging to the 
vertex A, and the velocity of the project in the 
point A, have one and the ſame proportion to the 
velocity acquired in falling from E to C; conſe- 
quently, from the nature of proportionals, thoſe 


Hence 
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Hence it follows, that if projects move through LE Sr. 
the ſame or different parabolas, the ſquares of their XI. 
velocities in the ſeveral points of the parabolas, are — 
to one another, as the parameters belonging to the 
reſpective points; for, ſince the velocities in the 
ſeveral pa are equal to the velocities acquired in 
falling down the fourth part of the parameters be- 
longing to thoſe points, and ſince the ſquares of 

the velocities acquired in falling down the fourth 
part of the parameters, are to one another as the 
ſpaces deſcribed, as I proved in my lecture upon 
gravity, it 1s evident that the ſquares of the velo- 
cities wherewith projects move thro? the ſeveral 
points of the parabolas which they deſcribe, are to 
one another in the ſame proportion with the quarter 
. of the parameters belonging to thoſe points; 

t the quarter parts of the parameters being to one 
another as the whole parameters, the ſquares of the 
velocities in the ſeveral points of the parabola*s muſt 
bear the ſame proportion to one another, that the 
parameters do which belong to thoſe points. 

Since this is the caſe, and ſince by the nature of 
the parabola the principal parameter is leſs than any 
other, and that the other parameters grow larger 
as the points to which they belong are more diſtant 
from the principal vertex ; if a project be caſt ob- 
liquely upward, as in Fig. 4. from A towards E, its Pl. 6, 
velocity muſt continually decreaſe as it riſes and ap- Fig. 4, 
proaches the uppermoſt point P, wherein the velo- 
city being leaſt muſt thence increaſe continually as 
the project deſcends and recedes from the point P; 
and as in one and the ſame parabola, where the diſ- 
tances of any two points -as A and K, from the 
e vertex P, are * the parameters be- 
onging to thoſe points are likewiſe equal; it is mani- 
feſt, that a project muſt have equal velocities in thoſe 
points; and of conſequence, ſetting aſide any diffe- 
rence which may ariſe from the reſiſtance of the = 
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LE r. thc project will, ceteris paribus, ſtrike a mark as 
XI forcibly in the point K as it does at its firſt ſetting 
| out in the point A. | 
The velocity wherewith a project is thrown being 
given, the velocity thereof in any point of the curve 
may be thus determined. In the parabola of Fig. 3. 
let the axis BA be continued upward to D, ſo as that 
DB may equal the height from which a body muſt 
fall, in order to acquire the ſame velocity where- 
with the project ſets our from G; then from any 
int in the curve taken at pleaſure as K, let the 
orizontal line KL be drawn, and the velocity of 
the project in the point K, will be to the velocity 
wherewith it began its motion from G, as the ſquare 
root of DL,, to the ſquare root of DB. For, in 
my lecture upon gravity, I proved, that if a body 
be thrown directly upward from B towards D, with 
the ſame velocity that it acquires in falling from 
D to B, it will in any point of its aſcent as L, have 
the ſame velocity that it would acquire in falling 
from D to that point ; but the velocity acquired in 
the deſcent from D to L, is to the velocity acquired 
in the deſcent from D to B (which velocity is by 
ſuppoſition equal to the velocity wherewith the bo- 
dy 1s thrown up) as the ſquare root of DL, to the 
ſquare root of DB ; and by the eighth Prop. of my 
laſt lecture, the velocity of the — at K, is the ſame 
with the velocity at L; conſequently, the velocity 
thereof at K, is tothe velocity wherewith it ſet out from 
G, as the ſquare root of DL, to the ſquare root of DB. 
Whence it follows, that if DB be equal to 1600 
feet, and DL to 400, the velocity of the project at K, 
is but one half of the velocity which it had at its ſet-· 
ting out from G; and if DL be equal to goo feet, 
then is the velocity at K, three fourths of the velo- 
city at G; ſo that a project being thrown oblique- 
ly upward with ſuch a velocity as would carry it to 
the height of 1600 feet if thrown directly upward, 


will 
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will loſe a fourth part of its velocity by the time it Lz r. 
has riſen to the perpendicular height of 700 feet, XI. 
and one half of its velocity when it has riſen 500 — " 
feet more. 

The velocity wherewith a project is thrown from 
any given place being given, as alſo the poſition of 
a mark, the directions wherein the project muſt be 
thrown, in order to hit the mark, may be determin- 
ed in the following manner. 

Let A be the place from whence the project is Pl. 6. 
thrown, C the mark ſituated in the line AC whoſe Fig- 6. 
length 1s given, as alſo the angle CAB, which it 

es with the horizontal line AB; at A erect the 
perpendicular AP, equal to the parameter belong- 
ing to the point A, which parameter is given, in- 
aſmuch as the velocity wherewith the project is caſt 
from the point A is given; for it is equal to four 
times the height from which a body muſt fall in or- 
der to acquire that velocity. Let AP be biſſected 
by the line KH, cutting it perpendicularly in G; 
at A erect AK perpendicular to AC, and let it be 
continued till it meets KH. From the point of con- 
courſe K, with the radius KA, let the circle AHP 
be deſcribed. This being done, let a right line as 
BCEI, be erected perpendicular to the horizontal 
line AB, ſo as to paſs thro? the mark C, and if 
poſſible to cut the circle in two points as E and I ; 
AE and AI are the _— in either of 
which, the proy with the given velocity, 
1 We 

For, drawing the lines PE and Pl, the angles 
CAE and APE are equal, from the nature of the 
circle; and from the nature of parallel lines, the 
angles CEA and EAP are equal; conſequently, 

the triangle AEC is ſimilar to the triangle PAE; 
and therefore, PA is to AE, as AE to EC; where- 
tore, multiplying the extremes and means, and di- 


viding by EC, PA is equal to 2 In like man- 


ner 
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Le cr. ner, the triangles PAI and CAI being ſimilar, PA 


XI, 
A equal to 54. Wherefore, ſince PA is equal 


to the parameter at the point A, it follows, from 
the nature of the parabola, that thoſe parabolas 
which the project deſcribes when thrown in the di- 
rections AE and AI, muſt paſs thro* the point C 
conſequently, the mark will be hit by a project 
thrown in either of thoſe directions. 

Whenever the mark is placed at ſuch a diſtance 
from A on the line ACM, ſuppoſe at M, as that the 
perpendicular NMH which paſles thro? the mark, 
becomes a tangent to the circle at H, the mark is 
then at the utmoſt limit on the line AM, to which 
a project thrown with the given velocity can reach, 
and there 1s but one direction, to wit AH, where- 
with the mark can be hit; for it is evident, that any 
other direction muſt terminate in ſome point of the 
circumference above or below the point H ; whence 
if a perpendicular be let fall to the horizontal line 
AN, it muſt of neceſſity fall on this fide of HN 
with ref] pect to A, and of conſequence, cut the line 
AM in a point leſs diſtant from A than is the 
point M. 

The line AH, which denotes the direction of the 
project, when thrown to the greateſt diſtance poſ- 
ſible on the line AM, biſſects the angle PAM, | 
which meaſures the viſible diſtance between the ze- 
nith or vertical point P and the mark M. For, by 
the nature of the circle, the angle MAH is equal ( 
to the angle HPA; and foraſmuch as in the tri- t 
angles HPG and HAG, the ſides PG and AG are Je 
equal by conſtruction, and GH common to both, 8 
and the angles at G right ones, the angle HPO is 0 
equal to HAG, conſequently, HAG or HAP is a 
equal to MAH, that is, the angle PAC is biſſected Jet 
by the line AH, Pe 


if 4 
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If the line ACM be ſituated below the horizontal Ls c T. 
line AN, which is the caſe when the mark is ſeated XI. 
on a deſcent, let all things be conſtructed as before, I - 

and the fame things will obtain; to wit Al and pig. 5. 


AE, vill be the directions neceſſary to hit the mark 
at C; and the line AH vill bifſect the angle PAM, 
which meaſures the apparent diſtance between the 
zenith and the mark; and the point M will be the 
utmoſt limit on the line AM, of a project thrown 
with the given velocity ; the demonſtrations of 
which are exactly the ſame as in the foregoing 
caſe. | 

If the mark be placed on a level, the line ACM 


will coincide with the horizontal line ABN, and pl. 6. 
the parameter AP, will paſs thro' the center of the Fig. 8. 


circle and become a diameter, the points K and G 
coinciding. 

In this caſe, the horizontal diſtance of the mark, 
to wit AC or AB, is as the fine of the doubled 
angle of elevation ; or in other words, the hori- 
zontal range, or the diſtance to which a project is 
thrown on the plane of the horizon with a given 
velocity, is as the fine of the doubled angle of ele- 
vation, 

For AC, the horizontal range of a project thrown 
with a given velocity in the direction AE, is equal 
to DE, the ſine of the angle AKE; but, from 
the nature of the circle, the angle AKE is double 
the angle APE, which is equal to CAE, the angle 
of elevation; conſequently, AC, the horizontal diſ- 
tance of the mark, or the diſtance to which a — 
ject is thrown on the plane of the horizon with a 
given velocity, is as the ſine of the doubled angle 
of elevation. 

Hence it follows, that in order to throw a pro- 
ject with a given velocity, to the greateſt diſtance 
poſſible on the plane of the horizon, the direction 
of the projection muſt be elevated in an angle of 45 
degrees; for, ſince the ſine of twice 45 or 90 de- 

B b grees 
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LxcT. grees is equal to the radius, and of conſequence, the 
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greateſt of all the ſines; and ſince the horizontal 
ranges at the ſeveral angles of elevation are to one 
another, as the ſines of the doubled angles of eleva- 
tion, it is manifeſt, that the greateſt range, or as it 
is uſually called by gunners, the greateſt random, 
muſt be when the project is caſt in a direction whoſe 
elevation is 45 degrees; moreover, the greateſt ran- 
dom is ever equal to one half the parameter at the 
point from which the project ion is made; for the 
line AM, which expreſſes the greateſt random, is 
equal to the radius KH, or half the diameter AP, 
which by the conſtruction, is equal to the parame- 
ter belonging to the point A; fo that where the 
velocity with which a project is thrown is given, the 
utmoſt diſtance which that project can reach on the 
horizontal plane, is likewiſe given; for it is equal 
to twice the height, from which a heavy body muſt 
fall in order to acquire the velocity wherewith the 
project is thrown ; the parameter belonging to the 
point A, having been already proved equal to four 
times that height. 

A ſecond conſequence of the horizontal ranges 
being as the fines of the doubled angles of elevation 
is, that if two projects be thrown with equal velo- 
cities, in directions whoſe elevations are equally diſ- 
tant ſrom 45 degrees above and below, for inſtance, 
if the elevation of one be 60 degrees, and that of 
the other 30, whereof the former exceeds 45 de- 
grees, and the latter falls ſhort thereof by 15 de- 
grees, the horizontal ranges will be equal; or, in 
other words, the two projects will fall on the plane 
of the horizon, at the ſame diſtance from the place of 
projection; for as the ſum of any two arches of a 
quadrant, whereof one exceeds 45 degrees, as much 
as the other is exceeded thereby, is equal to a qua- 
drant, it is manifeſt, that two ſuch arches are com- 
plements to each other; wherefore, ſince by the na- 
ture of the circle, the ſine of a doubled arch is equal 

| to 
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to the ſine of its doubled complement, the ſines of 
the doubled angles of two elevations equally diſtant 
from 45 degrees above and below, muſt be equal; 
and ſo of conſequence muſt the horizontal ranges 
which are proportional to thoſe ſines. And thus it 
would conſtantly be, were it not for two cauſes which 
do in ſome meaſure diſturb this law of projects, fo 
as to make the horizontal ranges of the higher ele- 
vations to fall ſhort of thoſe of the lower. 

The firſt of theſe diſturbing cauſes is the air, 
which as it reſiſts, and thereby retards the motions 
of projects, muſt, ceteris paribus, cauſe a greater 
retardation in thoſe motions which are of longeſt 
continuance ; conſequently, ſince the higher the 
elevation of the direction is, the longer is the time of 
the project's motion, as ſhall be ſhewn hereafter ; 
if the directions wherein two *. are caſt with 
equal velocities, be equally diſtant from 45 degrees, 
the one above and the other below, the project which 
is thrown in the higher direction, will be more re- 
tarded than that which is thrown in the lower; and 
of courſe, will fall on the plane of the horizon at 
a leſs diſtance from the place of projection. 

The ſecond diſturbing cauſe, obtains with regard 
to ſuch projects only as are thrown by the force of 
gun-powder. As the force of the powder acts upon 
the ball during its continuance in the barrel, ſo does 
it likewiſe to ſome diſtanc the muzzle z 
and by ſo doing makes the ball to move forward in 
a right line, which line is commonly called the line 
of impulſe of fire; at the end of which, the ball 
quitting the blaſt of the powder, begins to move in 
the curve of a parabola, fe pus = — 

Now, tho the air gave no reſiſtance to projects, 
yet muſt the horizontal ranges of a ball ſhot out of 
the ſame peice with equal charges, in two directions 
equally diſtant above and below 45 degrees, be dif- 
ferent on account of the different directions of the 

Bb2 line 


157 


Lecr. 
XI. 


＋ 
42.7. 
2 


Cre 


188 


XI. 
[ 


Pl. 6. 
Fig. 9. 


Or TAE MOTION or PROJECTS. 


Lor. line of impulſe of fire; for, let us ſuppoſe a gun at 


A, to dlcbarge two equal balls with equal quanti- 
ties of powder, one in the direction AB, and. the 
other in the direction AC, AB being as far above 
4.5 degrees, as AC is below it; andlet AB and AC 


. denote the lines of impulſe of fire, fo that at B and 


C the balls will begin to move in parabolic curves 
from which points let fall the perpendiculars BD 
and CE; it is manifeſt, that AD, which is the 
fine of the complement of the higher elevation, 
will denote that part of the horizontal range which 


is owing to the line of fire, when the project is 


thrown according to the higher elevation; and 
AE, the ſine of the complement of the lower ele- 
vation, will be that part of the horizontal diſtance, 
which is owing to the line of impulſe when the 
project is thrown according to the lower ele- 
vation; conſequently, ſince the ſine of the com- 
plement of a leſſer angle is ever greater than that of 
a larger angle, the horizontal range of the lower 
elevation muſt exceed that of the higher, ſo that 
where projects are thrown with the ſame velocity by 
the force of powder, in directions equally diſtant 
above and below 45 degrees, thoſe muſt range far- 
theſt which are thrown according to the lower ele- 
vations, as well on account of the line of fire, as of 
the reſiſtance of the air. 

The altitude to which a proje riſes, is as the 
verſed fine of tit doubled angle of elevation; for 
the proof of which, let AE be the direction of the 
projection, and let AC or AB be biſſected in T, 
and from the point of biſſection erect the perpen- 
dicular TR; Yacg the, point T is equally diſtant 
from A, where the project begins its motion, and 


from B, where the motion of the project ceaſes, 


TR will be the axis of the parabola which the pro- 
ject deſcribes; and, from the nature of the parabola, 
will be biſſected in V by the principal vertex ; 
wherefore, TV will be the height to which the pro- 


ject 
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| jet riſes ; but, from the nature of ſimilar triangles, LR cr. 


ſince AT is one half of AC, TR is likewiſe one 
half of CE, and conſequently, TV one fourth of 
CE ; wherefore, from the nature of proportionals, 
TV is as CE; but CE is equal to AD the verſed 
{ine of the angle AKE, which by the nature of the 
circle, is double APE; and APE is likewiſe, by 
the nature of the circle, equal to BAE the angle 
of elevation; wherefore, IV, or the height to 
which the project riſes, is as CE the verſed fine of 
the doubled angle of elevation ; hence it follows, 
that the greater the elevation is, the higher the pro- 
ject will riſe, inaſmuch as the verſed fines of the 
doubled angles of elevation increaſe continually with 
the elevation, tilt at length the elevation becoming 
perpendicular, the verſed fine of the doubled eleva- 
tion becomes equal to the diameter, which being the 
greateſt of all the verſed fines, the altitude of the 
perpendicular projection muſt likewiſe be greateſt ; 
and it is equal to one fourth of the parameter; for, 
I ſhewed you in my lecture upon gravity, that if a 
body be thrown up with any velocity, it willriſe to 
the ſame height, from whence if it tell from a ſtate 
of reſt, it would by the end of the fall acquire the 
ſame velocity wherewith it is thrown up; and in 
this lefture I proved, that the velocity wherewith 
a project moves in any point of the parabola, is equal 
to the velocity acquired by a heavy body in falling 
down the fourth part of the parameter belonging to 
that point; conſequently, a project thrown up with 
a given velocity trom the point A, will riſe to a 
height equal to the fourth part of the parameter be- 
longing to that point, Hence it appears, that the 
greateſt height of the perpendicular projection, is 


equal to half the greateſt random, inaſmuch as the. 

greateſt random has been proved equal to half the 
meter belonging to the point A. 

The time of the flight of a project thrown with 

a given velocity, is as the ſine of the angle of eleva- 

tion; 
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f LE r. tion: for inſtance, the time of the flight of a pro- 
li XI. jet thrown with a given velocity in the direction 
a AE, is as the ſine of CAE, the angle of elevati- 
on; for ſince the project moves thro? the curve of a 
1 parabola from A to C, by vertue of its uniform mo- 
tion in the direction AE, and of its accelerated mo- 
tion in the direction EC, it is evident, that the 
time of its flight thro? the parabola, mult be equal 
to the time of, its uniform motion from A 10 E 3 
but as the velocity is given, the time of the motion 
from A to E, muſt be as the ſpace deſcribed, that 
is, as AE; or by the nature of proportionals, as one 
half of AE; but AE being the chord of the arch 
AE, which meaſures AKE, the doubled angle of 
elevation, one half of AE is equal to the ſine of 
half the arch AE, that is, to the ſine of the arch 
which meaſures CAE, the angle of elevation; con- 
ſequently, the time of the flight is as the ſine of the 
angle of elevation. Hence it follows, that the 
ter the elevation is, the longer the time of the 
flight will be; as alſo that the time of the perpen- 
dicular flight is greateſt of all, the ſine of the per- 
pendicular elevation being equal to radius. 
If the velocity where with a project is thrown be 
required, it may be determined from experiments 
in the following manner; by the help of a pendulum 
or any other exact chronometer, let the time of the 
perpendicular flight be taken; then, foraſmuch as 
the times of the aſcent and deſcent are equal, the 
time of the deſcent muſt be equal to one half of the 
time of the flight, conſequently, that time will be 
known; and, foraſmuch as a heavy body deſcends 
from a ſtate of reſt at the rate of 16 feet in the firſt 
ſecond of time, and that the ſpaces thro? which bo- 
dies deſcend are as the ſquares of the times; if we 
ſay, as one ſecond is to ſixteen feet, ſo is the ſquare 
of the number of ſeconds which expreſs the time of 
the deſcent of the project, to a fourth proportional, 


we ſhall have the number of feet thro which the 
pro- 
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project fell, which being doubled, will give us the LR r. 
number of feet which the project would deſcribe in XI. 
the ſame time with that of the fall, ſuppoſing it 


moved with an uniform velocity, equal to that 
which it acquired by the end of the fall; which laſt 
found number of feet, being divided by the num- 
ber of ſeconds which expreſs the time of the pro- 
ject's deſcent, will give a quotient, expreſſing the 
number of feet thro* which the project would move 
in one ſecond of time with a velocity equal to that 
which it acquired in its deſcent, which velocity is 
equal to the velocity wherewith the project was 
thrown up; conſequently, the velocity wherewith 
the project was thrown up is diſcovered. To illuſ- 
trate this by an inſtance, let us ſuppoſe half the time 
of the perpendicular flight to be 8 ſeconds ; then, 
as one is to 16, ſo is 64, the ſquare of 8 ſeconds, to 
1024; which being doubled, and then divided by 
8, gives 256 in the quotient; which ſhews that the 
project was thrown upward with ſuch a velocity as 
would carry it, ſuppoſing it moved uniformly, at the 
rate of 256 feet in one ſecond of time. 

Perhaps it may be objected, that the method here 
laid down for Borie the velocities of projects, 
is founded on experiments in which projects are ſup- 
poſed to move freely without any let or impediment, 
whereas the air reſiſts and retards all projects in their 
motions, ſo as not to fuffer them to riſe to the ſame 
height, or to return with the ſame velocity, that 
they would in caſe they moved in vacuo ; in anſwer 
to which, it muſt be confeſſed, that in the experi- 
ments here made uſe of, the air does reſiſt and im- 
pede the motions of projects, ſo-as to ſhorten their 
aſcent, and to leſſen the velocity of their 
return; but then this does very little affect the truth 
of the concluſions which are gathered from theſe 
experiments concerning the velocities, wherewith 
projects begin their motions z for, as in the "—__ 
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LES r. laid down, the only thing neceſſary to be known 


from experiment, 1s the true time of the flight of a 
project, ſuppoſing it to move in vacuo ; if that 
time can be had from theſe experiments, the veloci- 


ty wherewith the project ſets out may be rightly de- 


termined, notwithſtanding the reſiſtance of the air; 
but the time of the flight of a project thrown di- 
rectly upward, is very nearly the fame in vacuo, as 
in the air; for, as much as the time of a project's 
aſcent is ſhortened by the reſiſtance of the air, ſo 
much very nearly is the time of its deſcent len 

ned by the ſame reſiſtance, Oy: the whole 
time of the flight in air muſt be very nearly 
equal to the time of the flight in vacuo ; and there- 
fore, the time of the flight in vacuo is got, by 
taking the time of the flight in air. 


Degrees. Sines. Verſed fines. 
_—_— 
— 9 
60— — 86— — 51 
— 1e 
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Experiments concerning projects made with a ſmall Lz ct, 

mortar, the length of whoſe chaſe was 5% inches; 
the diameter of the ball and chaſe 3% inches; weight Nd 
of the hollow ball 23000 grains ; length of the 
chamber 2 inches, and its diameter + inch, 


XI. 


Quantity of Degrees of Horizontal Times of the 
powder in| elevation. | ranges in flights in half 
grains, feet, ſeconds. 

60 30 135 5 
60 45 150 6 
60 60 120 8 
60 90 11 
4 
90 30 200 6 
90 45 220 8 
90 60 200 94 
90 90 11 
120 30 420 9 
120 45 450 11 
120 60 800 124 
120 go | 16 
140 45 660 15 
140 99 | 18 
180 30 1000 13 
180 45 1100 17 
180 60 900 21 
180 90 26 
240 45 1750 10 ry 
240 60 1390 25 
240 90 32 
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LECTURE. XII. 
Or HYDROSTATICKS. 


LET. IN this lecture I ſhall give you an account of the 


gravitation and preſſure of waTER, and ſuch 


other FLv1Ds, as are commonly called LI Guis. 


S * 
4 444 


A fluid in general is a body, whoſe parts yield to 
any force impreſſed, and in yielding are eaſily 
moved one among another. 

The minute particles of fluids do not feem to 
differ from thoſe of ſolid bodies; inaſmuch as fluids 
and ſolids are frequently converted into one ano- 
ther, Thus water and watery fluids are by cold 
changed into ice; which by heat is again reduced 
to its fluid ſtate, Metals of alt kinds Gs melted 
become fluid, and upon cooling grow ſolid again. 
The moſt ſolid and ponderous woods, as alſo the 
hardeſt ſtones may by the forte of fire, in a great 
meaſure be converted into water, as is well known 
to the chymiſts. And there are not wanting in- 
ſtances in nature of the groſſeſt bodies being turned 
into the ſubtile fluids of air and light, and theſe 
again into groſs bodies. Which changes can ſcarce- 
ly be accounted for, unleſs we ſuppoſe the minute 
particles of fluids to be of the ſame nature with thoſe 
of ſolid bodies. But be this as it will, moſt certain 
it is, "ay fluids as well as ſolids conſiſt — my 

rticles, whoſe gravity is ever proportional to the 
— — of —— which they n This hav- 


ing been found as far as experience reaches to be the 


univerſal property of matter, whatever be the form 


under Which it appears. Moſt indeed of the an- 


tient naturaliſts, not being ſenſible of any weight or 
preſſure from the air about them, or from the in- 
- cumbent water when immerſed therein, were of opi- 


633. 


nion, that the parts of one and the ſame — 
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did not gravitate one upon another; which opinion LRT. 
has been exploded by the moderns as erroneous ; XIL 
and that it is ſo, will appear from the following ex- 
periment. | | | 

Let an empty phial cloſe ſtopped and immerſed Exp. 1, 
in water, be ſuſpended from one end of a ballance 
and poiſed ; then let the ſtopple be taken out, that 
the water may run in, the phial upon receiving the 
water will preponderate, and bear down the arm of 
the beam from which it hangs ; which evidently 
proves, that the parts of water retain their gravity 
in water, ſo as to preſs and bear down upon the 

arts beneath them; otherwiſe the phial would not 
me heavier upon the admiſſion of the water, 

From the gravity of the parts it follows, that 
ſerting aſide all external impediments, the ſurface. \ 
of a 11quid contained in a veſſel muſt be ſmooth and 
level; for ſhould any part ſtand higher than the | 
reſt, it muſt deſcend by the force of its gravity, 
and in ſo doing, ſpread and diffuſe it ſelf till it 
comes to be on a level with the other parts. As the 

vity of the parts reduces the upper ſurface to a 
cl. ſo does it likewiſe occaſion a preſſure on the 
lower parts, greater or Jeſs in proportion to. their | 
depth below the ſurface, each part ſuſtaining a 
preflure equal to the weight of all thoſe which lie | 
above it ; whence it follows, that the parts which 
are at equa] depths below the ſurface, are equally 
preſſed, and of conſequence muſt be at reſt, contra» a 
ry to the opinion of thoſe, who make the nature of *. 
fluidity to conſiſt in the conſtant. actual motion of. 
the parts one among another. Should this equality 
of preſſure at any time be deſtroyed, then indeed a 
motion will ariſe in the parts of the fluid, and con- 
tinue till the preſſure becomes equal again, . as may 
appear from the following experiment ; whereby 
the truth of what has been ſaid concerning the preſ- 
ſure of the ſuperior parts of fluids on thoſe beneath 
them, will likewiſe be confirmed. 4a | 
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Take a glaſs tube open at both ends, and ſtop- 
ping one end with a finger, immerge the other in 
water to any depth whatever; upon the immerſion, 
the water will riſe in the tube, but the height to 
which it riſes, whilſt the upper orifice continues ſtop- 

„ will be but finall ; but upon removing the fin- 
ger, it will riſe to the ſame height with the water 
without.“ 

When the tube is immerſed, that portion of wa- 
ter which lies beneath the orifice ceaſes to be equal- 
ly preſſed with the other portions that are at the 
ſame depth; for that portion bears no other preſ- 
ſure than what ariſes from the ſpring of air included 
in the tube, (which preſſure is equal, as ſhall be 
ſhewn hereafter, to the preſſure ariſing from the 
weightof the external air ) whereas, theother portions 
do not only bear the preſſure of the air, but like- 
wiſe the weight of the incumbent water ; foraſmuch 
therefore, as the portion of water which lies beneath 


the orifice, is preſſed down leſs forcibly than the ad- 


Jacent portions, it muſt give way and riſe in the 
tube, but the height to which it riſes, whilſt the up- 
per orifice of the tube continues ſtopped, can be but 
ſmall ; .becauſe, as the water riſes it compreſſes the 
air in the tube, and thereby ſtrengthens its ſpring, 
ſo as to make it preſs with greater force ; and when 
the air is ſo far compreſſed by the riſing water, as 
that the force of its ſpring, added to the weight of 


* the elevated water, makes the ſame preſſure on that 


portion of water which lies beneath the orifice, as 


the joint weight of the atmoſphere and external wa- 


ter does on the other portions, which are at the 
fame depth with the former, then the water ceaſes 


to riſe. Upon opening the upper orifice of the 


tube, by the removal of the finger, the compreſſed 
air finding a paſſage thro? that orifice, expands and 
dilates it ſelf till it becomes of an equal denſity with 
The water is tinged of bl our with 
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the external air; by which means, the preſſure ari- Lz c T. 


ſing from the condenſation of the air is taken off, XII. 


— of conſequence, the water which lies beneath 
the orifice 1s Jeſs preſſed than the adjacent portions, 
and for that reaſon muſt riſe, and continue ſo to do, 
till the elevated water in the tube gravitates as for- 
cibly on the water beneath the orifice, as the exter- 
nal water does on the neighbouring portions ; but 
this it cannot poſſibly do, till it comes to be of an 
al height with the external water, 

Should a lighter liquid be poured on the external 
water, the water within the tube will riſe yet high- 
er than before; and the height to which it riſes 
above the ſurface of the external water, will be fo 
much leſs than the height of the lighter liquor above 
the ſame ſurface, by how inuch the ſpecifick gravi- 
'y of the water exceeds that of the lighter liquor; 
or inſtance, if the ſpecifick gravity of the water be 


to the ſpecifick gravity of the lighter liquor, as two A. #— 


to one, the height of the water in the tube above the 


level of the external water, will be to the height of the 4-4 


lighter liquid, as one to two; becauſe in that caſe, one 


part of water makes an equal preſſure with two parts of 


the lighter liquid. To illuſtrate this by an experiment, 


Let oil of turpentine, whoſe ſpecifick gravity is Exp. 3. 


to the ſpecifick gravity of water, as 83, to 100, be 
poured on the external water to the height of 8 
inches and an half, and the water will riſe in the 
tube to the height of 7 inches and 3 above the le- 


vel of the external water; that is, the heights of 


the water and oil will be in the reciprocal proporti- 
on of their ſpecifick gravities; for 7 and 23 is to 8 
and 3, or, which is the ſame thing, 73 is to 85, 
very nearly, as 83 to 100. | 

The ſame thing 1s in like manner confirmed by 
the following experiment. 


Let one end of a ſmall tube open at both ends, Exp. 4. 


be immerſed in mercury contained in a larger tube, 
and let water be paured upon the mercury Br the 
| ger 
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Le r. larger tube to the height of 34 inches; the mercu- 


XII. 
ches and an half above the level of the mercury 


o 


. 


ry will riſe in the ſmaller tube to the height of 2 


in the larger tube; ſo that the height of the mer- 
cury in the ſmaller tube above the level of the mer- 
cury in the larger, will be to the height of the wa- 
ter above the 2 level in the reciprocal proportion 
of their ſpecifick gravities; for 2+ is to 34, as 1 to 
137, which numbers expreſs the proportion of the 
ſpecifick gravity of water to that of mercury. 
The preſſure which the lower parts of a liquid 
{ ſuſtain from the weight of thoſe which lie above 
them, exerts it ſelf every way in all manner of di- 
| reftions, and that equally ; or in other words, what- 
ever be the force wherewith a drop of any liquid is 
26652 downward by the weight of the incumbent 
iquid, with the very ſame force is that drop preſſed 
upward, as alſo laterally and obliquely, and in a 
Word, in all kind of directions whatever; otherwiſe 


{ drop, which from the nature of fluidity, readily 


yields and gives way to any impreſſion, muſt by 
reaſon of the preſſure from above move out of its 
place; but this it cannot poſſibly do, becauſe the 
drops all around it being equally preſſed from above, 
do on all ſides reſiſt the motion of that drop, with 
the ſame force that it endeavours to move; conſe- 
quently, the drop muſt continue at reſt, and be 


a on all ſides with the ſame force that it is 
rom above; and what has been thus proved of one 
drop, is in like manner demonſtrable of all the reſt; 
and therefore, the preſſure on the lower parts of a 
liquid exerts it ſelf equally every way, as will ap- 
from the following experiment. | 

Let four tubes open at both ends be immerſed in 
water to the ſame depth, their upper orifices being 
firſt ſtopped, and let the lower orifices be ſo ſitua- 
ted, as that the water in entring may move directly 
upward in one, and directly downward in another, 
, | obliquely 
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upon opening the upper orifices, the water will riſe 
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obliquely in a third, and horizontally in the fourth 3 L 1 * 


in all of them to the ſame height with the external — 


water, as being preſſed in the ſeveral directions with 


a force equal to the weight of the incumbent - 


water, 

From the preſſure of liquids upwards it is, that 
ſolid bodies Pecifically lighter than liquids, are 
made to aſcend when immerſed therein, For when 
a ſolid body is immerſed in a liquid, it preſſes that 


part of the liquid whereon it reſts, with a force equal + 


to the weight of a column compoſed of the body it 
ſelf, and that portion of liquid which lies upon it ; 
and the water preſſes upward againſt the body, with 
a force equal to the weight of a like column of the 
liquid alone ; which force, inaſmuch as the liquid is 
heavier than the ſolid, muſt overcome the force 
wherewith the body preſſes downward, and of con- 
ſequence, the body muſt riſe with the difference of 
thoſe forces; as ſhall be ſhewn more fully in my 
next lecture. If by any contrivance the preſſure of 
the liquid from beneath can be taken off, a body 
tho? ſpecifically lighter will not riſe in a liquid but 
remain immerſed, as in the following experiment. 


| 


| 


| 
| 
| 
| 


A braſs plate being joined to one end of a cylin- Exp. 6. 


drical piece of wood, and another plate of the ſame 
ſize and ſhape being fixed in water; let the cylin- 
der be totally immerſed, and let its plate be laid up- 
on the other in ſuch a manner, as that no water 
may get between; the cylinder tho' ſpecifically 
lighter will remain beneath the water, being preſſed 
down by its own weight and that of the incumbent 
water, whilſt the contrary preſſure of the water from 
beneath, is kept off by means of the plate whereon 
the cylinder reſts. / 

As bodies ſpecifically lighter than liquids, are 


forced up, on account of the preſſure from below - 


being greater than the force wherewith the bodies 
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preſs downward ; ſo on the other hand, bodies ſpe- 


cifically heavier muſt ſink, becauſe the force where- 
with they preſs downward exceeds the preſſure from 


| | beneath which 1 their deſcent; and the force 


wherewith they deſcend is equal to the difference of 
thoſe forces; as ſhall likewiſe be ſhewn in my next 
lecture. If by any contrivance thoſe two forces 
can be reduced to an equality, then the bodies will 
not deſcend but remain ſuſpended in the liquid ; as 
in the following experiment. 

Let a braſs plate, whoſe ſpecifick gravity is to 
that of water, as 9 to 1, be adapted to the neck of 
a glaſs veſſel in ſuch a manner, as that being im- 
merſed in water no part of the water may get up- 
on-its upper ſurface ; let it then be immerſed to the 
depth of nine times its own thickneſs, (that is, to 


the depth of 2 inches and 28, the thickneſs of the 


Exp. $ 


plate being +3 of an inch) and it will remain ſuſ- 
pended 3 but upon pouring ever ſo little water upon 


its upper ſurface, it will immediately deſcend and 


fall to the bottom, | 
The plate being immerſed to the depth of nine 
times its own thickneſs, is preſſed upward by a force 
equal to the weight of a column of water, whoſe 
height is nine times as great as the thickneſs of the 
plate; which weight, inaſmuch as the ſpecifick gra- 
vity of the water is to that of the plate, as 1 to , 
is equal to the weight of e that is, to the 
force where with the plate preſſes downward ; for as 
none of the water lies on its upper ſurface, it can 
preſs downward with no other force than what ariſes 
from its own gravity z conſequently, in this caſe, 
the force which reſiſts the deſcent, is equal to the 
force which promotes it, and of courſe, the plate 
muſt remain in its place. When a little water is 
poured on the plate, the weight of that added to the 
weight of the plate, overcomes the reſiſting force 
of the water, and cauſes the plate to deſcend. Should 
the plate be immerſed to twice the former depth, 
| N 
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it will not deſcend tho?” loaded with water to the LE cr. 
height of nine times its own thickneſs ; for as in | XII. 
this caſe, the depth to which it is immerſed is 
double the former, ſo likewiſe is the force where- 
with the water preſſes upward ; conſequently, that 
force is ſufficient to ſupport twice the weight of the 
plate, and therefore will ſuſtain the plate when load- 
ed with water, to the height of nine times its own | 
thickneſs, ſuch a quantity of water being juſt equal 
in weight to the plate. 

If by pouring on more water, the force where- - 
with the plate preſſes downward be increaſed, or by 
railing the plate nearer to the ſurface of the water, 
the force wherewith the water preſſes upward be di- 
| miniſhed, the plate will fall to the bottom; and on 
the other hand, if by immerſing the plate to a great- 
er depth, the preſſure of the water upward be in- 
. creaſed, the plate will be thurſt upward againſt the 
1 glaſs, and would actually — it not hin- 

dered by the glaſs. 
From what has been ſaid it follows, that if S be 

e put to denote the number expreſſing the ſpecifick | 
e vity of the plate, that of water being unity; D 
ſe the depth to which the plate is immerſed ex . 
* in the thickneſs of the plate, and H the height 
3. of the water upon the plate likewiſe in the 
9. thickneſs of the plate; D muſt be equal to the ſum 
he of S and H in all caſes where the plate remains ſuſ- 
48 pended; and if there be no water u the plate, 
an then D and S muſt — whividien, it in the | 
ſes I former caſe, D be greater than S and H taken to- 
ſe, I gether, or in the latter, than S alone the plate will 
the I aſcend if not hindred by the glaſs ; and on the other 
ate 
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hand, if D be lefs, the plate will deſcend and fall 

to the bottom. | | 
The preſſure _ A of à veſſel ſuſ⸗ L | 

tains from a liquid contained in it, wha be the 

ſhape of — is equal to the == of a pil- * 

lar of the liquid, whoſe baſe is equal to the area of * 
— D'd mum 
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perpendicular height of the liquor. 


That this is the caſe in veſſels that are equally 
wide from top to bottom, is plain and obvious; in- 
aſmuch as the bottom of every ſuch veſſel does ac- 
tually ſuſtain ſuch a pillar of liquor. But that the caſe 
ſhould be the ſame in irregular veſſels, is not ſo eaſy 
to conceive ; for inſtance, that in a veſſel which 
from a large bottom grows narrower as it 


riſe*, ſo as perhaps at length to be contracted into 
a a tube, the bottom ſhould bear the ſame preſſure 


when the veſſel is filled, as it would were the veſſel 
equally wide throughout from bottom to top, ſeems 
ſtrange and ſurprizing, and yet it is what neceſſari- 
ly follows from the nature of fluidity ; for that part 
of the bottom which lies directly beneath the tube, 
ſuſtains the weight of a pillar of liquor which reaches 
to the top of the tube, the veſſel being ſuppoſed to 
be full, and being preſſed with the weight of that 
pillar, reacts with an equal preſſure on that portion 
of the liquor which touches it ; and that preſ- 


_ | ſure, inaſmuch as it exerts it ſelf equally in the li- 


> 


— every way, is propagated laterally thro* the 
eral. portions of liquor which are contiguous to 
the bottom of the veſſel ; and foraſmuch as this la- 
teral preſſure does in like manner exert it ſelf equal- 
ly every way, the bottom of the veſſel muſt be e- 
qually preſſed in every point; conſequently, ſince 
that portion of it which lies beneath the tube, bears 


a preſſure equal to the weigh: of a pillar of liquor, 


whoſe height reaches to the top of the veſlel, every 
other equal portion muſt bear a preſſure equal to the 
fame weight; and of courſe, the whole bottom muſt 


\bepreſſed as forcibly, as if the veſſel continued of 
the ſame wideneſs to the top, and was filled with 
the liquor. 


To confirm this by an experiment. Let there 
be two Flaſſes open at both ends, and of ſuch ſhapes 
as are exhibited in the two figures, whole lower re 


[ 


Or HYDROSTATICKS. 203 


MN are cylindrical and equal, and of a capacity LR r. 
juſt ſufficient to admit the braſs plate made uſe of in XII. 
the laſt experiment; which muſt be fitted to each 
of them ſucceſſively, in order to conſtitute two veſ- 
ſels of equal bottoms, but of different capacities; 
and being ſo fitted, let it be immerſed in wa- 
ter, as in the laſt experiment, to ſuch a depth, as 
that it will be neceffary to load it with water in or- 
der to make it fink ; that is, let the depth be more 
than nine times the thickneſs of the plate, which 
depth muſt be the fame in both caſes; let then 
. water be poured on the plate, and let it be obſer- 
ved what height of water is requiſite to force down 
the plate when the wider veſſel is made uſe of, and 
it will be found, that the fame height will ſuffice in 
the narrower veſſel; conſequently, the ſmall pillar 
of water in the narrower veſſel, muſt preſs the plate 
with a force equal to the weight of a pillar of water 
of the ſame height, and of a baſe equal to the area 
of the plate; for ſuch a pillar does actually preſs 
the plate in the larger veſlel, as is evident from the 
bare inſpection of the figure, and the preſſures made 
| on the plate in both veſſels are equal, inaſmuch as 
) they overcome equal reſiſtances. | 
| From what has been ſaid it appears, that where 
N the baſe of a veſſel is given, the preſſures upon it 
- are as the perpendicular heights of the liquid, what- 
ever be. the ſhape of the veſſel. And univerſally, the 
$ preſſure on any baſe is meaſured by the product of 
, the area © baſe into the perpendicular height - 
y of the liquor above it, without any regard to the 
e quantity of liquor contained in the veſſel ; fo that if 
we fup ead ſet on one end, and filled 
of with a liquor, and a ſmall pipe to ifſue pe u- 
th larly upward from the other end to any height 
whatever, 'and to be filled with the ſame —— 
the bottom will be as ſtrongly preſſed, and be in 


% much danger of burſting out, as if the hogſhead 
"8 D d 2 was? 


* 
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was continued to the ſame height with the pipe, and 

filled with the liquor. | 
As the bottom of a veſſel bears a preſſure pro- 
portional to the height of the liquor, 1 likewiſe do 
thoſe parts of the ſides which are contiguous to the 
bottom; becauſe the preſſure of fluids is equal every 
way. And as the preſſure which the lower parts of 
a fluid ſuſtain from the weight of thoſe above them 
| exerts itſelf equally every way, and is likewiſe pro- 
portional to the height of the incumbent fluid, the 
ſides of a veſſel mult every where ſuſtain a preſſure 
roportional to their diſtance from the upper ſur- 
ace of the liquor, Whence it follows, that in a 
veſſel full of liquor, the ſides bear the greate(t ſtreſs 
| in thoſe parts next the bottom; and that the ſtreſs 
upon the ſides decreales with the increaſe of the diſ- 
tance from the bottom, and in the ſame proportion 
| ſo that in veſſels of a conſiderable height, the lower 
parts ought to be much ſtronger than the upper, 
that they may be able to withſtand the greater 

| preſſure. 


LECTTRE XIII. 
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Lzer. 1 * this lecture I ſhall explain to you, that part 
XIII. of -'HYDROSTAT1CKS Which is of uſe in diſco- 
eering the denſities and ſpecifick gravities of bodies. 
IT The pensTyY of any body is meaſured by the 
| propottion which its quantity of matter bears to its 
'' bulk. For the more "numerous the. particles of 
matter are in proportion to the ſpace which they 
poles, the greater is the denſity of the body; and 
the fewer the particles, the leſs the denſity ; where- 
fore, putting D to denote the denſity of a 2 
1 


Or HYDROSTATICKS, 
Q its quantity of matter, and M its magnitude, 


D= I and foraſmuch as the quantity of matter. z 


M 
in any body is ever proportional to, and meaſured 
by, the weight, as I ſhewed in my lecture upon gra- 
vity ; if inſtead of the quantity of matter the weight 
of the body be ſubſtituted, and if that weight be 


denoted by W, then D=-;; that is, the denſity 
is as the — of the body directly, and the mag. 
y. 


nitude in ver 

By the ſpecifick gravity of a body is meant the 
gravity peculiar to that ſpecies of matter, whereof 
the body is a part; and it is męaſured by the pro- 
portion of the abſolute weight to the bulk; which 
proportion in one and the Tame Rma of matter, re- 
mains unvaried ; and in different kinds, as this pro- 
portion Is greater or leſs, ſo is the ſpecifick gravity 
which is meaſured by it. Let S denote the ſpeci- 
fick gravity of a body, its weight and magnitude 
being denoted by W and M as before; then, from 


what has been ſaid, SN and by conſequence, 


fince D is likewiſe N, S=D; that is, the ſpec 


fick gravity of a body is as its denſity. And there. 
fore, by finding out the proportion which the ſpe- 
cifick gravities of bodies bear one er, the 
—.— of their denſities is likewiſe diſcovered; 
which reaſon I ſhall take no farther notice of the 
denſities of bodies, but confine my ſelf to the con- 
ſideration of their ſpecifick gravities alone. 
When a folid body is immerſed in a liquid, it 


| preſſes downward, and endeavours to deſcend by 


the force of its gravity ; but foraſmuch as it cannot 
deſcend without moving as much of the liquid out 
of its place, as is equal to it in bulk, it ve 


206 


LEor. 


XIII. 


Or HYDROSTATICKS. 


that it is reſiſted, and, as I may ſay, preſſed upward 
by a force equal to the weight of ſuch a portion of 
the liquid as 18 equal to it in bulk ; conſequently, if 
the ſpecifick gravity of the ſolid be greater than 
that of the liquid, that is, if the ſolid weighs more 
than an equal bulk of the liquid, the body will de- 
ſcend with a force equal to the exceſs of its gravity 
above the graviry of the liquid; on the other hand, 
if the gravity of the liquid exceeds that of the ſo- 
lid, the body being as it were preſſed upward by a 
force greater than that whereby it endeavours to go + 
down, will aſcend with the difference of thoſe forces, 
that is, with a force equal to the exceſs of the ſpeci- 
fick gravity of the liquid above that of the ſolid. 
When the ſpelfick gravities are equal, the body 
will neither vie- nor · fall; but remam ſuſpended at 
any depth; being preſſed as ſtrongly upward by the 
reſiſting force of the liquid, as it is downward by 
its own weight. Hence it follows, that if by any 
contrivance the ſpzcifick gravity of a ſolid can be 
varied, ſo as to be one while greater, another leſs, 
and then equal to the ſpecifick gravity of a liquid 
wherein it is immerſed, the body will fink, or rife, 
or remain ſuſpended according to the variation of its 
2 gravity. And this is the caſe in that lu- 
icrous experiment of the little glaſs images in wa- 
ter, which are made to deſcend, or riſe, or remain 
ſuſpended at pleaſure; the reaſon of which I ſhall 
explain to you, after you have ſeen the edel 
ment. | | 
The images being ſet to float on the water, the 
top of the veſſel muſt be covered with a bladder 


_ cloſely bound about the neck of the veſſel, to the 


end that the air, which lies upon the ſurface-of the 
water, may not force its way out when it is con- 
denſed by the hand preſſing on the bladder. The 
images themſelves tho? lighter, are yet nearly of 
the ſame ſpecifick gravity with the water, and be- 
ing hollow, are full of air, which by means of _— 
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holes in their heels communicates with the air with-Lz cT. 
out. When the air which lies beneath the bladder XIII. 
is preſſed by the hand, it preſſes on the ſurface of WWW 
the water; and foraſmuch as the preflure is propa- 
gated thro' all the water, thoſe portions which are 
contiguous to the heels of the images, are thereby 
forced into the holes, by which means the air with- 
in is condenſed, and at the fame time, the weight of 
the images is increaſed by the additional weight of 
the influent water. And when ſo much water is 
forced in, as to render the ſpecifick gravity of the 
images greater than that of the water, the images 
deſcend and fall to the bottom; where they remain 
as long as the preſſure above continues, but when 
that is taken off by the removal of the hand, the 
condenſed air in the images dilates and expands it 
ſelf, and in ſo doing drives out the water; upon 
which account the images become ſpecifically light- 
er than the water, and of courſe aſcend. As the 
preſſure on the bladder is greater or leſs, ſo muſt the 
quantity of water which is forced into the images; 
| and therefore, whenever it happens that during the 
aſcent or deſcent of an image, ſuch a preſſure is 
made as ſuffices to force in juſt as much water as is 
requiſite to reduce the image to the ſame ſpecifick 
; gravity with the water, the image wag and remains 
, ſuſpended, upon increaſing the preſſure it deſcends, 
1 and aſcgnds if the ſame be leſſened. Some of the 
images begin to deſcend ſooner, as alſo to riſe later, 
than others, for one or both of theſe reaſons ; firſt, 
becauſe ſome are ſpecifically heavier than others; 
d, ſecondly, becauſe the cavities in the legs are 
greater in ſome images in proportion to their mag- 
nitudes, than they are in others; upon both which 
accounts, a leſs preſſure is requiſite to make ſome 
deſcend, and to keep them down, than what is ne- 
ceflary to produce the ſame effects in others. For, 
firſt, let us ſuppoſe the ſpectfick gravities of two 


a 
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to be different, but the cavities in their legs, 


XIII. when taken of a given height, to be proportional 
GW Y'V to their reſpective magnitudes ; ſince the air is equal - 


ly denſe in both images, ic is manifeſt, that it gives 
the ſame oppoſition in both to the influent water; 
conſequently, the water when forced in by the preſſure 
from above, muſt riſe to equal heights in the cavi- 
ties of both; ſince therefore the cavities whoſe 
heights are equal, are ſuppoſed to be proportional to 
the magnitudes of the images, it is manifeſt, that 
the quantities of water contained in thoſe cavities, 
mult be ſo too; conſequently, each image receives 
an addition of weight from the influent water pro- 
portional to its magnitude; or in other words, the 
. ſpecifick gravities of the two images are equally 
augmented z foraſmuch therefore as one of the 
images is ſuppoſed to be ſpecifically heavier than the 
other, it is evident, that when the ſpecifick gravity 
of the former has received ſuch an addition, from 
the influent water, as makes it a little exceed the 
ſpecifick gravity of the water, the ſpecifick gravity 
of the latter muſt fall ſhort thereof; conſequently, 
the former muſt ſink and leave the other a- 
bove. | 
Secondly, Let us ſuppoſe the ifick gravi- 
. but let one 
be leſs in proportion to the cavity in its legs, 
than the other Ein proportion to 2 EK 
height of the cavities being given; ſince the water 
does from the ſame preſſure riſe to an equal height 
in both, it is plain, from what I juſt now wy 
that the former muſt receive a greater quantity 
water in proportion to its magnitude, and conſe- 
quently, a greater addition to its ſpecifick gravity 
3 latter, and of courſe muſt deſcend 
From what has been ſaid it follows, that if the 
proportion which the cavity in the legs bears to 
the magnitude of the image be given, 
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aptitude or promptneſs of an image to deſcend is 
proportional to, and may be expreſſed by, the ſpe- 
ciick gravity. In like manner, if the ſpecifick 
gravity be given, the greater the proportion is which 
the cavity in the leg bears to the magnitude of the 
image, the more apt the image is to deſcend ; and 
therefore in this caſe, the aptitude is proportional 
to, and may be expreſſed by, the cavity applied to 
the magnitude of the image. But if neither the 
ſpecifick gravity of the image, nor the proportion 
of the cavity to the magnitude of the image, be gi- 
ven, the aptitude of an image to deſcend, is as . 
ſpecifick gravity into the cavity applied to the mag- 


nitude of the image; that is, putting A to denote 


the aptitude, S the ſpecifick gravity of the image, 
C the cavity in the leg, (the height whereof is al- 
ways ſuppoſed to be given) and M the magnitude 


of the image; N or, ſubſtituting the abſo- 

lute weight of che image applied to its 2 
b N W 

in the room of the ſpecifick gravity, N 


that is, the x an image has to deſcend, is as 


the weight of the image into the cavity of the leg 
directly, and the ſquare of the images magnitude 
inverſly. ; 

A ſalid ſpecifically heavier than a liquid, being 
immerſed therein, loſes as much of its weight as 1s 
the weight of a portion of the liquid equal to it 1 


bulk; for it has been already ſhewn, that a ſolid is. * 


carried down in a liquid by the exceſs only of its 
gravity, above the gravity of a portion of the liquid 
equal to it in bulk ; conſequently, the other part of 
5 gravity is loſt, as to any effect it has on the body 
it ſelf ; as will appear from the following experi- 
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ment. 
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the ſpecifick gravity of the image is, the more apt LES r. 
it will be to deſcend ; conſequently, in this caſe the XIII. 


11 | 

15 | 

* 210 Or HYDROSTATICKS. 

ht. Lzcr. Let a ſmall cylinder of braſs ſuſpended at one 

1 XIII. end of a ballance and counterpoiſed, be immerſed 

[iy in water; upon the immerſion it will become light- 

i} P. 2. er, ſuppoſe by 200 grains, which is the weight of 
|. » WUppoic uy grains, S 

il as much water as is equal in bulk to the cylinder ; 

for a cylindrical veſſel, juſt large enough to contain 

the cylinder, being hung at one end of a ballance 

and poiſed, and then filled with water, preponde- 

rates with the weight of 200 grains. 

Since a folid when immerſed in a liquid, loſes 
as much of its weight, as is equal to the weight of a 
portion of the liquid of, the ſame dimenſions with 
the ſolid, it follows, that all bodies whatever, whoſe 
magnitudes are equal, however different their ſpe- 
cifick gravities may be, do ſuffer an equal loſs of 
weight in the fame liquid. Thus a cylinder of 
Exp. 3. block-tin, equal in dimenſions to the braſs cylinder, 

but ſpecifically lighter, being immerſed in water, 
loſes 200 grains, as did that of braſs. 

 Tho' a ſolid loſes part of its weight when im- 
merſed in a liquid, yet it muſt not be imagined that 
the weight ſo loſt by the ſolid, is actually deſtroyed, 
but that it is imparted to the liquid, the liquid con- 
ſtantly gaining in weight what the ſolid loſes. 
Exp. 4. For if the veſſel with the water wherein the cylin- 
ders were immerſed, be put into a ſcale and poiſed; 
upon the immerſion of either cylinder, it will pre- 
ponderate with the weight of 200 grains, which is 

what the cylinder loſes. | 
Solids equal in weight but of different ſpecifick 
gravities, being immerſed in the ſame liquid, ſuffer 
oſſes of weight reciprocally proportional to their 
ſpecifick gravities; for as the loſs of weight which 
any body ſuffers in a liquid, is equal to the weight 
of as much of the liquid as is, equal in bulk to the 
ſolid, the loſs ſuſtained is ever proportional to the 
magnitude of the body; whatever proportion there- 
fore the magnitudes of bodies have to one another, 
the ſame will the loſſes of weight have which they 
ONES =, 6 \ ſaffer 
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ſuffer ; but the magnitudes of bodies equal in weight, Le c T, 
but of different ſpecifick gravities, are to one ano- XIIL 
ther in the e proportion of their ſpecifick WWW 
gravities; conſequently, ſo are the loſſes of weight 
which they ſuffer. Which is confirmed by the fol- 
lowing experiment. | | 
Let two cones, one of lead, the other of tin, Exp. g. 
whoſe ſpecifick gravities are to one another, as 112 | 
to 74, and the weight of each 400 grains, be im- _. &l 
merſed in water, after the mannqʒ of the cylinder; ®*.* +: : 
upon the immerſion, the lead will loſe 34 grains, 
and the tin 54 ; but 35 is to 54, as 74 to 112, 
that is, reciprocally as the ſpecifick gravities of 
the metals. 
From the loſſes of. weight being reciprocally pro- Exp. 6. 
portional to the ſpecifick gravities, it follows, that 
if two bodies of different ſpecifick gravities, which 
ballance each other in air, be immerſed in water or 
any other liquor, the equilibrium will be deſtroyed, 
and that which has the greateſt ſpecifick gravity will 
deſcend 3 as will appear, by hanging the cones, one | 
at each end of a ballance, and then immerſing them 
in water, for the lead will preponderate. of 
The ſpecifick gravity of a ſolid ſpecifically hea- 7 ä 
vier than a liquid, is to the ſpecifick gravity of th 
liquid, as the abſolute hight of the ſolid, to the , 
loſs of weight which it ſuffers in the liquid; for the 57 
ſpecifick gravities of bodies being as the abſolute * 
weights applied to the magnitudes, where the 
magnitudes are equal, the ſpecifick gravities are di- 
re&ly as the abſojute weights; if therefore we com- ; 
the ſolid with a quantity of the liquid equal to 
it in magnitude, their ſpecifick gravities muſt be as 
their weights; but the abſolute weight of ſuch a 
quantity of the liquid, is equal to the loſs of weight 
uſtained by the ſolid ; conſequently, the ſpecifick 
gravity of the ſolid, is to that of the liquid, as the 
whole weight of the ſolid, to the loſs which it ſuſ- 
pins in the liquid, = | 
| E e 2 Hencs 
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Lor. Hence we have a methocl of diſcovering the ſpeci- 
XIII. fick gravities of ſuch ſolid bodics as are heavier than 
water; I mean, of difcovering the proportions of 

their ſpecifick gravities to the ſpecifick gravity of 

water. For if we ſuppoſe the ſpecifick gravity of 

1. water to be unity, and put L to denote the Joſs of 
if weight which any body, whoſe ſpecifick gravity we 
| look tor, ſuſtains in water, and W its whole weight, 


15 | 
5 unde then L: W:: 1 TAN conſequently, = expreſ- 


? i L 
! | w ſes the ſpecifick gravity of the ſolid, that of water 
wal / being unity 3 and therefore, in order to know the 


ſpecifick grayity of any ſolid heavier than water, 

nothing more is requiſite, but to diſcover the quan- 
tities denoted by Wand L, and to divide the firſt 

by the laſt ; the firſt is had, by taking the weight 

of the body in air, and the laſt, by taking the weight 

in water, and ſubducting it from the weight in air; 

for the remainder is the loſs of weight, which di- 

viding the weight in air, gives a quotient expreſſing 

Exp. 7. the ſpecifick gravity of the body, To apply this 
nA to a particular caſe, let it be propoſed to diſcover 
A che ſpecifick gravity of a piece of tin, which being 

] „ +" greighed in air, is found to be 300 grains, and in 
l | Water, 25945, which being ſubducted from the for- 
mer, leaves 40+ for the loſs of weight; ſo that in 
this caſe, W denotes 300, and L 404 z and there- 

fore, dividing 300 by 404, we ſhall have 7x4 for 

the ſpecifick gravity of tin, that of water being 

unity. Whence it appears, that tin bulk, for bul 

zs more weighty than water, in the proportion of 
I the body, whoſe ſpecifick | is required, 

e body, whoſe ſpe vity is 

be hghter than water; then, branch as its gra- 

vity is not ſufficient to cauſe a total immerſion, the 

loſs of weight which it ſuffers in water, cannot be 

found out by weighing it alone in that liquid; let 

it therefore be joined to ſome other body ſo vets 


oy 
2 
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that the compound may ſink ; but firſt let the loſe LE CT. 
of weight which the heavier body alone ſuſtains in XIII. 
water be found out, as before z and then let the loſs VS 
of weight which the compound ſuſtains be likewiſe 
diſcovered, whence deducting the loſs of weight 
ſuſtained by the heavier, the remainder will exhibit 

the loſs ſuſtained by the lighter ; conſequently, di- 

viding the weight of the lighter by that remainder, 

the quotient will expreſs the ſpecifick gravity requi- 

red; that is, putting W for the weight of the bo- 

dy whoſe ſpecifick gravity. is ſought, L for the 
loſs of weight ſuſtained by the compound, and 


for the loſs ſuſtained by the heavier body 1 


expreſſes the ſpecifick gravity of the body. To 
apply this to a particular caſe; let the weight of a Exp. 8. 
piece of wood ſpecifically lighter than water be 
220 grains, and let it be joined to a piece of tin of 
160 grains, whoſe loſs in water is found to be 17 
grains; then the compound being weighed in wa- 
ter, will be found to loſe 334 grains; ſo that in 
| this caſe, W is equal to 220 grains, L to 334, 
and 1 to 17; and L lefs l, is equal to 317 
grains, And therefore, -dividing 220 by 317, 
we ſhall have 4534 for the Fecifich gravity of the 
wood, that of water being unity. So that that 
kind of wood, is bulk for bulk lighter than water, 


9 1 = A r 


, in the proportion of 694 to 1000. 
4 If the body whoſe ſpecifick gravity is ſought be 
4 diſſolvable in water, then inſtead of water, let ſome 
f other liquor be made uſe of, which will not diſſolve 


the body ; and let the proportion of the ſpecifick 

vity of the body to the ſpecifick gravity of that 

, be diſcovered by the foregoing method; as 

alſo the proportion of the ſpecifick gravity of that 

liquor to the ſpecifick gravity of water, by the me- 

thod which ſhall be ſhewn tly. Then in what · 
eyer proportion the ſpecific n 8 
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Lor. Hence we have a method of diſcovering the ſpeci- 


fick gravities of ſuch ſolid bodies as are heavier than 
water; I mean, of difcovering the proportions of 
their ſpecifick gravities to the ſpecifick gravity of 
water. For if we ſuppoſe the ſpecifick gravity of 
water to be unity, and put L to denote the Joſs of 
weight which any body, whoſe ſpecifick gravity we 
look for, ſuſtains in water, and W its — weight, 


:(05:1+0 then L: W:: 1 conſequently, . expreſ- 


ſes the ſpecifick gravity of the ſolid, that of water 
being unity ; and therefore, in order to know. the 
ſpecifick grayity of any ſolid heavier than water, 
nothing more is requiſite, but to diſcover the quan- 
tities denoted by W and L, and to divide the firſt 
by the laſt ; the firſt is had, by taking the weight 
of the body in air, and the laſt, by taking the weight 
in water, and ſubducting it from the weight in air; 
for the remainder is the loſs of weight, which di- 
viding the weight in air, gives a quotient expreſſing 
the ſpecifick gravity of the body, To apply this 
to a particular caſe, let it be propoſed to diſcover 


\ the ſpecifick gravity of a piece of tin, which being 
+" greighed in air, is found to be 300 grains, and in 


Water, 2594, which being ſubducted from the for- 


mer, leaves 40; for the loſs of weight; ſo that in 


tis caſe, W denotes 300, and L 404 z and there- 


fore, dividing 300 by 404, we ſhall have 7x74 for 
the ſpecifick gravity of tin, that of water being 


unity. Whence it appears, that tin bulk, for bulk 


is more weighty than water, in the proportion of 
74 to ten, 


If the body, whoſe ſpecifick gravity is required, 


be lighter than water ; then, foraſmuch as its gra- 


vity 1s not ſufficient to cauſe a total immerſion, the 
loſs of weight which it ſuffers in water, cannot be 
found out by weighing it alone in that liquid z let 
it therefore be joined to ſome other body ſo Went 
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that the compound may ſink ; but firſt let the los LE CT. 
of weight which the heavier body alone ſuſtains in XIII. 
water be found out, as before; and then let the loſs NS 


of weight which the compound ſuſtains be likewiſe 
diſcovered, whence deducting the loſs of weight 
ſuſtained by the heavier, the remainder will exhibit 
the loſs ſuſtained by the lighter ; conſequently, di- 
viding the weight of the lighter by that remainder, 
the quotient will expreſs the ſpecifick gravity requi- 
red; that is, putting W for the weight of the bo- 
dy whoſe ſpecifick gravity. is ſought, L for the 


loſs of weight ſuſtained by the compound, and 


1 for the loſs ſuſtained by the heavier body 1 
expreſſes the ſpecifick gravity of the body. To 


apply this to a particular caſe; let the weight of a Exp. 8. 


piece of wood ſpecifically lighter than water be 
220 grains, and let it be joined to a piece of tin of 
160 grains, whoſe loſs in water is found to be 17 
grains; then the compound being weighed in wa- 
ter, will be found to loſe 334 grains; fo that in 
this caſe, W is equal to 220 grains, L to 334, 
and 1 to 17; and L lefs l, is equal to 317 
grains. And therefore, dividing 220 by 317, 
we ſhall have 4554 for the ſpecifick gravity of the 
wood, that of water being unity. So that that 
kind of wood, is bulk for bulk lighter than water, 
in the proportion of 694 to 1000. . 
If the body whoſe ſpecifick gravity is ſought be 
diſſolvable in water, then inſtead of water, let ſome 
other liquor be made uſe of, which will not diſſolve 
the body ; and let the proportion of the ſpecifick 
vity of the body to the ſpecifick gravity of that 
uor, be diſcovered by the foregoing method; as 
alſo the proportion of the ſpecifick gravity of that 
liquor to the ſpecifick gravity of water, by the me- 
thod which ſhall be ſhewn tly. Then in what- 
erer proportion the ſpecifick gravity of the IS: 
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LE e r. ceeds or falls ſhor: of the ſpecifick gravity of water, 


in the ſame proportion let the ſpecifick gravity of 
the body with regard to that of the liquor be in- 
creaſed or diminiſhed, and it will give the ſpecifick 
gravity of the body with reſpect to that of water 
that is, if we put A for unity or the ſpecifick gra- 
vity of water, B for the ſpecifick gravity of the 


| Other liquor, and C for the ſpecifick gravity of the 


body with regard to that liquor; then by ſaying, as 
A is to B, ſo C to a fourth proportional, we ſhall 


'have = for the ſpecifick gravity of the body with 


reſpect to that of water; or rejecting the diviſor as 
being equal to unity, and putting S for the ſpecifick 


_ gravity of the body with reſpect to water, we ſhall 


have S- BC. To apply this, let the ſpecifick gra- 
vity of Roman-vitriol be required; let the weight of 
a piece in air be 67 grains, and in ſpirit of wine 
41 grains z conſequently, its loſs of weight in the 
ſpirit is 26 grains, which dividing 67, gives 
2.576 for the ſpecifick gravity of the vitriol with 
regard to the ſpecifick gravity of the ſpirit, which 
in this caſc, is ſuppoſed to be unity ; but the ſpeci- 
fick gravity of the ſpirit with regard to that of wa- 


ter, is leſs than unity, being only 557, as ſhall be 


ſhewn preſently z wherefore B is = 0.87, and C 
is 2.576; conſequently, 2.24 which is the pro- 
duct ariſing from the multiplication of thoſe two 
numbers, expreſſes the ſpecifick gravity of Roman- 
vitriol with reſpect to that of water, which is as 
unity; and therefore, in whole numbers, the ſpeci- 
fick gravity of Roman-vitriol exceeds that of water, 
in the proportion of 224 to 100. | 

The ſpecifick gravities of liquors, are diſcovered 
by taking the loſſes of weight ſuſtained by one and 
the ſame ſolid in the ſeveral liquors ; for ſince the 


loſs of weight in each liquor, NW 
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of as much of the liquor as is equal in bulk to the LE cr. 
body ; by taking the loſſes of weight ſuſtained by XIII. 


the ſame body in the ſeveral liquors, we get the ab- SW 


ſolute weights of ſuch portions of thoſe liquors as 
are equal in bulk; and by conſequence, the ſpeci- 
fick gravities of the liquors, the ſpecifick gravities 
of bodies equal in bulk, being to one another as 
their abſolute weights; wherefore, putting L 


for the loſs of weight which a body ſuſtains in wa- 
ter, and little 1 for the loſs of weight ſuſtained by 


the ſame body in any other liquor; then, by 
ſaying, as L to l, ſo is unity to a fourth term, 


we ſhall have ＋ for the ſpecifick gravity of the 


other liquor, that of water being unity; ſo that to 
diſcover the ſpecifick gravity of any liquor, we 
have nothing more to do, but to weigh one and 
the ſame ſolid, both in the liquor whoſe quantity is 
ſought, and in water, and ,to divide the loſs of 
weight which the ſolid ſuffers in the liquor, by the 
loſs which it ſuſtains in water.; for the quotient will 
expreſs the ſpecifick gravity of the liquor. Thus, 


a glaſs bubble whoſe weight in air is 1727 grains, Exp. 10 


being weighed in water, is found to loſe 641 grains, 
and 558 in ſpirit of wine; arid therefore, dividing 
558 by 641, we ſhall have a quotient of 0.87 for 
the ſpecifick gravity of the ſpirit, that of water be- 
Ing unity. | 
When a body ſpecifically lighter than a liquid, is 
ſet to float upon it, the part immerſed is equal in 
bulk to a portion of the liquid whoſe weight is equal 
to the weight of the whole body; for ſince the bo- 
dy ſinks in part, by moving ſome of rhe liquor out 
of its place, and ſince the weight of the body is the 
power which moves the liquor, the body muſt con- 
tinue to ſink, till it has removed as much of the 
liquor as is equal to it in weight ; conſequently, the 
| a Part 


© 
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part immerſed muſt be equal in magnitude to ſuch 


XIII. a portion of the liquor, as is equal in weight to the 
WY V whole body; which is abundantly confirmed by the 


Exp. 11. 


room o 


following experiment. 

A ball of pear- tree, a wood ſpecifically lighter 
than water, being ſet to float on water contained in 
' a glaſs veſſel, let the veſſel be placed in a ſcale and 
counterpoiſed; then, taking out the ball, let the 
veſſel be filled up with water to the ſame height at 
which it ſtood when the ball was in it, and the fame 
weight will counter poiſe it as before. 

From the veſſel's being filled up to the ſame height 
at which the water ſtood when the ball was in, it 
is manifeſt, that the quantity poured in is equal in 
magnitude to that part of the ball which was im- 
merſed; and, from the ſame weight counterpoiſing, 
it is evident, that the water poured in, is equal in 
weight to the whole ball. 

The part immerfrd is to the whole body, as the 
ſpecifick gravity of the body to the ſpecifick gravi- 
ty of the liquid 3 for the fpecifick gravities of two 
bodies, being to one another as . abſolute 
N n hed to their magnitudes, Ir weights 

22 mis wat are in the . 
he of Du ck gravities; ſince therefore, 
fuch a portion of the liquid as is equal i in itude 


do the immerſed part of the ſolid, is likewiſe equal 


in weight to the whole ſolid ; the magnitude of the 
unmerſed part is to the magnitude of the whole bo- 
dy, as the ſpecifick gravity of the ſolid to the ſpe- 
cifick gravity of the liquid. 

When the fame body is ſet to float ſucceſſively ; in 
different liquors, the parts immerſed are to one an- 
other in the reciprocal proportion of the ſpecifick 
gravities of the liquors. For the body deſcends in 
each quot: till the part immerſed takes up the 

as much liquor as is equal in weight to the 


Whole body; and therefore, ſuch portions of the 


ſeveral 
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ſeveral liquors as are equal in magnitude to the im LROr. 
merſed parts of the body have all equal weights; XIII. 
but the magn:tudes of bodies equal in weight, are 
to one another reciprocally, as their ſpecifick gra- 
vities z conſequently, in one and the ſame body 
floating in different liquors, the parts immerſed are 
reciprocally as the ſpecifick gravities of the liquors. 
On this principle is founded the HY DROMETER ; 
which is an hollow glaſs ball, with a ſmall hollow 
ſtem of about 5 or 6 inches in length, oppoſite to 
which, on the other ſide of the -ball, adheres a 
ſmaller ball filled in part with mercury, or ſome 
other weighty body, to the intent, that when the 
ball is ſet to float in water, or any other liquor, the 
ſtem may be kept uppermoſt, and in a poſition per- 
ö ndicular to the furk ace of the liquor Codd the 
ame time, that the machine may be ſo far immer- 

ſed, as that the ſtem only, or ſome part thereof, 

may remain above the liquor; the ſtem being gra- 
F duated from top to bottom, has numbers annexed 
) to every degree, expreſſing the magnitudes of the 
e parts which lie below the ſeveral degrees. 
8 The uſe of this little machine is to diſcover the 
5 ſpecifick gravities of liquors, which is done in the 
, llowing manner. The hbydrometer being firſt ſet to 
le float in water, the degree to which it ſinks muſt be” 
al 
* 
d- 


obſerved, and the number thereto annexed; then 

ing ſet to float in any other liquor, the degree to 

which it ſinks, with the number annexed, muſt 

e- Itkewiſe be noted; for as this number is to the for- 

mer, ſo is the ſpecifick gravity of water, to that of 

the other liquor, as is evident from what was juſt 
now ſaid. To illuſtrate this in the caſe of water Exp. 12 

and ſpirit of wine. The bydrometer being dropt 

into water, ſinks to the degree whoſe number an- 

nexed is 873 and being dropt into ſpirit of wine, 

links to the degree whoſe number is 1003 whenee 

it appears, that the ſpecifick gravity of water is to 


that of ſpirit of wine, as 100 to 87, * 1 © 
«X46 * 5 Ff Tho? 
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Thoꝰ hydrometers may be uſeful in diſcovering the 

| ſpecifick gravities of liquors for looſe and inaccurate 
computations, yet are they not to be depended on 
in caſes where great exactneſs is required, and that 
for two reaſons ; Firſt, becauſe it is extreamly diffi- 
cult to graduate the ſtems ſo exactly, as that the 
numbers annexed ſhall truly expreſs the magnitudes 
of the parts below them. Secondly, becauſe, part- 
ly from the motion of the hydrometer in the liquor, 
and partly from the riſing of the liquor about the 
ſtem from the attractive force of the gjafs, it is hard- 
ly poſſible to determine with exactneſs the degree to 
which the hydrometer ſinks. Upon both which ac- 
counts, as alſo becauſe the method of determining 
the ſpecifick gravities of liquors by means of the 
laſs bubble is much more eaſy and exact, this me- 


thod by the bydrometer iinrifetydaid-afide. 
LECTURE w. 
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Lecr. : this lecture I ſhall give you an account of the 
XIV. flux of water from x ESERvOIAS thro? orifices 


and Pipes , 

It water, flowing out at an orifice in the bottom of 
a veſſel, be kept conſtantly at the fame height in 
the veſſel, by being ſupplied as faſt above, as it 
runs out below, the velocity wherewith it flows out, 
is as the ſquare root of the height of the water above 
the orifice. | 

For if we ſuppoſe the column of water which 
| Rands directly above the orifice, to be divided into 
an indefinite number of plates of an equal but ex- 
ceedingly ſmall thickneſs, it is manifeſt, that what- 
ever be the force of gravity, wherewith the upper- 
molt plate preſſes upon the ſecond, the ſecond. pret- 
ſes upon the third with a double force, and the third 
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upon the fourth with a triple force, and ſo on; ſoLz cr, 
that the plate which is next the orifice is preſſed XIV. 


downward by the joint gravities of the ſeveral plates 


which lie above it, and likewiſe by the force of its 


own gravity, inaſmuch as there is no other plate 
beneath it whereon to reſt ; conſequently, from its 
own gravity, and that of the ſeveral plates above it, 
it does all at once receive as many equal impreſſions 
from gravity, as it would ſucceſſively in falling 
down the height of the water; and of courſe, muſt 
paſs thro? the orifice, with the ſame velocity that it 
would acquire in falling down that height ; but I 
proved in my lecture upon gravity, that the veloci- 
ty which a body acquires in falling thro? any ſpace, 
is as the ſquare root of the ſpace; conſequently, 
the velocity wherewith the water flows out, 1s as the 
{quare root of the height of the water above the 
orifice. 

To confirm this by 
two veſſels in all things alike, excepting that one 1s 
four times as tall as the other, the height of one 
being 20 inches, and of the other 5 ; let each of them 
have a circular orifice in the bottom a fifth part of 
an inch in diameter; and being both filled with wa- 
ter, let them be ſet a running, and let the water be 
fupplied as faſt above as it runs out below; the tal. 
ler veſſel will diſcharge about twenty one ounces 1n 
the ſpace of a r of a minute, and in the ſame 
time the ſhorter will diſcharge about 1 x ounces, 
Now, foraſmuch as the orifices thro* which the wa- 
ter flows are equal, and likewiſe the times of the 
flux, the quantities diſcharged are as the velocities, 
conſequently, the velocity wherewith the water 
flows out of the taller veſſel, is to the velocity 
wherewith it flows out of the ſhorter, as 21 to 11, 
mat is, nearly as 2 to 1, which are the ſquare roots 
of the heights of the water above the orifices, 
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an experiment; let there be Exp. 1. 
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As the preſſure ſuſtained by the lower parts of 


XIV. water from the weight of thoſe above, exerts it 
na with the ſame force laterally that it does down- 
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ward, it matters not whether the orifice thro* which 
the water flows, be at the bottom or fide of a veſ- 
ſet ;, for the water will flow out of both with the 
ſame velocity, provided they are at equal depths 
below the upper {uriace of the water; and there- 
fore, the velocity of water flowing out of an orifice 
in the ſide of a veſſel, is as the ſquare root of the 
height of the water above the orifice ; as will ap- 
pear, by repeating the laſt experiment with veſſels 
e Orifices are in their ſides 3 for the quantities 
diſcharged will be the fame as before. 
From what has been faid it follows, that if an 
orifice in the fide of a veſſel, be ſituated as far above 
an horizontal plane, as it is below the upper ſurface 
of the water, the water will ſpoyt from that orifice, 
to the diſtance of twice the height of the orifice a- 
bove the plane. For inſtance, if AOBC be a veſ- 
ſel full of water, O an oriſice in the fide, whoſe 
height OD above the horizontal plane DH, is equal 
to OA, the diſtance of the orifice from the top of the 
water; DH the horizontal diſtance to which the 
water ſpouts, will be double of OD, the height of 
the onfice above the plane. For the ſpouting wa- 
ter has two motions, one uniform from the preſſure 
of the water in the veſſel, in the direction OF per- 
penqicular to the orifice, the other accelerated from 
the force of gravity in the direction OD perpendi- 
cular to DH ; which two motions do by no means 
hinder one another, but by their combination cauſe 
the water to ſpout in the curve of a parabola. Now, 
the velocity wherewith the water moves in the di- 
rection OF, being equal to the velocity acquired by 
a body in falling from A to O, or from O to D; 
in the ſame time that it falls from O to D, and by 
ſo doing, reaches the horizontal plane, it will 2 
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carried in the direction OF, thro? a ſpace equal to L c. 
twice OD, (inaſmuch as all bodies whatever that XIV. 
move uniformly, with a velocity equal to that which VV 


is acquired by a body in falling thro? any height, 
do in the fame time with that of the fall, deſcribe a 
ſpace double of that of the fall) ; conſequently, 

e horizontal diftance to which the water ſpouts, 


will be equal to twice the height of the orifice above 


the plane. Thus, from an orifice in the fide of a Exp. 3. 
vel, the | 


depth whereof below the ſurface of the 
water is 20 inches, the water will ſpout to the diſ- 
tance of 38 inches on an horizontal plane, whoſe 
diſtance below the orifice is likewiſe 20 inches; and 
where the depth of the orifice below the top of the 
water is 5 inches, the water will ſpout to the dif- 
tance of 94 inches on an horizontal plane fityated at 
the diftance of 5 inches below the orifice ; ſo that 
in both caſes the diſtances to which the water { 
are nearly double the diſtances of the planes below 
the orifices ; and they would be exactly double, 
were it not that the water is retarded a little by the 
| ton it meets with from the air. 

The diſtances to which water ſpouts on an hori- 
zontal plane, from orifices in the fides of different 
veſſels, the orifices being at equal heights above the 

are to one another as the ſquare roots of the 

heights of the water above the orifices. 
For ſince the orifices are at ights above 
the plane, the times of the deſcent of the water 
from the ſeveral orifices to the plane muſt be equal: 
conſequently, the horizontal diſtances to which the 
water ſpouts, muſt be as the velocities wherewith it 
ſpouts; but thoſe velocities are as the ſquare roots of 
heights of the water above the orifices ; conſe- 
quently, ſo muſt the horizontal diſtances. Thus, 
if two veſſels be ſo pla as that the orifices in 
their ſides ſhall be 20 in above an horizontal 
plane, the height of the water in one veſſel being 
20 inches above the orifice, and in the other 5 ; the 
- Water 


Exp, 4. 
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L zer. water will ſpout from the former, to the diſtance 
XIV. of 38 inches, and from the latter, to the diſtance 


pl. 6. 
Fig. 13. 


of 19 inches; but 38 is to 19, as 2 to 1 ; that is, 
as the ſquare roots of the heights of the water above 
the orifices, for the heights are as 4 and one. 

The diſtance to which water ſpouts from an ori- 
fice in the ſide of a veſſel, whatever be the height 
of the orifice above the plane, as alſo of the wa- 
ter above the orifice, may be thus determined; 
let BR repreſent an horizontal plane, F an orifice in 
the ſide of a veſſel at any height above the plane, 
and AB the height of the upper ſurface of the wa- 
ter above the plane. On AB as a diameter, de- 
ſcribe the ſemicircle ADB, and at F fer off FE per- 
8 to AB, and meeting the circle in E. 

he diſtance to which the water ſpouts on the plane 
rn F, is proportional to the line 
For, from the nature of motion, the ſpace de- 
ſcribed, is as a rectangle under the time and velo- 
eity; but in this caſe, the time of the motion is as 
the ſquare root of FB, and the velocity wherewith 
the water ſpouts, is as the ſquare root of AF; con- 
ſequently, the ſpace thro' which the water runs in 
the horizontal direction, is as the ſquare root of the 
rectangle AFB; but, by the nature of the circle, 
the ſquare root of the rectangle AFB, is equal to 
FE; conſequently, the horizontal diſtance to which 
the water ſpouts on the plane BR from the orifice 
F, is as FE. 

Hence it follows, that the diſtance to which the 
water ſpouts, is as the fine of the arch AE, whoſe 
verſed fine AF, is equal to the height of the water 
above the orifice. And, foraſmuch as any two 
fines, which are equally diſtant from the center are 


equal, it follows, that the water muſt ſpout to the 
fame diſtance from two orifices as F and L, whoſe 
diſtances from the center are equal; as alſo, that 
it muſt ſpout to the greateſt diſtance from an orifice 
in 
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in the center, the ſine CD being in that caſe equal Lz c T. 
to radius, and conſequently, the greateſt. XIV. 
To confirm what has been faid ; let a_veſſel Eu. 
whoſe height is 16 inches, and which is perforated * 
in the middle, and likewiſe at the diſtance of 54 
inches above and below the middle, be filled with 
water, and ſet upon an horizontal plane; the water 
will ſpout from the middle orifice to the diſtance of 
above 15 inches, and from each of the other two, 
to the diſtance of about 10 inches. 
All things being ſuppoſed as before, the diſtances 
to which the water ſpouts, ſetting aſide what little 
diſturbance may ariſe from the ellen of the air, 
are equal to twice the fines of the arches, whoſe 
verſed fines are equal to the heights of the water 
above the orifices. For, the diſtance to which the 
water ſpouts from - the central orifice C, is to the 
diſtance to which it ſpouts from any other orifice as 
F, as the ſine CD is to the ſine FE ; but foraſmuch 
as the orifice C is as far diſtant above the plane as it 
is below the ſurface of the water, the diſtance to 
which the water ſpouts from that orifice 1s equal to 
twice CB, or twice CD ; conſequently, the diſtance 
to which it ſpouts from F muſt likewiſe be equal to 
twice FE, and ſo of any other orifice. 
Water which ſpouts perpendicularly upward, ſets Exp. 6. 
out with ſuch a velocity, as is ſufficient to carry it 
to the ſame height with the water in the veſſel from 
which it ſpouts. For the velocity wherewith it ſets 
out, is equal to the velocity acquired in falling down 
| the height of the water; and, in my lecture upon 
gravity, I ſhewed, that a body thrown directly up- 
ward riſes to ſuch a height, whence if it be let fall, 
it will by the end of the fall acquire the ſame velo- 
city wherewith it was thrown up; conſequently, the 
water ſpouts with a velocity ſufficient to carry it 
to an equal height with the water in the reſervoir ; 
however, it cannot poſlibly arrive at that * 
8 7 
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Lzcr. by reaſon of the reſiſtance it: meets with from the 
XIV. air; which, as it cannot be taken off, muſt leſſen 
cee heights of all jets whatever, ſo as to make them 
fall ſhort of the heights in the reſervoirs ; beſides the 
water in the uppermoſt part of the jet, when it has 
loſt all its motion, reſts for ſome time on the part 
next below it, and by its weight obſtructs re- 
tards the motion of the whole column, and thereby 
lefſens*its height ; and fo great is the reſiſtance ari- 
ſing from this cauſe, as that the jet is frequently 
deſtroyed by it, the riſi ing water being by fits and 
tarts preſſed down to the way orifice from which 

it ſpouts. 

Exp. 7. By giving the jet a little inclination, the vpper- 
moſt parts, when they have loſt their motion up- 
ward, are made to fall off from the reſt, whereby 
the reſiſtance which ariſes from their weight is 
taken off. And this is the true reaſon why, ceteris 
er ſuch jets as area little inclined, riſe 

than thoſe whoſe aſcents are perpendi- 


"T he velocity wherewith water flows out of a cy-" 
Hndrical Pipe inſerted horizontally into the fide of 
a veſſel, is as the ſquare root of the height of the 
water in the veſſel above the place of the s in- 

ſertion directly, and the ſquare root of pi length 
of the pipe inverſly.; for | ſince the pipe is cylin- 
drical, the velocity wherewith the water flows out 
at one end, muſt be equal to the velocity where- 
with it flows in at the other ; but the velocity 
wherewith it flows in, is in the proportion laid 
down; for the preſſure of the incumbent water in 
the veſlel, cannot make the water which lies next 
the orifice flow into the pipe, unleſs at the fame 
time it drives forward all the water contained in 
the pipe; for which reaſon, the water in the pipe 
may be looked upon, as an obſtacle which reſiſts 
and Ops the-moving cn _ 
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acts under the diſadvantage of a clog or imped> Lx c T, 
ment, the potency of ſuch a cauſe is increaſed, either XIV. 
by diminiſhing the impediment, or augmenting the 
abſolute ſtrength” and vigour of the cauſe it ſelf; 
where the ſtreagth and vigour of the cauſe is given, 
the potency thereof increaſes in proportion as the 
impediment leſſens, and leſſens as that increaſes; 
and where the impediment is given, the potency of 

the cauſe increaſes, and leſſens in proportion to the 
| increaſe and diminution of the abſolute ſtrength and 
vigour of the cauſe ;- conſequently, the potency is 
n in a ratio compounded ot the ſtrength or magnitude 

of the cauſe, and of the b ſmallneſs of 
1 the impediment ; that is, it is as the magnitude of 
a the cauſe directly, and as the magnitude of the im- 
y pediment inverſly ; or as the magnitude of the cauſe 
- applied to the magnitude of the impediment. Now, 
1 in the caſe before us, where the preſſure of the water 
li- 


in the reſervoir is the moving cauſe, and the water 

in the pipe is the impediment, the magnitude of 

the former is meaſured by a rectangle under the 
. height of the water, and the orifice of the pipe, 
ol and the magnitude of the latter by a rectangle ies 
he che orifice of the pipe, and the length thereof; or 
we rejecting the orifice as being ever the ſame in both, 
th W the magnitude of the tnoving cauſe, is as the 
in- height of the water, and that of the impediment, 
out as the length of the pipe; and therefore, putting 
TC H for the height of the water in the reſervoir above 
1 the place of the pipe's inſertion, and L for the length 
rin 


of the pipe 3 = will denote the preſſure of the wa- 
ter in the reſervoir, as leſſened by the reſiſtance of 
the water in the pipe; and putting O for the ori- 
ice of the pipe, == will expreſs the force which 
-auſe drives the water into the pipe; and foraſmuch as 


acts I the motion generated in any time by a force acting 
| 1 ; G g conſtantly 
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Lex c'T, conſtantly and uniformly, is as a rectangle under the 

XIV. force and time; putting T for the time that the 

* | ; ,. HOT 
water continues to flow into the pipe, 7 


will be as the motion generated in the water flowing 
into the pipe; but the motion generated in the influent 
water, is as the quantity which flows in, multiplied 
into the velocity wherewith it flows; and therefore, 


pang Q and V for the quantity and velocity, 


22 u Wi or, becauſe the quantity which 
flows in, is in a ratio compounded of the orifice, 
time and velocity ; by ſubſtituting O,T,V, which 
denote the orifice, time, and velocity, in the place 


of Q, we ſhall have —＋ Lorv- and ſtriking 


out OT from both ſides, we dal have Z=V* 


=; gn 
conſequently, V is as —_— that is, the velocity 


wherewith the water flows out of the reſervoir into 
the pipe, and conſequently, the velocity wherewith 
it lows out of the pipe, is as the ſquare root of the 
height cf the water in the reſervoir, applied to the 
ſquare root of the length of the pipe. | 

Hence it follows, that if the length of the pipe 

be varied whilſt the height of the water in the re- 
ſervoir continues the fame, the quantities diſcharged 
in any given time, will be to one another inverſly 
as the ſquare roots of the lengths of the pipe; for 
ſince the diameter of the pipe, and the time of the 
flux are given, the quantities diſcharged muſt be as 
the velocities wherewith they run out, that is, in 
the inverſe ratio of the ſquare roots of the lengths 
of the pipe. | | 

' To confirm this by an experiment; let a pipe of 
16 feet in length, and half an inch in _ 

. - C 
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inſerted horizontally into the ſide of a veſſel; ang LE cT. 
let the water in the veſſel be kept conſtantly at the XIV. 
height of 3 feet above the place of the pipe's in- 
ſertion ; the pipe when ſet a running will diſcharge 

about 161 ounces in half a minute; let it then be 

made ſhorter by 12 feet, and ſet a running again, 

and it will in the ſame ſpace of time diſcharge 321 
ounces, that is near twice as much as before; ſo that the 
quantities diſcharged, will be to one another recipro- 

cally as the ſquare roots of the lengths of the pipe, 

which in this caſe areas 4 and . 


TABLE I. TABLE II. 
[L]Q DTC 
5 436} | 1 | 87% 

4 [321 | 4 | 884] 

921135 9 88 


228 
Lor. 


or HYDROSTATICKS. 
June the 2 1ſt, 1722, I made ſeveral experiments 


XIV. concerning the motion and diſcharge of water thro! 


- 


pipes, in the following manner. 

There was a reſervoir of g feet in height, which 
was kept conſtantly full during the flux of the wa- 
ter; at the bottom was inſerted horizontally a pipe 
of half an inch in diameter, whoſe length when 
greateſt was 100 feet, but being compoſed of ſeve- 
ral pieces, was capable of being made of ten diffe- 
rent lengths; which lengths were the ſquares of the 
natura] numbers. Into, this pipe were inſerted ho- 
rizontally (as occaſion was) ten other pipes, each of 
them 6 inches long, and + inch in diameter; the 
places of their inſertion into the main pipe were diſ- 
tant from the reſervoir the ſquares of the natural 
numbers in feet ; the axes of the ſmall pipes made 
an angle of 80 degrees, with that of the main pipe; 
the reaſon why they were inſerted in ſuch an angle 
was, that it had been obſerved that the water flow- 
ed out of orifices made in the main pipe nearly in 
that angle. | 


In Tas. I. L denotes the length of the main 
pipe (the ſmall pipes not being inſerted), Q the 
quantity in tray ounces diſcharged in half a mi- 
nute of time, T the time in ſeconds which the wa- 
ter took to flow from the reſervoir to the extremity 
of the pipe, the ſame having been firſt exhauſted, 


In TAB. II. D denotes the diſtance from the re- 
ſervoir, at which the ſmall pipe was inſerted into 
the main pipe; Q the quantity in troy ounces diſ- 
charged by the ſmall pipe in half a minute of time, 
the main pipe being ſtopped. 
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In Tas. III. the numbers at the top denote the 


ten ſmall pipes, P the main pipe, and the numbers 


below denote the quantities in troy oances diſcharged 
in half a minute of time, by the Pipes denoted by 


the numbers directly above them. The blanks de- 
note, that the pipes denoted by the numbers directly 
above them at the top, were ſtopped at the time 
that the others diſcharged, 
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Lzcy, FN this lecture I ſhall give an account of the 


- 


weight and preſſure of the air, and of ſome re- 


markable effects ariſing from it. 


Tho? the weight of the air which ſurrounds us, 
is not perceived by reaſon of the equal preſſure 
which it makes on all parts of our bodies; yet that 


it is really heavy appears from hence, that veſſels 
when exhauſted are leſs ponderous than when filled 
with air. Thus a glaſs bottle, whoſe contents are 

nearly 40 cubic inches, being exhauſted by means 


of the air pump, will be found to. ſuffer a ſenſible 
loſs of weight; when I formerly made the experi- 
ment, the loſs of weightamounted to ten grains, and 
the magnitude of the exhauſted air I found ro be 
34 cubic inches; for upon immerſing the bottle 
in water, and opening the valve which covered the 
mouth, the quantity of water which flowed in and 
poſſeſſed the place of the exhauſted air, amounted 
to 8628 grains, which being divided by 2533, the 
number of grains in a cubic inch of water, give 
34 in the quotient; fo that from this experiment it 
is manifeſt, that 34 cubic inches of that air, which 
more immediately ſurrounds us, are equal in weight 
to ten grains; and that the ſpecifick gravity of the 
ſame air, is to the ſpecifick gravity of water, as ten 
to 8628, or, as one to 8625 the ſpecifick gravi - 
ties of bodies equal in bulk, being to one another 

as the abſolute weights of the bodies. 
As the air riſes above the ſurface of the earth, it 
ows rarer, and conſequently, lighter ; a given 
lk of air, being lighter at the diſtance of a mile, 
chan at the earth's ſurface, and lighter again at the 
9 liltance 
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diſtance df two miles, and fo on continually. AndLz ct. 


yet notwithſtanding this diminution of gravity in 
the ſup rior parts of air, ſo great is the height of the 
atmoſphere, as to render the weight of the whole 
very conſiderable z as will appear from the following 


riment. 


t a piece of common glaſs be placed as a cover Exp. 2. 


on the top of a recriver; and _ exhauſting the 
air, the glaſs will at firſt be preſſed cloſe to the re- 
ceiver, and at length broken by the weight of the 
air, which reſts upon it. £2. 541 

While the air continues undiminiſhed in the re- 
ceiver, it does by vertue of its elaſticity preſs as 
ſtrongly againſt the lower ſurface of the glaſs, as 
does the incumbent air by means of its weight upon 
the upper ſurface ; as ſhall be ſhewn hereafter ; 


conſequently, as long as the air remains undimi- 


niſhed in the receiver, the weight of the incumbent 
air can have no ſenſible effect on the glaſs; but up- 
on leſſening the quantity, and therewith the ſpring 
of the included air, the glaſs being no longer ſup- 
ed from below, is preſſed down, and broken 
the weight of the air above; and for the ſame 
reaſon, a ſquare glaſs phial when exhauſted cracks 
and flies to pieces. | 
From the weight and preſſure of the air on the 
ſurface of liquors it is, that they are made to riſe 
in exhauſted tubes open at one end, as will appear 
from the following experiments. 


Let a glaſs veſſel with mercury be placed under a Exp. 3. 


receiver, and let a tube open at one end be ſuſpend- 
ed above the veſſel in ſuch a manner, as that the 
open end may at pleaſure be let down into the mer- 
cury ; if then, the air being drawn out of the re- 
ceiver, the tube be let down, the mercury will not 
riſe therein as long as the receiver continues empty; 
but upon readmitting the air, it will immediately 
aſcend. The reaſon of which is, tliat upon ex- 

hauſting 
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Lzcr. hauſting the receiver, the tube is likewiſe emptied 
XV. of air ; and therefore, when it is immerſed in the 
mercury, and the air readmitted into the receiver, 
all parts of the mercury are preſſed upon by the 
air, except that portion which lies beneath the ori- 
fice of the tube; conſequently, it muſt riſe in the 
tube, and continue ſo to do, until the weight of 
the elevated mercury preſſes as forcibly on that por- 
tion which lies beneath the tube, as the weight of 
the air does on every other equal portion without 
the tube. But to proceed to a ſecond experiment 
of the ſame kind. 
Pl. 6. Let two glaſs tubes as A and B, each above 30 
Fig. 14. inches long, of which A is open at one end only, 
Exp. 4. but B at both, be ſo contrived, as by means of 
ſcrews, to be let into the little glaſs veſſel CD, in 
the manner repreſented in the figure. A being fil- 
led with mercury, and then ſcrewed into the veſſel, 
let mercury be poured into B, till both that and 
the veſſel are full; let then the veſſel be inverted; 
Pl. 6. and let the extremity of B be immerſed in a veſſel 
Fig. 15. of mercury, the mercury will deſcend thro? B, and 
continue to do ſo, till A is emptied, as alſo ſo much 
of the veſſel CD as is above the level of the upper 
orifice of B. This being done, let A be ſo far un- 
ſcrewed, as to permit the air to paſs between the 
threads of the ſcrew into the empty part of the veſ- 
ſel ; upon the admiſſion of the air, the mercury 
will riſe in the tube A. For, from the circum- 
ſtances of the experiment it is evident, that the part 
of A which ſtands above the level of the mercury 
remaining in the veſſel, is perfectly void of air; 
conſequently, while the mercury all around the 
tube is preſſed by the newly admitted air, that por- 
tion which lies beneath the tube, ſuffers no preſſure 
from above; and of courſe muſt riſe, and continue 
to riſe, untill the weight of the elevated mercury 
becomes a ballance to the preſſure of the air * 
| 7 
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By the weight and preſſure of the air, water is LzcT, 
raiſed in common pumps, and fire engines, as will- XV. 


appear by conſidering their ſtructures, and the man- 


ner in which they work. AB repreſents the body pl. 5. 
of a pump, which is commonly an hollow cylinder Fig. 1. 


of wood or lead, C a plug fixed near the bottom of 
the pump, with an hole in the middle, covered by 
a leathern valve, ſo contrived as to open and give 
way to the water in paſſing upward, but to ſhut 
cloſe and obſtruct the paſſage downward ; D a ſe- 
cond plug of the ſame kind, and perforated in like 
manner with the former. This plug is commonly 
called the ſucker or piſton, and being moveable, is 
drawn up and thruſt down at pleaſure, by means of 
the iron rod E to which it 1s faſtened, The ſides 
of the ſucker are every where caſed with leather, 
whereby it is made to fit the cavity of the pump 
ſo exactly, that neither air nor water can paſs be- 
tween. At ſome diſtance above the ſucker is an 
orifice as O in the ſide of the pump, thro* which 
the water is diſcharged at A5 time of working, in 
the following manner. e ſucker being drawn 
up, the ſpace between that and the lower plug is 
left void of air; then foraſmuch as the water, which 
ſtands about the pump, is every where preſſed by 
the air, except in that which anſwers to the 
hole of the plug, it muſt there give way, and paſs 
up into the cavity of the pump; and upon depreſ- 
ſing the ſucker again, as it cannot return downward 
by reaſon of the valve, which ſhuts cloſe upon the 
hole, and ſtops the paſſage, it riſes up thro* the 
ſucker, and lodges it ſelf thereon 3 ſo that upon the 
next elevation of the ſucker, it is carried towards 
me of the pump, and thrown out at the ori- 


If inſtead of an orifice above the ſucker, we ſup- 


poſe one juſt above the lower plug, with a valve 


opening outwardly, ſo as to ſuffer the water to flow 
out, but not to return. And if we ſuppoſe the 
Sa H h 2 ſucker 
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Le r. ſucker to be ſolid without a perforation, the figure 
XV. will repreſent a forcing pump, or fire engine, in 
WV which the water riſes above the lower plug in the 
ſame manner, and from the ſame cauſe, that it does in 
a common pump; and by the preſſure made upon it 
by the ſucker when thruſt down, it is forced out at 
the orifice, and that ſo ſtrongly, as by the help of 
leathern pipes, to be conveyed to the tops of the 
higheſt houſes. | | | 
The air in any particular does not always 
continue of the ſame weight, but is ſometimes hea- 
vier, and ſometimes lighter z which plainly argues 
a variation in the quantity, inaſmuch as the gravity 
of any body is proportional to the quantity of mat- 
ter which it contains. From what cauſe this variati- 
on ariſes, is not eaſy to determine. Doctor HaLLzy 
is of opinion, that the diminution of the quantity of 
air in any place, is the effect of two contrary winds 
blowing from that place, whereby the air is carried 
both ways from it ; and of conſequence, the incum- 
bent cylinder of air is diminiſhed ; as for inſtance, 
if in the German ocean it ſhould blow a gale of 
weſterly wind, and at the ſame time an eaſterly wind 
in the [rip Sea; or if in France it ſhould: blow a 
ſoutherly wind, and in Scotland a notbern; that part 
of the atmoſphere which is impendent over England 
would, he thinks, be thereby carried off and dimi- 
niſhed. He likewiſe conceives, that the increaſe of 
the quantity of air in any place, is occaſioned by the 
blowing of two contrary winds towards that place, 
whereby the air of other places is brought thither 
and accumulated, And upon this foot, he endea- 
vours to account for what is commonly obſerved in 
this part of the world ; namely, that the atmoſphere, 
ceteris paribus, is always heavieſt upon an eaſterly 
or no#tb-eaſterly wind. This 2 ſays he, be- | 
cauſe, that in the great Aulantict ocean, on this ſide | 
the thirty fifth degree of north latitude, the weſterly | 
and foutb-weſterly winds blow almoſt aways; | 
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that whenever the wind comes up here at eaft or Lr. 
north-eaſt, it is ſure to be checked by a contrary gale, XV. 
as ſoon as it reaches the ocean; for which reaſon, 


the air over us muſt needs be heaped up in greater 
abundance, as often as thoſe winds blow. To con- 
firm this hypothefis of contrary winds being the 
cauſe of the variation in the weight of the air, he 
obſerves, that within the Tropicks, where there are 
no contrary currents of air, this variation does not 
obtain; but that the atmoſphere continues much in 
the ſame ſtate of gravity in all kinds of weather. 
Now, whether this, or whatever elſe, be the cauſe 
of it, moſt certain it is, that the weight of the 
air does vary z and fo conſiderable is the variation, 
that the weight of the air in its heavieſt ſtate, ex- 
ceeds the weight thereof when it is lighteſt, in the 
proportion of almoſt ten to nine. 

The changes which the air undergoes as to its 
gravity, are obſerved by means of the Barometer or 
weather-glaſs z which, as it was the invention of 
ToRRICELL is known among the naturaliſts 
by the name the Torricellian tube or inſtrument, 
It conſiſts of a ſmall tube, about three feet 
long, eloſed at one end, which being filled with 
mercury well purged from-air, is inverted into a 
cylindrical box of timber, wherein ſome mercury 
is lodged ; upon the inverſion ſome of the mercury 
falls out, whereby the upper part of the tube is 
left whilft the lower part continues full. 
Now: Saf as it has appeared from expert- 
ments, that the ſuſpenſion of the mercury in the 
tube, is owing to the preſſure of the air on the ſtag- 
nant mercury; the pillar of mercury which is kept 
up in the tube, muſt always be equal in weight to a 
pillar of the atmoſphere of the fame thicknels 3 
* as the weight, of the atmoſphere va - 
ries, the height of the mercury in the barometer 
muſt do ſo too; the mercury conſtantly riſing as 
the weight of the air increaſes, and ſinking as that 

„Hk 2 Jeſſens, 
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LES. leſſens. That the minute variations in the height of 


the mercury may be obſerved, that part of the 


ae which lies between the limits of the leaſt and 


greateſt height, to wit, from 28 to 31 inches, is 
graduated z each inch being divided into ten or 
twelve equal parts by means of a table, whereunto 
the tube 1s fixed ; whereon likewiſe are inſcribed in 
their proper places, ſuch conſtitutions of the air and 
weather, as have been obſerved to accompany diffe- 
rent heights of the mercury, In contriving th:s 
inſtrument, care muſt be taken to make the box, 
which contains the ſtagnant mercury, ſo large, as 
that upon the riſing or falling of the mercury in the 
tube, the height of that in the box may ſuffer little 
or no variation; for ſhould the ant mercury 
ſink upon the riſing of the mercury 1n the tube, or 
riſe as that ſinks, which muſt be the caſe where the 
box is ſmall ; the riſe or fall of the mercury in the 
tube will appear to be leſs than it really is ; as for 
inſtance, if when the mercury riſes half an inch in 
the tube, 1t does at the ſame ti a quarter in 
the box, the riſe in the tube, w appears to be 
only half an inch, is in truth three quarters; becauſe 
the height of the mercury is always to be computed 
from the ſurface of that in the box. So, on the 
other hand, if the mercury by falling half an inch 
in the tube riſes a quarter in the box, the true de- 
ſcent in the tube is three quarters of an inch; inaſ- 
much as the height of the mercury in the tube above 
the ſurface of the ſtagnant mercury in the box, is 
leſs after the fall by three quarters of an inch. By 
making the circular area of the box thirty or forty 
times greater than that of the tube, (which is gene- 
rally the caſe, the tubes of moſt barometers being 
gr of an inch wide, and the SW 
inch a quarter) the ftagnant mercury in 
box may be kept conſtantly at the fame height very 
nearly ; the greateſt variation of the height not 
amounting to more than the tenth or twelfth part 
of an inch, which is inconſiderable. If 
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If the tube inſtead of being continued directlꝝx Lt c T.. 
upward, be bent at the height of 28 inches, in the XV. 
manner here repreſented, it is then called an inflełt- N. 
ed or diagonal barometer ; in which the inclined part pig. 2. 
AB may conſtitute an obtuſe angle of any magni- | 
tude with the perpendicular part BC ; but the near- 
er the angle approaches to a right one, the longer 
mult the anclined part be; for it muſt be continued 
until the perpendicular altitude thereof AH, above 
the horizontal line HB, becomes equal to three 

inches, which is the difference between the greateſt 
and leaſt height of the mercury in the barometer; 
otherwiſe, the mercury will not have room to riſe to 
its utmoſt height, at ſuch times as the conſtitution 
of the air requires it. This barometer, ſhews the 
minute variations in the weight of the air much 
more accurately than the former ; becauſe the riſe 
or fall of the mercury in the inclined part AB is 
very ſenſible, when an alteration in the perpendicu- 
lar height is ſcarcely to be perceived. But then the 
box which contains the ſtagnant mercury, ought to 
be much larger in proportion in this than in the 
former; becauſe in this, a much larger quantity of 
mercury riſes into, and falls out of the tube, upon 
the changes of the weather. 

If the lower part of the tube in the firſt barome- 
ter, inſtead of being inſerted into a box, be turned 
up in the form of a crook, it is then called a curved 
barometer, in which the crooked part generally termi- 
nates in a large bubble open at top. The bubble Pl. 7. 
contains the ſtagnant mercury, which, as it is preſ- Fig. 4- 
ſed upon more or leſs by the incumbent air, is forced 
up to a greater or ſmaller height in the ſtrait part 
of the tube. In this barometer the bubble ought 
to be ſo large in proportion to the tube, as that 

upon the greateſt variation of the height of the mer- 
Fury in the tube, the height thereof in the bubble 
may not vary above one tenth of an inch; the 

; | | .  neceſlity 
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LzcrT. neceſſity there is for this, is evident from what was 
XV. faid concerning the magnitude of the box in the 
firſt kind of barometer. 

Beſides the barometers hitherto mentioned, there 
1s the wheel, as alſo the pendant or conical, barometer, 
and others of various kinds z which, however they 
may differ as to their ſtructures, do all agree in 
ſhewing the changes in the weight of the air, by 
the riſing and falling of the mercury in their tubes; 
wherein it ſometimes, tho* very rarely, deſcends 
as low as twenty eight inches ; and at others riſes to 
thirty one; the mean height thereof being twenty 
nine inches and an half. So that a pillar of the at- 
moſphere, in the mean ſtate of its gravity, is equal 
in weight to a pillar of mercury of the ſame thick- 
neſs, and whoſe altitude is twenty nine inches and 
an half. Whence it follows, that an inch ſquare of 
the earth's ſurface, or of any other body contiguous 

thereto, ſuſtains a preſſure from the incumbent at- 
moſphere, when - in the mean ſtate of its gravity, 
equal to ſeventeen pounds, eight ounces, and 
374 grains ; that being the weight of a ſquare pil- 
ny one inch thick, and twenty nine and 

an igh. 

From 3 preſſure of the air it is, that two 
brazen hemiſpheres, whoſe diameter is three inches 
and an half, being laid one upon another, and then 
exhauſted, cling ſo faſt together, as to require above 
150 pounds to ſeparate and draw them aſunder. 
And it muſt be obſerved, that as the globe in this 
experiment cannot be perfectly exhauſted, that 
imall portion of air which remains within, by ex- 
panding it ſelf, contributes to the ſeparation of the 
hemiſpheres z for which reaſon, they are drawn a- 
funder by a leſs weight than that wherewith the air 

them together; for the diameter of the ſphere 
ing three inches and an halfy the area of its 
greateſt circle is nine ſquare inches and three fifths 
nearly; conſequently, the weight of that pillar of 


— — — — 4 


a¹¹ 
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air which preſſes the hemiſpheres together, is natLz cr, 
lefs than 162 pounds, even in its lighteſt- ſtate, XV. 
when the mercury in the barometer ſtands at the WY 
height of 28 inches only. If the globe, after it 
has been exhauſted, be hung within a receiver, up- 
on drawing the air out of the receiver, the lower 
hemiſphere will fall off from the other; which 

| plainly ſhews, that their coheſion is owing to no- 
thing elſe but the weight and preſſure of the air up- 
on them, | 
Since the atmoſ even in its lighteſt ſtate is 
ſo ponderous, as that a ſquare pillar of it one inch 
thick, weighs ſixteen pounds, nine ounces, and 461 
ins; it follows, that a middle ſized man, the 
furface of whoſe body is generally allowed to con- 
tain about fifteen ſquare feet, ſuſtains a preſſure from 
the atmoſphere, when in its lighreſt ſtate, equal to 
the weight of 31144 pounds; which preſſure on 
larger bodies, and in heavier ſtates of the air, is ſtill 
greater; and therefore it may well be aſked, how 
it comes to paſs, that we are not ſenſible of this 
ure, as it is, In anſwer to which it muſt 
e obſerved, that ſuch preſſures only are perceived 
by us, as do in ſome meaſure move our fibres, and 
put them out of their natural ſituation. Now, the 
— the air being equal on all parts of the 
, cannot poſſibly move the fibres of any one 
part, or force them from their ſituation 3 but on 
the coritrary, muſt by reaſon of its 2 
keep all the fibres in their proper places, and as ſo 
doing, cannot be perceived. And that this is the 
caſe is evident from hence, that if the preſſure of the 
air be taken off from one part of the body, the 
preſſure on the neighbouring parts immediately be- 
comes ſenſible. Thus, if a man covers the top of 
an open receiver with his hand, exhauſting 
the receiver, and thereby taking off the preſſure of 
the air from the palm of the hand, he will perceive 
na weight 
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a weight on the back of his hand, and that ſo great 
as to put him to pain, and almoſt endanger tha 
breaking of his hand. 


LECTURE XVI. 
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Lor. TD Y the elaſticity of the air, whereof I intend 


XVI. 


to treat in this lecture, we are to underſtand 


WY VN that force wherewith the particles of air expand 


themſelves, and recede from each other, whenever 
the preſſure from without which keeps them to- 
gether, is taken off. The method which I ſhall 
obſerve in treating of this force is, Firſt, to ſhew 
from experiments, that the air is really indued with 
fuch a force; and, Secondly, to enquire into its na- 
ture and laws, | 

As to the firſt; if a little warmed ale, or any 
other liquor ſomewhat glutinous be put into a glaſs 
and included in a receiver, upon exhauſting the re- 
ceiver the liquor. will riſe in large frothy bubbles, 
and run over the glaſs. 

As the liquor is glutinous, it retains a great num- 
ber of airy particles, which upon the removal of the 
outward air, and therewith the preſſure which it 
makes on the liquor, dilate and expand themſelves; 
and foraſmuch as they cannot readily extricate 
themſelves from the liquor by reaſon of its clam- 
mineſs, they raiſe itup, and carry it over in the form 
of froth. And for the ſame reaſon it ſeems to be, 
that meath, cyder, and -moſt other domeſtick wines, 
after they have been bottled a while, upon drawing 
the cork, ſpurt out and fly. For as they are all in 
ſome meaſure glutinous, they retain a good quanti- 
ty of air; which upon corking the bottle is con- 
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denſed by reaſon of the condenſation of the air Lz cr. 
which is lodged in the neck of the bottle; beſides, XVI. 


by the ſlight fermentation which ſuch liquors com- 
monly undergo in the bottle, a freſh ſupply of air 
is generated, equal in denſity to the former. When 
therefore upon drawing the cork, the extraordinary 
preſſure ariſing from the condenſed air in the neck 
of the bottle is taken off, the air which 1s diſperſed 
thro? the liquor, expands it ſelf with great force, 
and not finding a ready paſſage between the parts of 
the liquor, which by reaſon of their clammineſs do 
not eaſily ſeparate, drives the liquor before it in the 
manner of a ſpout. But to proceed ; | 
The expanſive force of the air is likewiſe evident 


from the following experiment. Let a glaſs bottle Exp. 3. 


of a globular form, and containing a ſmall quanti- 
ty of water, have a ſmall glaſs tube open at both 
ends, inſerted - into it ſo far as that the lower end 
may be below the ſurface of the water ; and let the 
inſertion be made by means of a ſcrew and a collar 
of leathers, in ſuch a manner as that no air may 
paſs into or out of the bottle ; let then the whole 
apparatus be placed under a tall receiver, and upon 
exhauſting the air out of the receiver, the water will 
riſe up thro? the tube in the form of a jet, which 
will be higher or lower in proportion as the receiver 


is more or leſs exhauſted ; the reaſon of which is, 


that the air included in the bottle by endeavouring 
to expand it ſelf, preſſes upon the ſurface of the 
pater, which therefore muſt riſe in the tube, as foon 
as the preſſure of the outward air which keeps it 
down is leſſened ; and the greater the diminution of 
that external preſſure is, the higher the water 
muſt be thrown, 


If a bladder wherein a ſmall quantity of air is Exp. 3. 


included, be placed under a receiver, upon drawing 
the air out of the receiver the bladder will ſwell, 
and the ſwelling will be greater or leſs in pro- 
portion as the receiver is more or leſs emptied ; 


"= $3 which 
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Lor. which plainly argues an expanſive force in the in- 


cluded air; as does likewiſe the burſting of a full 
blown bladder in an exhauſted receiver ; as alſo the 
cracking of a ſquare glaſs phial when cloſe ſtopped. 

If a ſmall ſiphon, having a weight faſtened from 
the handle of the piſton, and being cloſed at the 
end ſo as that upon drawing up the piſton no air 
ean get in, be ſuſpended in an inverted poſition 
with the weight downward, and then covered with 
a receiver; upon drawing part of the air out of the 
receiver, the weight will deſcend, -and draw down 
the piſton ; and upon the readmiſſion of the air it will 
riſe again. | 

When part of the air is drawn out of the recei- 
ver, that portion which remains within expands it 
felf, whereby its ſpring is ſo far weakened, as not to 
be able to ſtand againſt and ſupport the weight, for 
which reaſon the weight deſcends ; whereas, upon 
the return of the air which was carried off, the claſ- 
tick force is ſo far increaſed, as to become an over- 
ballance for the weight, and upon that account 
drives it up. * fully 

From this and the oing experiments it 
| „that the air 5 1 indued with an expanſive 

force. Whence that force ariſes, and what the law 
of its action is, comes now to be conſidered. 

The naturaliſts were formerly of opinion, that 
the elaſticity of the air was owing to the ſhape and 
figure of its parts; for they ſuppoſed each particle 

air to conſiſt of ſeveral branches, which being 
of a pliable nature, were capable of being com 
fed and ſqueezed together by any outward force, and 
of expanding and ſpreading themſelves abroad upon 
the removal of the compreſſing force; and this 
has been thought by ſome to be a full and ſatisfacto- 
ry account. But that great philoſopher Sir Isa ac 
NewToN, was of opinion, that the expanſive force 
of the air is altogether inexplicable on the —_— 
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this, or indeed any other hypotheſis, except that L r. 
of the air*: being indued with a Illing power, XVI. 
whereby the — recede and fly from each WWW 
bother; his words are theſe, 
That theres a repulſive virtue, ſeems alſo to 
&« follow from the production of air and vapour. 
« The particles when ſhaken off from bodies by 
e heat or fermentation, ſo ſoon as they are beyond 
« the reach of the attraction of the body, recedin 
6 2 it, and alſo from one another wit 
eat ſtrength, and keeping at a diſtance, ſo as 
ometimes to take up above a million of times 
* more ſpace than they did before in the form 
« of a denſe body; which vaſt contraction and 
® cxpaniion ſeems unintelligible, by feigning the 
rticles of air to be ſpringy and ramous, or 
rolled up like hoops, or by any other means 
than a repulſive power. 
Now, ſuppoſing this to be the caſe, and that the 
g power of each 18 2 it ſelf on the 
next adjacent Rall cer . only, as Sir Is A Ac ſeemed 
to imagine, I ſhew you whas the law of this 
repelling power is, or, in other words, how this 
power is varied, by varying the diſtance of the par- 
ticles; and in order thereto, ſhall lay down the fol- 


blowing PROros lr iO. 
PRO P. If a fluid be compoſed of particles endued 
with a repulſi ur power, {0 as that each particle repels 


thoſe, and thoſe 2 which are next it, and if the 
force wherewith two | Adjacent particles repel each other; 
be in a given reciprocal ratio of the interval of their 
centers ; that is, putting 1 for the interval of the cen- 
ters, and P for 1 22 of the given power of that 
interval; I fay, if PO. particles repel each 


Uber with a force that is as the force which com. 
preſſes the fluid, is . 
i 2 | i 
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Lec r. the denſity of the fluid, whoſe index is P increaſed by 
XVI. 2, or Pz; that is, putting F for the compreſſing 


YM for ce, and D for the denſity of the fluid, F is as D 


raiſed up to the power whoſe index is —— ; 


Exp. y. For the proof of this, let a goroen of the fluid 

be contained in a given cubic ſpace, whoſe upper 
Pl. 7. ſurface is denoted by the ſquare ABCG, the com- 
Fig. 5- preſſing force being applied to that ſurface. 


The elaſtick force of the fluid, which withſtands 


the compreſſing force, and is exactly equal thereto, 
is the force of thoſe parts only which compoſe the 
upper ſurface; becauſe the repelling forces of the 
particles are ſuppoſed to exert themſelves on thoſe 
particles only which lie next them, and not to ex- 
tend to particles more remote. But the force of the 
ſuperficial parts, is as the number of particles in the 
ſurface, and the force wherewith any two adjacent 
particles repel each other conjointly. Now, the 
number of particles in the given ſquare ſurface, is 
reciprocally as the ſquare of the diſtance of the cen- 


ters of two adjacent parts; that is, 0 fr and 
by ſuppoſition, the force wherewith two parti 
cles repel each other, is as 10 z and therefore, the 
elaſtick force of the fluid, and of conſequence the 
compreſſive force, or E, is a8. Fg. The denſity 


of the fluid contained in the given cubical ſpace, is 
inverſly as the cube of the diſtance between the 


centers of the particles; that is, D is as f. and [ 


is as —> 3 and therefore, by ſubſtituting in the 
D* | D* 
; room 
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Pz 
; that is, the compref- 


five force is as the cube root of that power of the 
denſity of the fluid, whoſe index is P. 
Coo. From this propoſition it follows, that 
if the denſity of an elaſtick fluid be as the force 
which compreſſes it, the particles repel one another 
with forces that are inverſly as the diſtances of their 


centers. 
| ForfinceFisas D. is equal to unity. and 


ſo likewiſe is P; conſequently, the P power of I. 
whoſe reciprocal expreſſes the repulſive force of the 
particles, is equal to I. | 

Hence the particles of air muſt repel one another 
with forces reciprocally proportional to the diftances 
of their centers, becaule the denſity of the air is 
proportional to the force which compreſſes it; as 
will appear from the following experiment. 

Let an inflexed tube as AB, open at both ends, 
be filled up with mercury to ſome ſmall height, 
ſuppoſe DC then ſtopping the end B, ſo as that 
the air may not get out when it is compreſſed, and 
meaſuring the length of - BC, that part of the ſhor. 
ter leg that is filled with air, which air, it is evident, 
is compreſſed by the weight of the atmoſphere ; 
let mercury be poured in at A, till the height there- 
of in the longer leg above the height of the ſame in 

the ſhorter, becomes equal to the height at which 
it ſtands in the barometer, by which means the air 
in the ſhorter leg will be compreſſed by twice the 
weight of the atmoſphere ; let then the length of 
that . of the leg which is poſſeſſed by the air un- 
der this double preſſure be meaſured, and it will be 
found to be juſt one half of BC ; whence it appears. 


room of I, F is as D 


that the ſpaces which a 2 quantity of air poſ-. 


ſeſſes under different preſſures, are reciprocall 


pro- 
portional to the preſſures; and conſequently, al 
| l m 
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Lz cT. much as the denſities of bodies where the quantity of 
XVI. matter is given are reciprocally as their magnitudes, 


the denſity of the air is directly as the compreſſing 
force. From this property of the air, Cor Es has 
deduced a method for determining the denſity there- 
of at any height ; what he has delivered concern- 
ing this matter, is contained in the 5th chapter of 
his Harmonia Menſurarum, which I ſhall endeavour 
to explain to you; and in order thereto, ſhall lay 
before you ſuch properties of the logarithmic curve, 
as I ſhall have occaſion to make uſe of, referrmg 
you for their demonſtrations to the forementioned 
author, and others who have wrote of that curve, 
Let then BDGI be a logarithmic curve, AH its 
aſymptot, that is, a right line ſo ſituated with re- 
ſpect to the curve, as not to meet it till it is drawn 
to an infinite, or rather indefinite length, BA, DC, 
and GF, ordinates, that is, right lines perpendicu- 
lar to the aſymptot at the points A, C, and F, and 
terminating in the curve, BC a tangent to the 
curve at the point B. The properties of this curve, 
which I ſhall have occaſion to mention, are theſe 


Four. 


Firſt, Any ion of the aſymptot intercepted 
between two ordinates, is the logarithm or meaſure 
of the ratio which thoſe ordinates bear one to 
the other ; thus AC meaſures the ratio of BA to 
DC; and CF meaſures the ratio of DC to GF ; 
and fo likewiſe, AF meaſures the ratio of BA to 
GF. And if AC, AF, and AH be ia arithme- 
tick proportion, then DC, GF, and IH are in geo- 
metrick proportion; and if any portion of the 
aſymptot be a given quantity, then is the ratio of 
the two ordinates which intercept that portion, 


| likewiſe given. 


Secondly, That portion of the aſymptot as AC, 
which is intercepted between a tangent and an or- 
dinate, drawn to the ſame point of the curve as B, 
is a given quantity ; or in other words, to what- 

| ever 


2 
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ever point of the curve the tangent and ordinate are LR cr. 
drawn, the portion of the aſymptot which they in- XVI. 
tercept, is always of one and the fame length. The 
portion ſo intercepted is called the ſubtangent, and it 

is the module, or that which regulates the magni- 

tudes of all the logarithms in the ſame ſyſtem 3 for 

they are greater or leſs in proportion to the magni- 

tude of the ſubtangent; ſo that if in two logarith- 

mic curves, the ſubtangent of one be double or - 

triple the ſubtangent of the other, the meaſures of 

the ſame ratios are likewiſe twice or thrice as great 

in the former as they are in the latter. | 

Thirdly, The indefinite areas comprehended be- 
tween the curve and the aſymptot, drawn on to an 
indefinite length beyond HI, are to one another as 
the ordinates which bound them in their wideſt parts ; 
thus, the indefinite areas BAHI, DCHI, and 
GFHI, are to one another as the ordinates BA, 
DC, and GF. 

Fourthly, The indefinite area BAHI, is equal 
to the 1 BA CE, comprehended under 
the ordinate BA, and the ſubtangent AC. 

Theſe things being premiſed, let AB repreſent 
the earth's ro of and let AH be a line perpendi- 
cular thereto z then, foraſmuch as the denſities of 
the air at different heights, are as the preſſures of 
the incumbent nn amy and the ordinates in the 
curve, as the indefinite areas which lie beyond 
them; if the indefinite area BAHI be made to 
denote the weight or preſſure of all the air, and AB 
its denſity at the ſurface of the earth, then, by the 
third property of the curve, the indefinite area 
DCHI, will denote the weight or preſſure of all 
the air which lies above C, and the ordinate DC 
will denote the denſity of the air at that height; 
and thus itis with regard to any other height, ſo 
that at all heights, the denſities of the air will be 
denoted by the reſpective ordinates; wherefore, by 
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the firſt property of the curve, the difference between 
any two heights, is the meaſure of the ratio which 
the denſities of the air bear to one/ another at thoſe 
heights ; thus CF meaſures the proportion which 
the air's denſity at the height C, bears to its denſity 
at the height F, Let us now ſuppoſe the force of 
gravity to ceaſe, and that the air is ſo compreſſed 
by ſome external force, as to be every where from 
top to bottom of the ſame denſity, as it is at the 
furface of the earth; its weight or preſſure which 
before was denoted by the indefinite area BAHTI, 
may now be denoted by the parallelogram BACE, 
inaſmuch as by the fourth property of the curve, 
that area and this parallelogram are equal. Since 
then two fluids which ballance each other muſt have 
their heights inverſly as their ſpecifick gravities, if 
we put unity to denote the ſpecifick gravity of the 
air at the ſurface of the earth, and ſay, as uni- 
ty to 11890, which is the ſpecifick gravity of mer- 
cury with reſpect to that of air, ſo is 24 feet, 
which is the height of the mercury in the barome- 
ter, to a fourth number, we ſhall have 29725 feet 
for the height of the homsgeneal atmoſphere ; and 
this height is equal to the ſubtangent AC. For 
fince the preſſure of this homogeneal atmoſphere 1s 
as its denſity into its height, and likewiſe as the 
rectangle BACE ; and fince the denſity is denoted 
by BA, the height muſt be denoted by AC, the 
module in this ſyſtem of logarithms. Hence we 
have a method for determining the denſity of the 
air at any height; for putting H to denote the 
height at which the denſity of the air is required, by 
the ſecond property of the curve, we have this ana- 
logy, as the integral number marked A, which is 
the module of this ſyſtem, is to the fractional 
number marked B, which is the module of Bs 1 GGs's 
ſyſtem, ſo is H expreſſed in feet, to a fourth num- 
ber, which in Bzx1Ges's tables is the logarithm 5 


— 
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the ratio of the denſity of the air at the earth's ſur- L x Sr. 
face, to its denf;ty at the height H, anſwerable to XVI. 
which in the tables is the natural number expreſſing 

that ratio. | 


A B 
29725 : 0.43429448 :: H: 0.43429448 x H. 
29725 
| 'B C D 
26400 Xx 0.43429448 = 0.385661. 2.4303. 
— — 
29725 


Thus, for inſtance, if the denſity of the air at 
the height of five miles, or 26400 feet, be required, 
by multiplying that number by the fractional num- 
ber marked B, and dividing the product 2 
integral number marked A, we ſhall have 
logarithm marked C, anſwerable to which in the 
tables is the natural number marked D, ex 
the ratio of the air's denſity at the ſurface of the 
earth, to its denſity at the height of five miles; 
whence it appears, that at the ſurface of the earth, 
the air is denſer than it is at the height of five miles, 
in the rtion of almoſt 24 to one; but then, 
this is on ſuppoſition that the force of gravity con- 
tinues the ſame at all heights, whereas in truth, that 
force decreaſes in the receſs from the earth's center 
in the duplicate ratio of the diſtance, which cauſeth 
the denſities of the air at different heights to be 
ſome what different from what they be in caſe 
the force of gravity did not vary. | 

hk ods to determine the denſities more 
accurately, let S be the earth's center, and AB, Pl. 7: 
to AB in the laſt figure, the earth's ſurface, let Fig. 8. 
F be the height at which the denfity of the air is 
7 en let SK bea third proportional to SF and 
dA, andat the point K, let the ordinate KG be 
K k drawn 
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Le r. drawn, denoting the denſity of the air at F, then 

XVI. taking the point M at an indefinitely {mall diſtance 

above, let SL be a third proportional to SM and 
d at the point L, let the crdinate LN be 
» denoting the denſity of the air at M; this 
ing done, it will appear, that the curve BGN 
which paſſeth thro? the points G and N, is the ſame 
logarithmic curve with the ormer, but in an in- 
verted poſition, For ſince SL is to SA, as SA to 
SM, and ſince SK is to the ſame SA, as SA to 
SF, then by equality of ratio, SL is to SK, as SF 
to SM, and by diviſion and permutation, KL. is 
to FM, as SK to SM, or becauſe FM is indefi- 
nitely ſmali, as SK to SF; that is, as SA to SF*; 
whence reducing that analogy into an equation, and 


dividing by SF*, we ſhall have KI. N , 


and rejecting S As, as being a given tity, we 
| ſhall have KL as FM direttly, 2 SFr wrd: 
but FM is as the quantity of air in the indefinitely 
little ſpace FM, and SF* inverſly is as the gravita- 
tion of the ſame air, and KG is as its denſity ; con- 
ſequently, the rectangle under KL and KG, or the 
area KGNL, is as the gravitation, the quantity, 
and denſity of that air conjointly, that is, as its preſ- 
ſure on the air beneath it; and the ſum of all the 
fimilar areas below KG, is as the fum of all the 
preſſures above F, that is, as the denſity of the air 
at F, or as KG, which denotes that denſity ; and 
KGNL which is the difference of the two ſums of 
all the ſimilar areas, one of which ſums begins from 
the point K, and the other from the point L, is as 
the difference of the air's denſities at Fand M, that 
is, as KG LN. Let now KL be given; that i 
to ſay, let the ſmall portion intercepted between 
KG and LN be always of one and the ſame length, 
in whatever parts of the line AS the points K and 


L are taken; then KG will be as heres ONT 
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and conſequently, as KG—LN ; whence by divi-Lz cr. 
fion, KG will be as LN, fo that the ratio of KG XVI. 
to LN is given, and of courſe the given line Kk. 


will be the meaſure of that given ratio; whence 
by the firſt property of the logarithmic curve, the 
curve which paſſeth thro* the points G and N is a 
logarithmic curve; and it is alſo the ſame with the 
former; for taking AO the height above the earth's 
ſurface ndefinitely ſmall, it is evident, that the 
force of gravity 1s the ſame at O that it is at A, 
conſequently, the denſity of the air at O will come 
out the ſame, whether: the law of gravity be taken in- 
to the conlideration or left out; let then the ordinate 
OP be drawn in the former curve, and at the ſame 
d:ſtance from A in the latter curve, let the ordinate 
PQ be drawn. Now, ſince one and the ſame den- 
ſity of the air at the earth's ſurface, is denoted in both 
curves by the equal ordinates BA, it is evident, 
that the ordinates OP and PQ, which in the two 
curves denote one and the ſame denſity at O, muſt 
likewiſe be equal; whence it follows, that both 
curves have the fame curvature, as alſo the ſame in- 
clination of their tangents at the points B, and their 
ſubtangents equal; chat is, the latter curve is the 
ſame with the former, but in an inverted poſition. 
Now, foraſmuch as BA in the latter curve denotes 
the denſity of the air at the ſurface of the earth, and 
GK its denſity at F, it is evident by the firſt pro- 

of the curve, that in this ſyſtem, AK is the 
meaſure of the ratio which the denſity at the ſur- 
face has to the denſity at F; the firſt thing there- 
fore which muſt be done, in order to diſcover the 
denſity at F, is to find out the line AK, and this is 
done by diminiſhing AF in the ſame proportion 
that the earth's e SA is leſs than SF, the 
diſtance of F from the earth's center; for by the 
conſtruction, SF is to SA, as SA to SK; whence 
by diviſion, SF: SA :: AF : AK. AK being 
thus obtained, let it be called H; then, by the ſame 
| - K k 2 proceſs 
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Lor. proceſs as before, we may diſcover the denſity of 
XVI. the air at the height F. be 
2 E feet. 


4005 : 4000 :: 5 : 4000x 5=4.99375=26367. 
4005 
B F - 8 
26367 r ls 32. 2.4279. 


29725 


For inſtance, if the denſity of the air at the 
height of five miles be required as before; then 
by faying, as 4005 miles, that is SF, is to 4000 
miles, that is SA, ſo is five miles, that is AF, to a 
| fourth, we ſhall have the number marked E, ex- 

reſſing miles, and parts of a mile, equal to 26367 
eet, which being multiplied by the fract ional num- 
ber marked B, and the product divided by the in- 
tegral number marked A, we ſhall have the fracti- 
onal number of BR IGS‘ tables marked F, anſwer- 
able to which is the natural number marked G, ex- 
preſſing the ratio of the air*'s denſity at the ſurface 
of the earth, to its denſity at the height of five 
miles. After the ſame manner may the ratio of 
the air's denſity at the ſurface, to its denſity at any 
height be computed. The reſult of ſuch computa- 
tions I have ſet down in the annexed table ; the 
© firſt column of which contains the heights of the 
air in Engliſh miles, whereof 4000 make a ſemj- 
diameter of the earth, The numbers in the ſecond 
column expreſs the ratio of the air's denſity at the 
ſurface, to its denſity at the reſpective heights, and 
ey likewiſe denote the rarity or expanſion of the 
air at thoſe heights. The third column contains | 
the denſities and compreſſions at the ſeveral heights. | 
The numbers at the bottom of the ſecond column 
included in crotchets denote, that ſo many figures | 

are to be annexed to the five preceding, and thoſe 
— © 6: hae t— | 
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column denote, that ſo many decimal cyphers are LA cT. 


to be prefixed to the five followiug figures. 


| 


| Heights of Rarity and expan-| Compreſſion | 
the air in ſion, and denſity. 
Engliſh | 
miles. 
BY 0 |— — —=1 — 14 — 
4 — — — 1.0454[0.95676 
x;— — — 1,0928]0.91509 
41— — — 1.14241j0.87535 
1 |— — — 1.194310.-85405 
14 — — — 1.2429|0.80456 
14|— — — 1.3052]0.76616 
14|— — — 1.3644[0.73290- 
. 2 |— — — 1.426310.70118 
21|— — — 1.487110.607244. 
2: |— — — 1.5586|0.64160 
234|— — — 1.629210.61379 
3 |— — — 1.703110.58716. 
3z|— — — 1.78830.55919 
1— — — 1-8596[0.53775 
34|— — — 1.946010.51387 
4 — — — 2.033610.49173 
4|— — — 2.125710.47043 
43] — — — 2.222110.45002 
44|— — — 2.322610.43012 
g'|— — — 2.42791[9-41 187 
Io — — — 6.918200. 16897 
20 — — 34.288 0.029164 
30 — — 198.34—[0.0050418 
40 — — 1136, —|0.00088028 
50 |— — 6449.2 —|0.00015505 
100 | 33584[3] ——|o. [7] 26798 
400 | 11271[24)] —|o. [23] 88723 
4009 | 19316[ 150] —ſo.[154]51770 
40000 | 33097[276] — o. [280130214 
400009 | 32859[ 301] —|0.[ 305130433 
1000000 | 22002[ 303] —|0.[307]45450 
Infinite, | $7311[ 304] — . (308 26802 
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Cox ol. Since SF is by conſtruction equal to 
SA 


r' and ſince from the nature of muſical propor- 


tion, the quotients ariſing from the diviſion of one 
and the ſame quantity by quantities in arithmetick 


progreſſion, conſtitute a ſeries of muſical propor- 


tionals, it follows, that if ſeveraf diſtances from 
the earth's center as SF, be taken in muſical pro- 
greſſion, their reciprocals as SK, muſt be in arith- 
meick progreſſion z and by the firſt property of the 
logirithmic curve, the denſities of the air as KG, 
mult be in geometrick progreſſion. 

Since the denſity of the air is proportional to 
the compreſſing force, and ſince the compreſling 
force is equal to the elaſtick force, it is manifeſt, 
that if the denſity of the air be increaſed, the claſ- 
ticicy will likewiſe increaſe in the ſame proportion ; 
and on this principle are founded artificial fountains, 
which play by means of condenſed air; they are of 
two kinds, ſingle and double. The ſingle foun- 
tain is made of braſs, and is every where ſhut, ex- 
cepting that thro* the middle of the baſon BB, there 
paſſes down a pipe PP, whoſe lower end reaches 
nearly to the bottom, of the fountain, and to the 
upper end is fitted a ſtopcock, by help of which the 
pipe may be ſhut or opened at pleaſure. 

Some part of the fountain as ADC, being filled 


With water poured in thro* the pipe, a condenſing 


or forcing ſyphon is ſcrewed to the top of the pipe 
above the cock, by means whereof, a great quantity 


of air is thrown into the pipe; which as it cannot 


return back, by reaſon of a valve which ſhuts cloſe 


upon the hole of the ſyphon, forces its way thro! 


the water into the upper part of the fountain, and 
there remains in a ſtate of condenfation, greater than 
that of the outward air. When therefore the con- 


denſer is taken off, and the cock opened, the in- 


| cluded air preſſing ſtrongly on the water which lies 


beneath 
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beenath it, throws it up thro? the pipe, and thereby L as 


makes a jet. 


The force wherewith the water is thrown up, i 


proportional to, and may be expreſſed by the exceſs 
of the denſity of the included air above that of the ex- 
ternal air. For if the included air be equally denſe 
with that without, its elaſtick force muſt be equal 
to the compreſſive force of the atmoſphere ; conſe- 
quently, thoſe two forces will ballance one another, 
and the water will continue at reſt, being preſſed as 
ſtrongly downward by the weight of the external 
air, as it is upward by the expanſive force of the in- 
cluded air; but if the included air be more denſe 
than the external, its elaſtick force will exceed the 
compreſſive force of the atmoſphere, in the ſame 
proportion that its denſity exceeds the denſity of the 
outward air; conſequently, that of the expan- 
ſive force of the included air which raiſes the water, 
is proportional to, and may be expreſſed by, the 
exceſs of the denſity of the included air above that 
of the external air. So that putting F for the force 
which raiſes the water, D for the denſity of the in- 
cluded air, and 1 for the denſity of the air without, 
F is as D—1. 

The height in feet to which the water riſes, ſet- 
ting aſide all impediments, is equal to the product 
ariſing from the multiplication of 33 into the ex- 
ceſs of the denſity of the included air above that 
of the outward air ; that is, putting H for the height 
of the jet, and x for 33, . 

For as water which is driven out of a reſervoir 
the preſſure of the incumbent water, if it ſpouts di- 
cl upward, riſcs to the ſame height with the wa- 
ter in the reſervoir 3 ſo if it be driven by any other 
force, it muſt riſe to an equal height with a pillar 
of water whoſe preſſure is equal to that of the driving 
force; foraſmuch therefore as the atmoſphere makes 


an equal preſſure with a height of water of 33 = 
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LI r. the water will be thrown to the height of 33 feet 


XVI. by the compreſlive force of the atmoſphere; where- 
ore if we put i for the preſſure of the atmoſphere, and 
. fay, as one is to 33 or x, ſo is D—1, which expreſſes 


that part of the preſſure of the included air which 
drives out the water, toa fourth proportional, we 


ſhall have xD—x, or x x D—1, for the height to 
which the water is thrown ; whence it appears, that 
if D—1 be equal to unity, which is the caſe when 
the air within is as denſe again as that without, the 
water will riſe to the height of 33 feet; and if 
Di be equal to 2, which is the caſe when the in- 
cluded air 1s thrice as denſe as the external, the 
height of the jet will be 66 feet, and ſo on. 

The double fountain conſiſts of two ſingle foun- 
tains, whoſe bottoms are faſtened to an hollow braſs 
cylinder, one at each end, in the manner repre- 
ſented in the figure, wherein AA and BB denote the 
two fountains with their baſons; CC the hollow 
cylinder, which plays upon the pins DD as upon 
an axle; each has a pipe as P, whoſe lower end 


reaches nearly to the bottom of the fountain. From 


Exp. 9. 


the baſon of the fountain AA, there iſſues another 


pipe as T, which paſſing thro* AA, and likewiſe 
the hollow cylinder CC, without communicating 
with either, opens at E into the fountain BB. And in 
like manner, ſuch another pipe iſſuing from the baſon 
of BB, and paſlinh thro* that fountain and the 
cylinder, opens into the fountain AA. The hol- 
low cylinder being placed in an upright poſture by 
means of the carriage which ſupports it, and the 
pipes of the lower fountain being ſtopped, water is 
conveyed into it thro* the pipe T, which iſſues 
from the baſon of the upper fountain; by the run- 
ning in of the water the air contained in the lower 
fountain is crowded into a ſmaller ſpace, and there- 
by condenſed ; if then both the pipes of ye 

can 
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fountain be ſtopped, and the lower fountain be - 


brought into the place of the upper, by turning the 


linder on its pins, the water which it contains will 


fall to its bottom, and the lower end of the pipe P 
will be immerſed therein, in the manner repreſent- 
ed in the upper fountain; fo that upon opening 
that pipe, the water will be driven thro* it by the 
expanſive force of the condenſed air; and as it falls 
into the baſon, it will be conveyed thence by the 
pipe T into the lower fountain ; and when the up- 
per is exhauſted and ceaſes to play, then ſtopping 
its pipes, and changing the places of the fountains 
as before, the other may be ſet a going in the ſame 
manner, 
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N this lecture I ſhall firſt explain to you the Lx ex, 
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NATURE OF SOUNDS, and then treat of the XVII. 


VIBRATIONS Of MusSICAL STRINGS, 
That SounDs have a neceſſary dependance on 


the air, will appear from the following experi- 


ment. 


9 


Let a bell be placed under a receiver in ſuch a Exp. f. 


manner as that it may be rung at pleaſure ; and up- 
on drawing the air out of the receiver, the ſound of 
the bell will grow leſs and leſs audible in proportion 
to the of exhauſtion, ſo as at laſt almoſt to 
— and ſcarcely to be heard at all; and up- 
on re- 


and increaſe in proportion to the quantity of air that 
$ taken in. | 
As this experiment proves the air to be 
to the production Funds ſo the tremblings 
which guns, bells, drums, and many other 
ſounding bodies * by means of the 
L 


intermediate 


itting the air, the ſound will revive again, 
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Lz cr. intermediate air, to ſuch bodies as are near them, 


plainly ſhew, that ſounds depend on tremulous mo- 
tions of the air; which therefore I ſhall endeavour 
to explain to you, together with the cauſe and man- 
ner of their production. When the parts of a bell, 
a muſical ſtring, or any other elaſtick body are fet 
in motion by a ſtroke, they vibrate, that is, they 
go forward and return backward alternately thro? 
very ſhort ſpaces ; in going forward they propel, 
and thereby compreſs and condenſe theair which lies 
next them; and in returning backward, they ſuf- 
fer the compreſſed air to recede and expand it ſelf ; 
ſo that the parts of the air which are contiguous to 
the trembling body, go and return in the ſame 


manner with the parts of the body ; and as they 


are endued with a repulſive power, they muſt b 

means thereof excite the ſame vibrations in thoſs 
parts which lie next beyond them; and theſe again, 
muſt in like manner agitate the parts beyond them, 
and ſo on continually z fo that by one ſingle vibra- 


tion of an elaſtick body, a motion is excited in the 


air, and 2 directly forward, by which 
ſome parts go forward, whilſt others return back, 

and that alternately, as far as the motion reaches. 
That this motion may more readily be conceived, 
let ST repreſent an elaſtick ſtring, ſtretched and 
made faſt at both ends; and by a force applied to 
the middle point H, let it be drawn into the poſi- 
tion SET; upon the removal of the force which 
inflects it, it will by vertue of its elaſticity return to 
its former poſition SHT; and foraſmuch as the re- 
ſtitutive force acts conſtantly upon it during the 
time of its motion from E to H, its motion thro' 
that ſpace muſt be continually accelerated, and the 
velocity thereof mult be greateſt at H. When the 
ſtring has recovered the poſition SHT, it will not 
remain therein ; but by vertue of the velocity ac- 
uired in moving from E to H, it will be carried 
forward till it has moved thro* a ſpace as HK, equal 
| £0 
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to EH, and then its motion forward will ceaſe ; for Lr. 
as it moves towards K, the elaſtick force acts conti- XVII, 
nually upon it in drawing it back, and by fo doing, WW 


retards the motion from H to K, in the very ſame 
manner that ĩt accelerated the motion from E to H; 


conſcquently, by the time that the firing has moved 


from H to K, it will have loſt all that velocity 
which it acquired in moving from E to H; as ſoon 
as it ceaſes to go forward, it will be brought back 
again from K to H by the force of elaſticity ; with 
an accelerated motion, in the very ſame manner as 
it was at firſt from E to H; and when it has arri- 
ved at H, it will by vertue of the acquired veloci- 
ty, go on to E, with a retarded motion, in the 
ſame manner as it did from H to K. - The motion 
of the ſtring from E to K and back again, is called 
a vibration; and it is evident from what has been 
faid, that ſetting aſide all external impediments, a 
ſtring which has made one vibration, muſt continue 
to vibrate for ever thro* the ſame ſpace ; but, where. 
as it meets with continual reſiſtance from the air, the 
ſpace thro* which it vibrates, muſt on that account 
grow leſs and leſs continually, and at length vaniſh ; 
and yet, notwithſtanding this variation in the ſpace; 
the times of the vibrations are all equal; as I 
ſhall demonſtrate before the cloſe of this lecture : 
but I take notice of it in this place, becauſe one of 
the chief properties of the pulſes of the air, whert- 
of I ſhall have occaſion to make mention preſently, 
has a neceſſary dependance thereon. | 
When the ftring is drawn into the poſition SET, 
if we ſuppoſe A, B, C, and ſo forth, to be particles 
of air placed in a right line one beyond another, and 
that the diſtance of the firſt particle fromthe ftring at 
E, is equal to the interval of any two adjacent par- 
ticles, as it muſt needs be, on ſuppoſition that the 
particles of the air fly from other bodies with the 
ame force that they _— Of upon let- 
nt * 12 ting 
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LEecr, ting the ſtring go, as it cannot move forward with- 
XVII, out approaching to the particle A, it muſt in the 
very next inſtant after it begins its motion, propel 
that particle; which for the ſame reaſon, muſt in 
the next inſtant after it begins to move propel the 
particle B, and that muſt in the ſame manner 
pe C, and C 1 * D, and ſo on; ſo that the 
ing, and the ſeveral particles of air taken in 
their order, will begin to move forward ſucceſſive- 
ly one after another, at very ſmall intervals of time. 
And whereas the ſtring is accelerated in its motion 
from E to H, and retarded in its motion from H 
to K, the particle A muſt likewiſe be accelerated 
in one half of its progreſs, and retarded in the 
other; for ſince A is equally diſtant from the 
ſtring, and from B, before the vibration com- 
mences, and ſince it begins to move forward a little 
later than the ſtring; it is evident, that upon the 
firſt motion of the ſtring, the diſtance between that 
and A, muſt become leſs than the diſtance between 
— and = a foraſmuch as the increments of ve- 
locity which are continually generated in the ſtring 
by the action of its — are not communicated 
to the particle A, in the inſtant of time wherein 
they are generated, but a little later; it is mani- 
feſt, that the ſtring during its motion from E to 
H, muſt continually be nearer to A than A is to 
B; and conſequently, muſt act more forcibly in 
driving A forward, than B does in driving it back- 
ward, and by ſo doing accelerate its motion. After 
the ſtring has arrived at H the middle point of its 
progreſs, and ceaſed to be accelerated, in the very 
next moment A likewiſe reaches the middle point 


2 of its p „and ceaſes to be accelerated, being 
2 —1 


driven as ly backward by B, as it is forward 
by the ſtring. But however, by vertue of the ac- 
quired motion, it continues to go forward, but with 
2 retarded motion ; nan, 
| repulſv 
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repulſive power of B; in the ſame manner that the Is cr. 
ſtring in moving from H to K is retarded, and at XVII. 
laſt ſtopped by the action of its elaſtick force. Af- WWW 
ter the ſtring has reached K, the utmoſt limit of its 

in the very next moment does A likewiſe 
reach the utmoſt limit of its progreſs, and then 
turning back, purſues the ſtring, which had like- 
wiſe turned back the moment before, And as the 
ſtring is accelerated during its return from K to H, 
and retarded from H to E; fo the particle A 
during the firſt half of its return, being nearer to 
B than it is to the ſtring, muſt be accelerated; and 
during the latter half, being nearer to the ſtring, 
is thereby retarded, and at length ſtopped upon its 
arrival at the place from whence it ſet out, which 
happens immediately after the ſtring has returned to 
E ; and there it continues at reſt, unleſs by a ſecond 
vibration of the ſtring it be again driven forward in 
the ſame manner as before. As this particle is 
made to go and return thro? a very ſhort ſpace, by 
the impulſe of the ſtring, ſo likewiſe are the ſeveral 
fuceceding particles, by the impulſes of the foregoing; 
and as the ſtring, and the ſeveral particles taken in 
their order, begin their motions forward, ſucceſſive- 
ly one after another at very ſmall intervals of time, 
ſo likewiſe do they begin to return in their order at 
the ſame intervals of time; whence it follows, that 
ſome of them muſt go forward, at the ſame time 
that others return back. As the particles which go 
forward begin their motions ſucceſſively one after 
another, they muſt neceſfarily come nearer toge- 
ther ; that is, they muſt be condenſed. And it 
muſt be obſerved, that the condenſation goes for- 
ward continually ; for in the very next inſtant after 
any particle as D, has made its neareſt ap to 
E, E muſt make its neareſt approach to F; and in 
the next inſtant F muſt make its neareſt ap 
to G, and fo on continually ; ſo that * 

tion 
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Lor. ſation muſt paſs forward ſucceſſively in a regular 
XVII, manner thro? the ſeveral particles of air. | 
WY But that I may explain this vibratory motion of 


the air more 8283 it muſt be obſerved, that 
as the ſtring during the firſt half of its progreſs from 
E to H is continually accelerated, its diſtance from 
the particle A, muſt conſtantly grow leſs; and for- 
aſmuch as during the latter half of its progreſs from 
H to K, it is continually retarded, and that in the 
ſame uniform manner that it was accelerated from 
E to H, its diſtance from A muſt conſtantly be in- 
larged, and that in the ſame regular manner that it 
was diminiſhed during the progreſs of the ſtring 
from E. to H; ſo that by the time it has arrived at 
K, the utmoſt limit of its progreſs, it is juſt as far 
diſtant from the particle A, as it was when it firſt 
ſet out. Upon the return of the ſtring, inaſmuch 
as it is continually accelerated from 2 to H; its 
diſtance from the particle A muſt ſtill be inlarged; 
and foraſmuch as it is retarded in its motion from 
H to E, in the very ſame manner as it was accele- 
rated from K to H, its diſtance from A muſt con- 
ſtantly grow leſs in the ſame regular manner that it 
was inlarged during its motion from K to H, fo 
that upon its return to E, it is again juſt as far diſ- 
tant the particle A, as it was at its firſt ſet- 
ting out. From what has been ſaid, it is evident, 
that the ſtring during the time of its progreſs, is 
always nearer to the particle A, than it was before 
its motion began, and that its leaſt diſtance from 
the particle is at H, the middle point of its pro- 
greſs ; it is likewiſe manifeſt, that during the time 
of its return, it is always more diſtant from the par- 
ticle than it was before its motion began; and that 
— diſtance from the particle is at H, the 
iddle po 


int of its return. And what has been 
thus ſhewn of the ſtring with reſpect to the particle 
A, is in like — 3 
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ſpe& to the particle B, and of B with reſpect to C, Lx er. 
— ben of every particle, with reſpect to that which XVII. 


lies immediately beyond it, as far as the motion 
reaches; ſo that each particle with regard to that 
which lies immediately beyond it, is in a ſtate of 
condenſation during its progreſs, and of rarefaction 
during its return, its greateſt condenſation being at 
the midſt of its progreſs, and its greateſt rarefacti- 
on at the midſt of its return. What proportion 
theſe rarefactions and condenſations bear to the 
denſity of the air in its natural ſtate, in every point 
of that ſmall ſpace thro* which a particle of air vi- 
brates, ſhall be ſhewn in my next lecture, as alſo 
the law of this vibratory motion. 

As the parts which go forward, do in their pro- 
greſſive motion ſtrike ſuch obſtacles as they meet in 
their way, they are for that reaſon called pulſes ; and 
the ſenſations which are excited in the mind by the 
ſtrokes of theſe pulſes on the drum of the car are 
called ſounds ; ſo. that ſounds as conſidered in their 
phyſical cauſes, are nothing elſe but the pulſes of the 
air, In order therefore to explain the nature of 
ſounds, I ſhall lay before you the chief properties 
of theſe pulſes. 

The of which is, that they are propagated 
from the trembling body all — in a ſphærical 
manner, For tho? the parts of the body, by whoſe 
vibrations the pulſes are generated, do go and re- 
turn according to certain directions, yet foraſmuch 
a8 every impreſſion which is made on a fluid is 
Pagated every way throughout the fluid, whatever 

the direction wherein it is made, the pulſes muſt _ 
ſpread and dilate, ſo as to form themſelves into 
contentric ſpherical ſurfaces, or rather thin ſhells, 
whoſe common center is the place of the ſounding 
body. And hence appears the reaſon why one 
and the ſame ſound, may be heard by ſeveral per- 
ſons, tho? differently ſituated with reſpect to the 
founding body. | | 


. A ſecond 
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A ſecond property of the pulſes is, that they 
grow leſs and leſs denſe as they recede from the 
founding body, and that in the ſame proportion 
with the ſquares of their diſtances from the body. 
For whatever be the force wherewith the ſounding 
body acts on the firſt ſpherical ſhell of air, with the 
very ſame force does that ſhell act upon the ſecond, 
and that again upon the third, and ſo on continual- 
ly; ſo that the force which condenſes the air in the 
ſeveral ſhells is given; conſequently, the condenſa- 
tions which it produces in thoſe ſhells, muſt be in- 
verſly as the reſiſtances it meets with; but the re- 
ſiſtances are as the ſhells ; and therefore, ſince thoſe 
increaſe continually in the ſame proportion with the 
ſquares of their diſtances from the center, their 
denſities muſt decreaſe in the ſame manner. 

By reaſon of this diminution in the denſities of 
the pulſes, thoſe which are farther removed from 
the ſounding, body, make lighter impreſſions on 
the drum — ear, than thoſe which are leſs diſ- 
tant; and hence it is, that founds grow leſs and leſs 
audible, the farther they go from the ſounding bo- 
dy; and at certain diſtances become ſo weak as not 
to be heard at all. | 

A third property of the pulſes is, that all of them, 
whether denſer or rarer, move equally ſwift, ſo as 
to be carried thro? equal ſpaces in equal times, as I 
ſhall demonſtrate in my next lecture. 

From this property it follows, that all ſounds, 
whether they be loud or low, grave or acute, move 
equally ſwift, the ſofteſt whiſper making equal ſpeed 
with the noiſe of a cannon, or the loudeſt thunder- 
__—— bY pe, 

| likewiſe demonſtrate in my next lecture, that 
ſounds move at the rate of 1142 feet in a ſecond of 
time or thereabouts; for the velocity is not pre- 
ciſely the ſame in all ſeaſons of the year, but is 
ſomewhat greater in ſummer than in winter, on ac- 
count of the heat which renders the air more elaſ- 


tick 
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tick in proportion to its denſity, than it is in the LRT. 
cold winter ſeaſon, | * XVIL 
A A fourth property of the pulſes is, that all thoſe WY 
which are excited by the vibrations of one and the 
ſame body, are at equal diſtances from one another. 

For ſince each pulſe is excited by one ſingle vi- 
bration of the ſounding body, and ſince the 
pulſes move with equal and uniform velocities, it is 
manifeſt, that they muſt ſucceed one another at 
diſtances proportional to the times of the vibrations z 
but the times of the vibrations of one and the ſame 
body are all equal; conſequently, the intervals of 
the pulſes are ſo too. And it muſt be obſerved, 
that the interval between two pulſes, which 1s | 
ſome called the length, and by others the breadth of 
a pulſe, is that ſpace thro* which the motion of the 
air is carried, during the time, wherein any one 
particle performs its vibratory motion in going for- 
ward and returning back. 

On the intervals of the pulſes depend the tones of 
ſounds z and here I muſt "obſerve to you, that all 
the variety there is in ſounds, reſpects either their 
ſtrength or their one; with —— to their ſtrength, 
they are diſtinguiſhed into loud and low; and with 
reſpect to their tone, into grave and acute, other- 
wiſe called flat and op The ſtrength of any 
ſound depends. on magnitude of the ſtroke, 
which is made by a pulſe on the drum of the ear; 
the greater the ſtroke is, the louder is the ſound 
which it excites, and the weaker the ſtroke, the 
lower the ſound ; and whereas all the pulſes move 
with equal velocities, the magnitude of the ſtroke, 
and conſequently the ſtrength of the ſound, muſt 
be as the quantity of matter in the pulſe ; that is, 
as a rectangle under the denſity and breadth of the 
E and ſuppoſing the breadth of the pulſe to 

given, it muſt be as the denſity. 
Ihe tone of a ſound d on the duration of 
aſtroke ; the longer a ſtroke is which a pulſe makes 
1 | m on 
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Laser. on the drum of the ear, the more grave is the 
XVH. found which it produces ; and the ſhorter the ſtroke, 
de more atute is the ſound ; but fince all the pulſes 
move equally ſwift, the duration of a ſtroke muſt 
be proportional to the interval between two ſucceſ- 
five pulſes ; and of conſequence, a ſound is more or 
leſs grave or acute in proportion to the length of that 
inter val. Hence it follows, that all the ſounds 
from the loudeſt to the loweſt, which are excited by 
the vibrations of one and the ſame body, are of one 
tene. It Rkewiſe follows, that all thoſe ſounding 
bodies, whoſe parts perform their vibrations in equal 
titres, have the ſame tone; as alſo, that thoſe 
dies which vibrate ſloweſt, have the graveſt or 
deepeſt tone; and on the contrary, thoſe which vi- 
brate quickeſt have the ſharpeſt or ſhrilleſt tone. 
As there may be an infinite variety in the times 
wherein fouttding bodies perform their vibrations, 
fo may there likewiſe in the tones of the ſounds 
Which depend thereon 3 and yet amidſt this great 
34 variety, muficiahs acknowledge but ſeven principal | 
* fibres in an oave ; for tho* the eighth be requiſite 
| to compleat the ſeven intervals in an octave, yet are | 
there in truth but ſeven notes; for that which is 
called the eig hb, becomes the baſe or ground note 
in the next Octave aſcending ; and as it ſtands in | 
| | the limits of the two octaves, it is called the #4ighth 
| with reſpect to the baſe note below it, and the 
| ground or baſe note with reſpect to the 1 5th which 0 
| B above it; Which 15th is ikewiſe the baſe in the 
| next aſcending octave; for by a repetition of notes, e 
| wherein the proportions of the times of the notes in 5 
P 
0 
v 
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| the firſt octave are preſerved, the oftayes may be 
| continued oh both ways, aſcending and deſcending, 
| und that in infinitum ; and yet, notwithſtanding this 
| | Infinite progreſſion in the octaves, the number of 
harmonic ſounds is limited. Mr. Sauvevr is of 
Oþinion, that all the harmonic ſounds, that is, ſuch tc 
ſounds as can be heard diſtinctly and with pleaſure b 
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and in whoſe tones a difference can be clean'y pen ECT, 
ceived by the ear, lie within the compaſs of ten oc- II. 
taves; as alſo, that all ſounds whatever, from the 
loweſt harmonic ſaund, to the higheſt that the bur 
man ear can well bear, are contained within the li- 
mits of two octaves more. And if this be the gaſa, 
it follows, that that body which gives the ſhrilleſt 
ſound that the ear can bear, makes 4096 vibra 
in the ſame time that one vibration is beer | 
that body which gives the graveſt harmonic ſound; e "a 
for ſince in every octave, the time of the eighth is 
+ of the time of the baſe note, if + be raiſed up to + 
the 12th power, it will exhibit the time of the + 

"4 27 
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ſhrilleſt ſound, that of the graveſt being unity; but * 
the 12th power of 4 is the 4096 of an unite : 
conſequently, the time of the ſhrilleft ſound that 
the ear can well hear, and likewiſe of the vibration \\ 1 
which produces it, is to the time of the graveſt "8 
harmonic ſound, and of the vibration whereby it is 
„as 1 to 4096 but the times of the vi- 

ions of two badies are inverſly, as the numbers 
— — perform in a given time: 
conſequently, the body which gives the ſhrilleſt 
ſound performs 4096 vibrations in the ſame time 
that the body which gives the graveſt barmonic 
ſound performs one; and forafmuch as My. 
SAUVEUR has found by fome which he 
made on organ pipes, of which I ſhall give you an 
account in my next lecture, that a body which 
gives the graveſt harmonic ſound, vibrates 12 times 
— an half in a ſecond, the ſhrilleſt founding bo- 
dy muſt perform 531 100 vibrations in the fame 
time; which argues great ſwiſtneſs in the vibrating 
parts; and yet, great as it is, it has nothing extra- 
ordinary or ſurpriſing in it, if compared with the 
velocity of ſome other motions ;; for if we 
the parts in each vibration to run thro? a ſpace equal 


to the 10th part of an inch, tho? it ĩs pro- 
bable, rr e 
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. Lzcr, and if we ſuppoſe them to move with the ſame veloci- 
XVII. ty during the whole time of their motion ; it follows, 


WYV that they are carried at the rate of 425 feet and ten 
| inches in a ſecond ; conſequently, they do not move 


with much more than two third parts of the velocity 
herewith a ball flies from the mouth of a cannon. 


5. 7 7 2lbe fifth and laſt property of the pulſes is, that 


hey may be propagated together in great numbers 
om different bodies, without dilturbance or con- 
5 fuſion 3 as is evident from conſorts, wherein the 


ſounds of the ſeveral inſtruments are conveyed dil- 
tinctly to the ears of the audience; as they move 
along, ſome of them coincide and ſtrike the drum 
of the ear at one and the ſame time, and thereby 
excite a ſmooth regular motion, that is pleaſing 
and agreeable z whilſt others which do not mix 
and unite, at leaſt not frequently, ſtrike the 
ear at different inſtants of time, and thereby 
diſturb each other's motions, ſo as to render them 
harſh, grating, and offenſive. And hereon depend; 
almoſt the whole of concords and diſcords in mu- 
ſick ; ſuch ſounds generally ſpeaking, being deemed 
concords, as are excited by pulſes which have fre- 

uent coincidences ; and on the other hand, ſuch 
ounds being called diſcords, as ariſe from pulſes 
which coincide but rarely. 

The frequency or infrequency of the coincidences, 
depends on the proportions which the intervals 0 
the pulſes bear one to another; as I ſhall ſhew you 
in relation to the ſeveral notes in an octave; in do- 
ing of which, inſtead of the pulſes and their inter. 
vals, I ſhall conſider the vibrations of the bodies 
which excite the pulſes, and the times of thoſe vi- 
brations; — 2 number of pulſes is always 
"equal to the number of vibrations in the ſounding 
bodies, and the intervals of the pulſes proportional 

to the times of the vibrations. 

If two vibrating bodies begin their motions tagether 
and vibrate-in equaltimes, 1tis manifeſt, that __ 
| | 1 4  brations 
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brations muſt keep pace together, and conſtantly coin- I. 


cide. But if the vibrations be performed in unequal XVII. 
times, it is plain, that they cannot conſtantly keep 2 


pace together; for which reaſon ſome of them on- 
ly will coincide; and which thoſe are may be de- 
termined from the times of the vibrations; for ſince 
the numbers of vibrations, which are performed in 


a given time, are inverſiy as the times of the vibra- 


tions, if the numbers which expreſs the times of the 
vibrations of two bodies be taken reciprocally, they 
will exhibit the coincident vibrations of the reſpec- 
tive bodies. For inſtance, if the time of the vi- 
brations of one body, be to the time of the vibra- 
tions of another, as 8 to 9, which is the caſe of 
two bodies, whereof one ſounds a ſecond or tone 
major to the other, every ninth vibration of the 
former coincides with every eighth of the latter. 
So again, if the times of the vibrations be to ones 
another, as 5 to 6, which 1s the caſe, where one 
body ſounds a leſſer 3d to the other, every ſixth vi- 
brat;on of the former falls in with every fifth of the 
latter. | 
In this ſcheme, I have 43 Eigbt. 


ſet down thoſe fractional +3 Greater ſeventh, 
numbers which expreſs Lſer ſeventh. . 
the proportions that the +4 Greater ſixth, 
times of the vibrations of + Leſſer ſixth. 
thoſe bodies, which ſound 3 _ 

the ſeveral notes in an 2 Fourth. 


octave, bear to the time + Greater third, 

of the vibration of that #4 Leer third. 

body which ſounds the ; Second or tone major. 
baſe note; by the help x Baſe note. 

of which numbers the co- | 


incident vibrations may be readily diſcovered. For 


in each fraction, the denominator exhibits the coin- 
ciding vibration of that body which ſounds the 
note, and the numerator the coinciding vibration of 
the body which ſounds the baſe note, 

"Se | Having 
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Having thus explained the nature and properties 
of ſound, I come now to give you an account of 


the viBRAT4ons of MusicaL STRINGS, and to 


— — what proportions the times of the vi- 
tions are varied, by varying the length, thick- 
neſs, or tenſion of the ſtrings ; and in order there- 
to, I ſhall lay down the following Prorost T1oN, 


Let an elaſtick firing as AB, faſtened at A, and 
paſſing over a ſmall pin or pulley at B, be ſtretched 
an appending weight as P, (which I ſhall call the tend- 
ing force); and by a force applied at the middle point 

» (which I ſhall gall the inflecting force), let it be 
drawn into the poſition ADB; if the diſtance between 
CandD be exceedingly ſmall in proportion io the length 
of the ſtring, or, to ſpeak in the mathematical phraſe, 
1 CD be à naſcent quantity, the inflecting force will 

meaſured by a retlangle under the ſpace CD, and 
the tending force applied to the Jength of the ſtring. 
For ſince che tending force acts upon the ſtring in 


tte direction DB, it may be denoted by that line, 


and being ſo denoted, it may be reſolved into two 
forces, whereof one acts in pulling the ſtring hori- 
zontally in the direction CB, and is therefore to be 
exprelled by CB; whilſt the other acts in drawing 
the ſtring perpendicularly upward from D towards 


C, and is therefore to be expreſſed by the line DC; 


ſo that that portion of the tending forge which acts 
in moving the ſtring upward, is to the whole force, 
as DC to DB; or, becauſe D and C are ſuppoſed 
to be indefinitely near, as DC to CB ; but the 
force which acts in drawing the firing upward, is 
equal to the inflecting force, becauſe they ballance 
each other; conſequently, the inflecting force is to 
the tending force, as CD to CB; and turning this 


analogy into an equation, by multiplying the ex- 


treams and means, and then dividing by CB, we 


mall have the inflecting force equal to a rectangle 
under the tending force, and the line CD, applied 
e! to 


% 
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to half the length of the ſtring ; and therefore, Lx ex. 
foraſmuch as whole tities are in proportion as XVI. 
their halves, the inflecting force will be as a rectangle 
under the tending force and the line CD, applied to 
the length of the ſtring; ſo that putting F for the 
inflecting force, P for the tending force, S for the 
line CD, and L for the length of the ſtring, F is as 


1 Hence it follows, that if P and L, that is, if | 


the tending force and length of the ſtring be given, 
the inflecting force is as the line CD, as will appear 
from the following experiment. 

Let a ſmall braſs wire three feet long, faſtened Exp. 2: 
at one end, and paſſing over a pin fo as that when 
ſtretched it may bein an horizontal poſition, be tended 
by a weight of three pounds; and let half an ounce, 
and an ounce, be appended ſucceſſively to the 
middle of the wire; in the former caſe, the point 
of ſuſpenſion will be drawn down ⁊ th parts of n 
inch, and in the latter 3ths. 

Since the force which inflects a ſtring of a given 
length, and tended by a given force, is as the ſpace 
CD, thro* which the ſtring is bent; the force where- 
with the ſtring reſtores it ſelf, mult likewiſe be as 
CD, becauſe the reſtitutive force is in all cafes equal 
to the infleting force ; conſequently, the point D 
is carried towards C, by a force that varies with 
the diſtance ; and therefore, whatever be thediftance 
at which it begins its motion, the time wherein it 
arrives at C will ſtill be the ſame; as I proved in 
my lecture on the pendulum, Whence it follows, 
that the vibrations of one and the ſame ſtring, whe- 
ther they be through larger or ſmaller ſpaces, are 
all performed in equal times. 

It L and S be given, F is as P; that is, if the 
length of the ſtring, and the ſpace thro? which it is 
bent be given, the inflecting force is as the tending 
force z or, in other words, one and the ſame ſtring, 


being 
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Lx er. being tended by different forces, will upon the in- 
XXII. flexion be drawn down equal ſpaces by inflecting 
forces, which are to one another in the ſame pro- 


ion with the tending forces. 

Let the fame wire as before, be tended by a 
weight of fix pounds, and it will require one ounce 
to draw it down ths of an inch, and two ounces 
to draw it down ;*ths ; whereas, when it was tend- 
ed by a weight of three pounds only, it was drawn 
down the ſame ſpaces by half an ounce, and an 
Ounce. | | 

I 


If P and S be given, F is as I. that is, if the 


force which tends the ſtring, and the ſpace thro' 
which it is bent be given, the inflecting force is in- 
verſly as the length of the ſtring; or, in other words, 
if ſtrings of different lengths be tended by equal 
forces, they will be drawn thro* equal ſpaces by in- 
flecting forces, which are to one another inverſly as 
the lengths of the ſtrings. 

Let a ſmall braſs wire a foot and an half long, 
be tended by a weight of three pounds, and it will 


require an ounce to bend it down ;4ths of an inch, 


whereas half an ounce was ſufficient to give the 
ſame bent to the wire which was of a double length, 


and under the ſame tenſion. 


The time of a vibration of an elaſtick ſtring is mea- 
ſured by a refangle, under the length and diameter of 
the rig. applied to the ſquare root of the tending 
force. For if, as in the caſe of gravity, we ſup- 

ſe the force wherewith the inflected ſtring reſtores 
it ſelf to act uniformly, as we ſafely may, becauſe 
the ſpace thro? which it acts is exceedingly ſmall ; 
then the motion generated will be as a rectangle un- 


der the force and the time of its acting; ſo that 


putting M for . the motion, F for the reſtitutive 
force, and T for the time of its acting, . 


| 
| 
1 4 


| $1 


* 
— 
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FT; but the motion is as the quantity of matter L Er. 
m ved into the velocity wherewith it moves; and XVI. 
in this caſe, the quantity of matter is as a product 
under the length of the ſtring, and the ſquare of 
its diameter; wherefore, putting D, L, and V, to 
denote the diameter, length, and velocity, FT is 
as D*LV ; and dividing both ſides by F, IT isas 


. ; but the reſticutive force of the ſuing be- 
ing equal to the force which inflects it, and that 


having been proved to be as = wherein S denotes 


the — tho? which the ſtring is bent, P the tend- 
ing force, and L. the length of the ſtring; if in- 
ſtead of F we ſubſticute = T will beas Ds 
but the velocity applied to the ſpace is inverſly as 
the time, that is, E is as 5 3 and therefore, in- 
ſtead of that, ſubſtituting this, and multiplying 


both fides by T, we ſhall have T., as = 


8 
b e 
and therefore, extracting the root, T is as $> 3 


Pz 
that is, the time of a vibration, is as a r 
under the diameter and length of the ſtring, applied 
to the ſquare root of the tending force. 
Hence it follows, that if D and P be given, I is 
a3 L; that is, if the diameter of the ſtring and 
the tending force be given, the time of the yibra- 
tions varies with the length of the ſtring; as is ma- 
nifeſt from the diviſion of the monochord, wherein 
the parts of tlie chord which ſound the ſeveral notes 
in an octave, have the ſame proportions to the whole. 
chord, that the times of the reſpective notes have Exp. 5: 
to the time of the baſe note; as far inſtance, one 
half gf the chord ſounds an octave to the whole, 
binn „„ whoſe 
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LEE, whoſe time is one half of the time of the baſe note; 
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VII. and 4 of the chord found a fifth, the time whereof 
sz 4 of the time of the baſe note, and ſo of all the 


Exp. 6. 


Exp. 7. 


reſt, : 
If P and L be given, then T is as D; that is, 
if the tending force and length of the ſtring, be 
given, the time of the vibration is as the diameter 
of the ſtring ; as will appear, if two wires of equal 


lengths be tended by equal weights, the diameter 


one being the goth part of an inch, and that 
be the —— the 45th part; for the former will 
ſound an octave to the latter. 

If D and L be given, then T is inverſly as the 
ſquare root of P; that is, if the diameter and 
length of theſtring be given, the time of the vibration 
is inverſly as the ſquare root of the tending force; as 
will appear, if eleven wires equal as to length and 
thickneß, be tended by weights, whoſe ſquare roots 
are to one another inverſly as the times of the notes 
in an octave; for the wires ſo tended will found the 


reſpective notes. 


Greater ſeventh— — — 77— 21012 
. Leffer ſevemh — — — 3 

Greater ſixth — — — 3 — 1663 
eiu — = — — + — 153y 


tv ee leſt hand column of this table, the” 
munbers Expreſs the times of the feveral notes; and 


che numbers in the right hand column, expreſs the 


weights in ounces, whereby the wires which ſound 
the reſpective notes are wks, the ſquare roots of 


wh 
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which weights, are to one another inverſly as the 
times of the reſpective notes; as for inſtance, the + 
weight which tends the ſtring that ſounds the oftave, 
is to the weight whereby the ſtring that ſounds the 
baſe note is tended, as 4 to 1, whoſe ſquare roots 
are as 2 to 1, that is, inverſly as the time of the c- 
LY to the time of the baſe note; and ſo of all the 
rett, 
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N my laſt lecture, wherein I treated of that mo- L ze wp, 
tion of the air, which is productive of ſounds, I XVII. 
ed you, r 
ward and returning back, is twice accelerated, and 
as often retarded ; but I did not then enquire into 
the law of that acceleration and retardation. 1 like- 
wiſe told you, that all the pulſes of the air move 
equally ſwift, the demonſtration of which, I pro- 
miſed to give you in this lecture. 
* — Sir Is4 AC 8 22 maſt 
manner, in the 4 ien © 4 
cond Book of his Principle; demonſtrated, that each 
particle of air, during its vibratory motion, is ac- 
1 8 n * 
2 pendulum v ma cycloid; ving 
r goth Propoſitions of the ſame 
book, determined the velocity of ſound, I ſhall in 
this lecture lay before you what he has ſaid, in rela- 
tion both to the one and the other, in the cleareſt 
light that I am able, 

As to the firit, let the line AB denote the length Fl. 8, 
of a pulſe, or that ſpace thro! which the motion of Fis- #+ 
the air is propagated, duting the time that a par- 
ick performs its vibration, by going forward and 

Nnz2 returning 


W 
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LzcrT. returning back; and let E, F and G, be three par- 
XVIII. ticles, or phyſical points of air ſituated in the right 
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line at equal diſtances, and at reſt; and let EQ, 
FR, and GT, be three equal, but exceedingly ſhort 
ſpaces, thro* which theſe particles go and return in 
their vibrations; which ſpaces tho they be here 
taken of ſome length, to avoid confuſion in the 
ſcheme, are in reality ſo exceedingly ſmail, as to 
bear no proportion to AB, the length of a pulſe. 
Let x, y, and z denote any intermediate points, 
in which the particles are found during their motion 
forward or backward. Let EF, and FG be ſmall 
phyſical lines, or little portions of air, ſituated in 
ſtrait lines between thoſe phyſical points; which 


Unes are „ r into the places xy, yz, 


and QR, RT. the right line PS, be drawn 
equal to EQ, and on that line as a diameter, let 


the circle SI Pi be deſcribed; and let the circumfe- 


rence of that circle denote tie time of the vibration 
of a particle, and the parts of the circumference, 
the proportional parts of the time; ſo as that after 
any time as PH, or PHSh, if right lines as HL 
and hl be drawn from the points H and h * 
dicular to SP, and Ex be taken equal to PL, or 


Pl, the particle E may be found at x. By this 


means the particle or phyſical point E, in moving 
forward thro* x to Q, and Gabe back again thro? 
x to E, will be accelerated and retarded, in the 


fame manner with a pendulum vibrating in a cy- 


cloid ; inaſmuch as in my lecture on the pendulum, 
I ſhewed you, that the ſpaces deſcribed by ſuch a 


pendulum, and the times of deſcribing thoſe ſpaces, 


are (as we have now ſuppoſed them to be in the 
caſe of the air's motion) as the verſed fines and 
archch of a circle, whoſe diameter is equal in length 


to the whole cycloid. 


Now, in orderto prove that the ſeveral little por- 
tons of air are agitated in the forementioned ö 
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by their elaſticity, which in this caſe is the true Ln er- 
moving cauſe, let us ſuppoſe them to be ſo moved XVIII. 


by ſome cauſe or other, be that cauſe what it will ; 
| and their elaſticity will be found to be ſuch in eve- 

point of their progreſs and return, as muſt of 
neceſſity produce in them the ſame degrees of ac- 
celeration and retardation, that gravity does in a 
pendulum vibrating in a cycloid. 

In the circumference of the circle, let the equal 
arches HI and IK, or hi and ik, be taken, bear- 


ing the ſame proportion to the whole circumference, pl. 8. 
that the little right lines EF and FG, do to AB the Fig. 1. 


length of a pulſe ; and drawing the lines IM and 
KN, or im and kn perpendicular to PS, inaſ- 
much as the points or particles E, F and G, are 
moved in the fame manner ſucceſſively one after an- 
other, the motion beginning with E, and each of 
them performs its intire vibration, in going for- 
ward and returning back, in the ſame time that the 
motion 1s propagated thro? a ſpace equal to AB, the 
length of a pulſe; if PH or PHSh”denotes the 
time from the beginning of E's motion, PI or 
PHS!i, will denote the time from the heginning of 
Fs motion; and in like manner PK, or PHSk, 
will denote the time from the beginning of G's 
motion. And if the points E, F and G be found 
at x, y and 2; the lines Ex, Fy, and Gz, in the 
firſt figure, will be reſpectively equal in the ſecond, 
to PL, PM, and PN, in the progreſs of the points; 
and in their return, to Fl. Pm, Pn, thoſe be- 
ing the verſed ſines of the arches which denote the 


times. Whence it follows, that xz, which is equal to Fig. 1. 


the difference between Ex, and the fam of EG and 
Gz, is in the progreſs of the points, equal to 
EG—LN, and to EG+1n in the return; but xz is 
as the expanſion of the little portion of air EG, 
when it is in the place xz; conſequently, that expan- 
ſion, is to the mean ordinary expanſion, or that 
expanſion which it has when at reſt before it is put 

. | into 
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Lzcr, into its vibratory motion, as EG—LN, to EG, 
XVIII. when that portion of air in going forward is found 
Yin the place xz; and it is as EG Tln; or, be- 


Pl. 8. 
Fig, 2. 


cauſe LN and In are equal, as EG+LN, to EG, 
when the portion of air in returning back, is found 
in the fame place. Let now ID be drawn from 
the point I, perpendicular to HL, and the naſcent 
triangle HID, will be ſimilar to the triangle OIM, 
becauſe the angles at D and M are right ones, and 
the angles at I are equal, as being each of them the 
complement of one and the ſame angle DIO, to a 
right one; conſequently, Dl, or its equal LM, is 
to HI, as IM to the radius Ol, equal to OP; and 
double LM equal to LN, is to double HI equal to 
HK, as IM to O; and by the conſtruction, HK 
is to EG, as the circumference of the circle, to AB; 
or putting R for the radius of a circle, whoſe cir- 
cumference is equal to AB, as OP to R; whence 
reducing, theſe: two analogies "> - ——_ we ſhall 
F 
"HK UF FG N 15 
5 theſe equations together, we ſhall have 
Ee * and reſolving this into an analogy, 
we ſhall have LN: EG:: IM : R; and of 
courſe, by ſubſtituting IM and R, in the places of 
LN and EG, the expanſion of the ſmall portion of 
air EG, or of the phyſical point F, when in the 
place xz or y, is to its mean ordinary expanſion, 
as R—IM to R, in its going forward, and as 
Rim, to R, in its returning; and foraſmuch as 
its elaſticity is inverſly as its expanſion, its elaſ- 
ticity when at the point y, is to its ordina- 


8 e 3 

ry elaſticity, as RAM to R in its progreſs, and 
14 | qi | * 83 1 1 

in its regreſs in the ſame point, NE KR 
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and by the ſame way of arguing, the elaſtick forces Liz c r. 
of the phyſical points E and G, when in going for- XVIII. 
ward they are found at x and z, will be to their or 


J# I I I 
ame ce d. „ HL REN K 
and by ſubducting the latter of theſe quantities from 
the former, the difference of thoſe forces will be as 

HL—KN Sing Ts > 
R—RXHL-RxKNFHExXKN R * 
rejecting all the terms of the diviſor except the firſt, 
as being indefinitely ſmall with reſpect to that, as 
— to K. or, multiplying both ſides by 
. —_— — but foraſmuch as R is a 

5 uantity, HL—KN is as unity ; conſequent- 
—— of the forces is as AL EN But . 

the ſimilarity of triangles, HL—KN is-40 
HK, as OM to OI or OP; conſequently, ſince 
HK and OP are given, HE—KN is as OM; or, 
becauſe SP and EQ are equal, if EQ be biſſected in 
C, as cy. And by the ſame way of reaſoning, the 
difference of the elaſtick forces of the ſame points, 
when in their return they are found at x and z, is 
as the fame cy; but that difference, or the exceſs 
of the elaſtick force of the point x above the elaſ- 
tick force of the point 2z, is the force by which the 
lctle line or portion of air xz, which lies between 
thoſe points is accelerated in its progreſs ; and on 
the other hand, the exceſs of the elaſtick force of 
the point z above that of the point x, is the force 
by which the fame little line or portion of air is ac- 
celerated in its return; ſo that the force by which 
that little portion is accelerated, is where as its 
diſtance from C, the middle point of its vibration; 
conſequently, during its vibratory motion, it muſt 
be accelerated and retarded in the ſame manner with 
a pendulum vibrating in a cycloid 3 inaſmuch as L 
proved in my lecture on the pendulum, _ the 
- Ice, 


— 
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Le r. force which agitates the pendulum in the foremen- 
XVII. tioned: manner, is every where as its diſtance from 
dd middle or loweſt point of the vibration. And 


vas proved to be to its whole or ordinary 7 
| orce 


what has been thus proved of the little portion EG, 
is in like manner demonſtrable of every other little 
portion of air, thro* which the motion is pro- 
Pagated. ny 

As to the velocity of ſound, or what amounts to 
the ſame thing, of the pulſes of the air, if a pendulum 
be made equal in length to the height of an homo- 
geneal atmoſphere, whoſe weight is equal to that 
of our atmoſphere, and its denſity the fame with 
that of the air at the ſurface of the carth; which 
height is, as 1 ſhewed you in a former lecture, equal 


, to 29725 feet, and which I ſhall now denote by 


the letter H ; in the fame time that ſuch a pendu- 
tam performs an intire vibration by going forward 
and returning back, a pulſe of the air will move 
thro* a ſpace equal to the circumference of a circle 
deſcribed with the radius H. For if the little por- 
tion of air EG, vibrating thro* a ſmall ſpace as 
PS, be acted upon at P and S, the extremities of 
the ſpace thro* which it vibrates by an elaſtick force 
equal to its gravity, it will perform its vibrations in 
the ſame time that it would in a cycloid whoſe lengthis 


equal to PS; becauſe equal forces mult of neceſſity 
move equal bodies thro? equal ſpaces in equal times. 


Since then, the times of vibrations are in the ſub- 
duplicate ratio of the lengths of the pendulums, 
and the length of any pendulum is equal to half of 
the cycloid, wherein it vibrates ; the time in which 
the ſmall portion of air would vibrate by the force 
of its gravity in a cycloid equal in length to FS, 
muſt be to the time of the vibration of a pendulum 
whoſe length is H, in the ſubduplicate ratio of PO 
to H. But the elaſtick force which acts upon the 
little portion of air in the extream points P and 8, 
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force, as HL—KN to R; that is, in the caſe be- LEG T. 
fore us where the point K coincides with P, as XVIII. 
HK to R; for upon the coincidence of K and P, 2 
KN vaniſhes, and HL, which in this caſe is their 
difference, becomes the ſine of HK, and equal to 
it, inaſmuch as HK is a naſcent arch. And the 
whole elaſtick force of that little portion of air, or 
which is the ſame thing, the weight which com- 
reſſes it, 15 to its own weight, as the height of the 
— AT atmoſphere or H, to. the ſmall line 
EG; whence putting eto denote the elaſtick force, 
which agitates the ſmall portion of air in the extream 
points of 1ts vibration P and S, and w for its 
weight, W for the whole elaſtic force, or the weight 
of the compreſling atmoſphere, and reducing the 
two laſt * into equations, we ſhall have 
K and — = Wy whence multiplying the 
— —=x& + whence multiplying 
two middle terms together, and likewiſe the ex- 


A 7: 9% C0 TEN 
treams, we ſhall hav —= NG and by ſub- 


ſtituting PO and R for HK and EG, to which 

! 3 POx H | 
they are proportional, 2 equal to r that 
is, by reſolving this equation into an analogy, the 
elaſtick force which agitates the little portion of air 
in the extream points of the ſpace throꝰ which it vi- 
brates, is to its weight, as POXH to R“; ſince 
then, from the nature of motion, the times where- 
in equal bodies are moved thro? equal ſpaces, are re- 
ciprocally in the ſubduplicate ratio of the movi 
forces, it follows, that the time wherein the little 
portion of air performs its vibration by vertue of 
the elaſtick force denoted by e, is. to the time 
wherein it can vibrate thro' an equal ſpace by the 
force of its gravity, in the ſubduplicate ratio of R* 
to PO x H, and of courſe, to the time of the vi- 
bration of a pendulum 8 length is H, in a ratio 

0 | 
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LECT. compounded of the laſt mentioned ratio, and of the 
XVIII. ſubduplicate ral of PO to H; that is, as R* x PO 
GEV te H* x PO; chat is, by dividing by PO, and extract- 


ing the ſquare roots in the {imple ratio of R to H. 
But in the time that the little portion of air per- 
forms one vibration by going forward and returning 
back, the pulſe is 1422 a ſpace equal to AB; 
conſ nol oy the time in which a pulſe moves from 
A to B, is to the time in which a pendulum whoſe 
length is H, ſwings forward and backward, as R 
to H, or as BC, the circumference of a circle whoſe 
radius is R, to the circumference of a circle whoſe ra- 
dius is IH; but the time of the pulſe*s motion from 
A to B, is to the time in which it moves thro” a ſpace 
| to the circumference of a circle whoſe radius 
is H, in the fame proportion; wherefore, in the 
ſame time that a pendulum whofe length is H, 
ſwings forward and backward, a pulſe will move 
thro* a ſpace equal to the circumference of a circle 
_— radius is H, which was the thing to be 
proved. 

As a Corollary it follows, that the pulſes move 
with ſuch a velocity as a heavy body acquires in 
falling down-half the height denoted by H ; for in 
the ſame time with the fall, they will with a veloci- 
ty equal to that acquired by the fall, deſcribe a 
ſpace double that of the fall, that is, a fpace equal 
to H ; and of confequence, in the time that the 
. pendulum 'vibrates forward and backward, they 

will run thro* a ſpace equal to the circumference of 
a circle whofe radius is H. For, in my lecture on 
the pendulum, I ſhewed you, that the time of the 
fall thro“ half the length of the pendulum, is to the 
time of one vibration, ag the diameter of a circle, 
to its circumference ; and of courfe, to the time of 
a double vibration, as the radius to the circumfe- 
rence. Since then it has been proved, that the 
—— move with ſuch a velocity as carries them 

' a ſpace equal to the circumference of a _—_ 
ROT . 
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whoſe radius is H, in the ſame time that a 
lum whoſe length is H, performs a double 


and ſince it appears that the velocity acquired by a WY 


heavy body in falling down half the height H, 
will carry the pulſes thro? the ſame ſpace in the ſame 
time, it is manifeſt, that they move with that velo- 


city, — 

14 ſecond Corollary it follows, that the velocity 
of the pulſes is in a ratio compounded of the ſubdu- 
plicate ratio of the air's elaſticity directly, and of 
the ſubduplicate ratio of its denſity inverſly ; 
for ſince the velocity wherewith they move, is ſueh 
23 a body acquites in falling down half the height 
H, and ſince the velocities acquired by falling ho- 
dies, ate in the ſubduplicate radios of the heights 
from which they fall, it is manifeſt, that the velo- 
city of the pulſes is as the ſquare root of H, but 
the height H, is directly as the air's elaſticity; and 
inverſly as its denſity ;; conſequetitly, the velocity 
of the pulſes is in the icate ratio of the ait's 
claſticity directly, and the ſubduplicate 74510 of its den- 
ſity inverſiy. Whence it appears, that the veleel. 
ty of the pulſes is given, foraſmuch as, catoris h- 
ribus, the elaſticity is as the denſuy . In the winter 
time indeed, the motion of the pulſes is fornewhat 
flower than in fammer, becauſe the coldneſs of that 
kaſon does in ſome tneaſure wedken the elaſticity, 
and at the fame time increaſe the denſity. From 
what has been ſaid, the ſpace thro which ſound 
moves in any giver time, may reachly be determin- 
ed; for ſince it is known —— a pen- 
dulum 394 inches long, performs a double vibration 
by going forward and returning back im two ſeconds 
of time, a pendulum whoſe length is H, that is 
29725 feet long, will perform a like double vibra- 
tion in 1904. ſeconds z conſequently, in that time 
found: will move thro? a ſpace equal to the cireum- 
ference of a cirche whoſe adi is 2992 5 feet; that 
8, it will .move W/O W 
r 8 O 2 ” 
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L ze: divided by 1904, gives a quotient of 979 feet, for 
XVIII. the ſpace thro? which ſound moves in one ſecond of 


time. But it muſt be obſerved, that in this com- 
putation no regard has been had to the thickneſs of 
the ſolid particles of air, thro* which ſound is pro- 

ted in an inſtant 3 if that therefore be allowed 
for, the velocity of found will come out greater in 
the proportion of about ten to nine ; for ſince the 
ſpecifick gravity of air is to that of water, as 1 to 
870, if we ſuppoſe the particles of air to be equally 
denſe with thoſe of water, and that the greater ra- 


rity of air is owing to the greater interval between 
its particles, it follows, that that interval is about 


nine times as great as the diameter of a particle ; 
conſequently, a tenth part of the ſpace thro* which 
ſound is propagated is poſſeſſed by the particles of 
air; if therefore to 979 feet, which is the ſpace 
thro* which ſound would move in a ſecond, in caſe 
the - particles of air had no magnitude, we add a 
ninth part, or 109 feet more on account of the 
thickneſs of the particles, we ſhall have 1088 feet 
for the ſpace thro* which ſound is carried in a ſecond 
of time. Beſides, as there are vapours diſperſed 
thro? the air, which being of a different tone and 
elaſticity, do not partake of that motion of the 
true air by vertue whereof ſound is propagated, 


the moving cauſe having on that account fewer par- 


ticles of matter to agitate, muſt of neceſſity give 
them a greater velocity; and from the nature of 
motion it is evident, that the veloeity will be grea- 


ter in the inverſe ſubduplicate ratio of the quantity 


of matter to be moved; that is to ſay, if we ſup- 
poſe the atmoſphere to conſiſt of ten parts of true 
air, and one part .of vapours, the motion of ſound 
will be quicker in ſuch an atmoſphere, than in an 
atmoſphere conſiſting intirely of true air, in the ſub- 


duplicate ratio of 11 to 10, or in the ſimple ratio of 
about 21 to 20. If therefore the velocity laſt found 


be augmented in that proportion, we ſhall have 
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1142 feet for the ſpace thro* which ſound moves in LR x. 
one ſecond of time; and this agrees with the moſt XVIII. 
accurate experiments that have been made, for diſ- 
covering the velocity of ſound. 
- The ſpace thro* which ſound moves in a ſecond 
of time being thus diſcovered, the length of the 
pulſes excited by the vibrations of a ſounding body 
may likewiſe be found, provided the number of 
vibrations performed by the ſounding body in a 
given time, can by any method be determined; for 
ſince each vibration excites a new pulſe, all that is 
requiſite to be done, is to divide 1142 by the num- 
ber-of vibrations which the ſounding body performs 
in a ſecond, and the quotient will expreſs the length 
of a pulſe in feet. Now, - the number of vibrations 
which a ſounding body performs in a given time, 
has been determined by Mr. Sa uvux, in the fol- 
lowing manner; Muſicians having frequently 
« obſerved, that if two organ pipes which are near- 
ly uniſons, be made to ſound together, there are 
# certain inſtants of time, and thoſe, as well as 
« they can be judged of by the ear, at equal inter- 
* vals, wherein their joint ſound is ſtronger, than 
in the intermediate times.” This, Mr. SauveuR 
with great appearance of reaſon, thinks is owing to 
the coincidence of their vibrations at thoſe inſtants ; 
for when by the coincidence of their vibrations, 
they ſtrike the ear at one and the ſame inſtant, 
they muſt needs make a ſtronger impreſſion upon 
it, than when they ſtrike it ſeparately one after an- 
other. Taking this for granted, he by the help of 
a pendulum, took the time between two ſucceflive 
| coincidences in the vibrations of two pipes of con- 
| ſiderable lengths, and nearly of the fame tone; he 
made choice of long pipes, becauſe the coincidences 
ä of their vibrations are rarer, and conſequently, the 
| intervals between the coincidences are more eaſily 
meaſured, in long pipes than in ſhort ones, Hav- 
ing thus found the time which paſſed between =_ 
. uc- 
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LE r. ſucceſſive coincidences, he readily found the num- 
XVII. ber of vibrations performed by each pipe in the 
lame time, they being inverſly as the numbers ex- 
2 the proportion of the tones of the pipes; as 
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for inſtance, if the time between two ſucceſſive co- 
incidences was found to be the ſixth part of a ſe- 
cond, and the numbers which expreſſed the propor. 
tion of the tones of the pipes were 45 and 46, the 
longer pipe performed 43 vibrations, and the ſhor- 
ter 46, in the ſixth part of a ſecond. From theſe 
experiments: he found, that a pipe, whoſe length 
was about five Parifian feet, had the fame tone 
with a ftring that vibrates an hundred times in a ſc- 
cond; conſequently, of the pulſes excited by the 
ſounding of ſuch a pipe, there are about one hun- 
dred in the fpace of 1142 Exgliſb, or 1070 Pariſian 
feet; and of courſe, the length of one pulſe is about 
Wa feet and c ths, that is about twice the 
length of the pipe; whence it is probable, that the 
lengths of the pulſes excited by the foundings of 
— are in all caſes equal to twice the length 
ipes. 

; —— . — 
which motion received by being communicated 
from a ſmaller elaſtick body to a larger, I took oc- 
caſion to give a reaſon for the augmentation of 
found in ſpeaking trumpets; I ſhall cloſe this lec- 
ture, by accounting for it from the nature of the 
— — — 

on to the pr 0 it is manifeſt, 
that the greater their condenſation is, the ſtronger 
is the ſound which they excite z now, when the 
voice acts upon a portion of air confined within a 
trumpet, it muſt neceſſarily make a ſtronger im- 


preſſion upon it, and of courſe condenfe it more, 


than when it a&tsupan it in an unconfined ftate ; inaſ- 
much as in the former caſe, the force of the voice is 
wholly imployed in giving motion to that fmall por- 
tion of air which lies within the trumpet, whereas 
1 in 
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in the latter caſe, not only that portion of air is put 
in motion by the force of the voice, but likewiſe all 
that body of air which immediately ſurrounds it; 
the air then in the trumpet being by reafon of its 
confinement, more ſtrongly agitated and more 
cloſely condenſed, than it would otherwiſe be, 
muſt at the - exit of the trumpet, communicate to 
the air without greater degrees of condenſation ; and 
of conſequence, produce a louder found, than could 
poſſibly be excited by the ſame force of the voice, 
were it immediately impreſſed on the unconfined 
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IGHT, whereof I intend to treat in this LE cr, 
lecture, is a moſt ſubtile fluid, confifting of XIX. 
particles exceedingly ſmall, but of different magni- 5 WV 
tudes, as fhall be fam hereafter, which are thrown 
olf from luminous bodies by the vibrating motions. 
of their parts, with a velocity ſurprizingly great; 
for they do not ſpend above ſeven or eight minutes 
of law in paſſing from the fun to the earth, as 
was obferved firft by Mr. Ron ER, Profeſſor of 
Aſtronomy to the late King of France; and after 
him by others, by means of the eclip/es of the ſatel- 
ler of Juri ER; for theſe eclipſes when the earth 
s between the ſun and Juri r ER, are obferved to 
happen about ſeven or eight minutes ſooner than 
they ought to do by the aſtronomical tables; and 
on the contrary, when the earth is beyond the fun 
with refpe& to Jur1TER, they happen about ſeven 
or eight minutes later than they ought to do; ſa "| 
that in the latter ſituation of the earth, they are ob- 1 
ferved to ha fourteen or fixteen minutes later 
than in the er; foraſmuch therefore as 9 
4 ites 
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Lecr. lites cannot diſappear, but muſt continue viſible to 


XIX. the eye of an obſerver, till all that light which they 
WY'V reflect before their immerſions has paſſed by the 


place of obſervation, it follows, that the reflected 


light of the ſatellites ſpends fourteen or ſixteen mi- 
nutes in paſſing from one end of the diameter of 
the earth's orbit to the other; and conſequently, 
half that time in moving from the ſun to the earth. 
Hence, if the diſtance of the ſun from the earth be 
70 millions of miles, as it muſt be on ſuppoſition 
that its horizontal parallax is twelve ſeconds of a 
degree, and ſuch the moſt accurate obſervations of 
the lateſt aſtronomers make it; then light moves 
at the rate of about 150 thouſand miles in a ſecond 
of time, and its velocity exceeds the velocity of 
found, in the proportion of above ſeven hundred 
thouſand to one. 
The motion of light is in its own nature rectili- 
_ . neal, as is evident from the ſhadows which all opaque 
bodies caſt when placed in the light of the ſun, or of 
any other luminous body ; and yet the beams or 
rays of light in paſſing out of one tranſparent body 
or medium into another of a different denſity, are 
bent and turned out of their way; or to | 
more properly, they are made to change the direc- 
tion of their motion; and this bending or change 
of direction is commonly called refraion ; and it 
has been found by experience, that the rays in paſ- 
ſing out of a rarer medium into a denſer, are bent 
in ſuch a manner as to be brought nearer to a line 
drawn perpendicular to the refracting ſurface at the 
point of incidence; and on the contrary, in their 
e out of a denſer medium into a rarer, they 
decline from the perpendicular. 7 7 
Pl. 8. For the illuſtration of which, let AB repreſent 
Fig. 3. a ray of light moving in air from A to B, and paſ- 
ſing into water at B, and let HK be perpendicular 
to the ſurface of the water at the point B; when 
the ray goes into the water, it does not continue its 
* motion 
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motion ſtrait forward in the line BC, but in ſomeLecr.' 
other line as BD, which is more inclined to the per- XIX. 
ndicular BK. And on the other hand, if the WW 


Fe DB be ſuppoſed to be a ray of light moving in 
water from D to B, and there paſſing into air, in- 
ſtead of continuing its motion in the direction BE, 
it goes on in ſome other direction as BA, which 
being leſs inclined to, is more diſtant from, the per- 
pendicular BH; as will appear from the following 


experiment. Let an empty veſſcl as BCDE, have Exp. 1. 
a {mall object as A, placed at its bottom; and let it PL. 8. 
be ſo lituated as that the ſight of the object may be Fig · 4 


intercepted by the ſide of the veſſel from an eye 
placed at Q ; let then the veſſel be filled with wa- 
ter, and the ray AB, which before the pouring in 
of the water, moved in a right line from A to K, 
and by ſo doing paſſed above the eye, will upon its 
emerſion out of the water be bent downward, ſo as 
to ſtrike upon the eye, and thereby render the ob- 
ject viſible. 

This bending of the rays in their paſſage out of 
one medium into another, ſeems to be owing to the 
attractive force of the denſer medium acting upon 
the rays at right angles to the ſurface, as may ap- 
pear by conſidering the conſequences of ſuch an 
attraction. 


Let then AC be a ray of light moving from A pl. g. 
to C, and there entring into a denſer medium, the pig, f. 


ſurface which ſeparates the two mediums being de- 
noted by the line HK. The motion of the ray in 
the direction AC, being reſolved according to the 
known method into two, one in the direction AD, 
and the other in the direction AB or DC, whereof 
the former is parallel, and the latter perpendicular 
o HK; it is manifeſt, that as the ray enters into 
the denſer medium at C, its perpendicular motion 
muſt be accelerated by the attraction, whilſt its pa- 
allel motion continues the ſame ; let then the line 
CG be taken in the ſame proportion to CD, * 
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Lye r. the velocity of the perpendicular motion after re- 


fraction has to the velocity thereof before the re- 


faction; and foraſmuch as the parallel motion is 


the ſame before and after refraction, let CE be ta- 
ken equal to AD or BC, and letting fall EF equal 
and parallel to CG, and drawing the diagonal CF, 
the ray after refraction will deſcribe the line CF in 
the ſame time that it moved from A to C before 
the refraction; and foraſmuch as G is equal to 
AD, LM, that is, the fine of the angle MCL, 
muſt be leſs than AD, the fine of ACD ; conſe- 
_ by the attraction of the denſer medium, 

e ray in paſſing into that medium is brought near- 
er to the perpendicular. 

Again, let FC denote the motion of a ray in the 
denſer medium from F to C, and let this motion 
be reſolved into two others, one in the direction 
FG or EC, and the other in the direction FE or 
GC, the former being parallel, and the latter per- 
pendicular to HK ; when the ray paſſes into the ra- 
rer medium at C, the parallel motion does not ſuf. 
fer any change from the attract ion; but the per- 

dicular motion is retarded by the attractive 
rce, which in this caſe acts in direct oppoſition to 
it; let then CD be to GC, as the perpendicular ve- 
locity of the ray in the rarer medium, to the = 
dicular velocity thereof in the denſer ; and let 

A be drawn equal and parallel to FG, in order to 
denote the parallel motion of the ray after refraction; 
and the diagonal CA will be the line deſcribed by 
the ray after refraction, in a ſpace of time equal to 
that wherein it deſcribed the line FC before refracti- 
on; and foraſmuch as AD is equal to GF, it muſt 
be greater than LM; conſequent'y, the angle AC 
is gr-ater than FCG ; and therefore, the ray in paſ- 
fing out of a denſer medium into a rarer, is by the 
attraction of the denſer medium, bent from the per- 
pendicular ; ſo that in both caſes, the refraction 
ſeems to be owing to the attractive force of the =_ 
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ſer medium, acting upon the rays at right angles to L er. 
its ſurface ; and what farther confirms this opinion XIX. 
is, that the denſer any medium is, and conſequent. WWNo 


ly, the ſtronger its attraction, the greater, ceteris 
paribus, is its reftactive power; thus oil of vitriol, 
whoſe denſity exceeds the denſity of water in the 

portion nearly of three to two, acts more forci- 
Fly than water on the rays of light, in bending and 
turning them out of their way; as will appear from 


the following experiment; let the ſixth figure re- Exp. 2. 
preſent a Quadrant, whoſe radius AB is parallel to PL 8. 
the horizon; and let A be a ſmall coloured object, Fig. 6- 


placed on the limb of the quadrant at the extremi- 
ty of the horizontal radius; this being viewed thro? 
an empty glaſs veſſe] as C, of a priſmatick form, 
laced at the center of the quadrant, with its re- 
ing angle downwards, will appear in its real 

at A. Let then the veſſel be filled with wa- 

ter, and let the object be raiſed on the limb of the 
t as high as D, that is to ſay, to the height 

of fifteen degrees and twenty minutes, and the rays 
33 DB, which go from it towards the priſm, will be 
ſo bent in paſſing thro? the water as to enter the eye in 
a direction el to the horizon, and repreſent the 
object as if placed at A. And the fame thing will 
happen when the veſſel is filled with oil of vitriol, 
excepting only, that the object muſt be yaiſed to a 
greater height ſuppoſe to E, ſo as to have an ele- 
vation of 20 degrees and eight minutes; which 
plainly ſhews, that the rays are more bent, and 
— — refraction under the ſame circum- 
lances from oil of yitriol, than they do from water. 
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| veſſel. 
Denſity Degr. &  Sines 
inutes|. 
Water 7 | 1 15.200 2644342 
Oil of vitriol 1.497 20.8 3442060 
Salt water 4. ; 1.2 17.52 3058029 


| Spirit of wine 0.835| 17. 2923717 
Oil of turpentine 0.869 22.34| 3837582 
| | Oilof Linſeed | 
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Refractions taken by the Quadrant and priſmatic; | 


Spirit of hartſhorn 1.011016. | 2756374 


0.939| 22.57] 3889277 


The denſer medium begins to attract the rays at 


ſome diſtance from its ſurface, and it acts upon 
them more and more forcibly in proportion as their 
diſtance from its ſurface leſſens; but however, in 
what follows I ſhall ſuppoſe the attractive force to 
act with the fame vigour in all parts of the ſpace 
thro* which it extends it ſelf ; becauſe, as that ſpace 
1s indefinitely ſmall, no ſenſible error will ariſe from 
ſuch a ſuppoſition. If then CD be the ſurface of 
the denſer medium, and AB the ſpace thro which 
the attractive force extends it ſelf from A to B; 4 
ray of light in paſſing from B to A will be accele- 
rated in ſuch a manner as that the perpendicular ve- 
Jocity thereof at the point A will be equal to the 
ſquare root of the ſum of the ſquare of the perpen- 


dicular velocity of the ray at its incidence on the 


point B, and of the ſquare of the * 
ot. bs wb: 1 
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locity. which it would have at A, fuppoſ rg it be-Lecr. 


its motion at B, from a ſtate of reſt. For ſince 
the attractive force is ſuppoſed to act uniformly thro? 
the ſpace BA, the motion which it generates will 
as to its properties correſpond with the motion art- 
ſing from gravity ; if therefore the triangle EGH *! 
be taken to denote the ſpace BA, GH will expreſs 
the velocity of a ray at A, on ſuppoſition that from 
a ſtate of reſt it begins its motion at B; but if at B 
it has a velocity expreſſed by any right line as IK, 
parallel to GH, 1-t the triangle be continued on till 
the portion IELK becomes equal to EGH, and 
FL will expreſs the velocity of the ray at the point 
A; and foraſmuch as the triangle EFL, is 1 75 
N the ſum of the two triangles EGH and EIK, 

ual to the ſquare root of the ſum of the ſquares 
of H and IK ; that is, the perpendicular veloci- 
ty of the ray at 'A, is equal to the ſquare root of 
the ſum of the ſquare of the perpendicular velocity 
of the ray at its incidence on the point B, and of 
the ſquare of the perpendicular velocity which it 
would have at A, on ſuppoſition that it began its 
motion at B. from a ſtate of reſt, And this being 
ſo, the courſe and velocity of a ray of light after 
refraction, in paſſing out of a rarer medium into a 
denſer, may be determined in the following man- 


ner. Let Z be a rarer medium, and X a denſer, ſe- Pl. 8. 
parated by the common ſurface EF, on which let a Fig. 9. 


ray of light as AC, fall obliquely, and let AC 
meaſure the velocity of the ray in the rarer medium 
which velocity is the ſame, whatever be the incli- 
nation of the ray. From the center C with the 
radius CA, let a circle be deſcribed, in which let 
NM be drawn thro' the center perpendicular to 
EF, and from A let fall AQ perpendicular to EF, 
as alſo AO perpendicular to NC, The motiorFof 
the ray in the direction AC being reſolved into two 
others, one in the direction AO or QC, and the 
other in the direction AQ or OC; 3 


— 
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Let cr, will meaſure the velocity of the perpendicular mo- 
XIX. tion; and therefore, it CP be taken to denote 


the perpendicular velocity generated by the at- 
traction of the denſer medium, the line PO will 
meaſure the perpendicular velocity of the ray in the 
denſer medium ; and foraſmuch as the velocity of 
the parallel motion is no way altered by the attrac- 
tion, if CV be taken equal to QC, and VB be 
drawn para lel to CM, and equal to PO, it is evi- 
dent, that the ray after refraction, will deſcribe the 
line CB, and that the velocity of its motion will be 
meaſured by that line. 

As a Corollary,” from what has been proved it 
follows, that the velocity of the refracted ray in the 
denſer medium is no way varied by varying the in- 
clination of the incident ray; for the ſquare of BC 
being equal to the ſum of the ſquares of BV and 
CV, or of PO and AO, and the ſquare of PO be- 
ing equal to the ſum of the ſquares of CO and PC, 
the ſquare of CB is equal to the ſum of the ſquares 
of AO, CO, and PC; but the ſquares of AO and 
CO are equal to the ſquare of CA or CN; conſe- 
quently, the ſquare of CB is equal to the ſum of 

{quares of PC and CN, which quantities con- 
tinue unvaried, whatever be the inclination of the 
incident ray; and therefore PN or CB is a given 
quantity; that is, the meaſure of the velocity, and 
of conſequence, the velocity wherewith the rays 
move after refraction in the denſer. medium, is al- 
ways the ſame, however differently inclined the 
rays may be to the ſurface of the denfer medium at 
their incidence thereon. 

The angle ACN, which the line deſcribed by the 
incident ray, contains with the dicular to the 
refracting ſurface at the point of incidence, is called 
the angle of incidence ; and the angle BCM, which 
the line deſcribed by the refracted, contains with the 
perpendicular to the refracting ſurface at the point 
of incidence, is called the angle of refraction. 


As 
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As a ſecond Corollary, from what has been proved Ly ct. 
it follows, that the fines of theſe angles are to one X 
another in a given ratio; or in other words, that 


whatever proportion the ſine of any one angle of 
incidence bears to the ſine of the correſponding 
angle of refraction, the ſame does the fine of any 
other angle of incidence bear to the fine of the re- 


ſpective angle of refraction. For ſince CB is cut Pl. 8. 
by the circle in the point T, if from B and T, BS Fig. 9 


and TR be drawn perpendicular to the radius, BS 
will be equal to AO, which is the ſine of the angle 
of incidence, and TR will be the ſine of the angle 
of refraction; and from the nature of ſimilar tri- 
angles BS is to TR as CB to CT; that is, the fine 
of incidence is to the fine of refraction in the fame 

ion with two ſtanding quantities; conſe- 
quently, that proportion is given, whatever be the 
inclination of the incident ray. And what has been 
thus proved, with reſpect to the ſines of inci- 
dence and refract ion, when rays paſs out of a rarer 
medium into a denſer, is in like manner demon- 
ſtrable of thoſe lines, when the rays move out of a 
denſer medium into a rarer, with this difference on- 
ly, that whereas in the former caſe the angle of in- 
cidence exceeds the angle of refraction, inthe latter 
it is exceeded by it; for as the attraction of the den- 
fer medium by accelerating the perpendicular velo- 
city of the rays in their paſſage from a rarer me- 
dium turns them out of their way, ſo as to bring 
them nearer the perpendicular, ſo on the other hand, 
by retarding their perpendicular velocity in their 
paſſage into the rarer medium, it turns them out of 
their way ſo as to remove them farther from the 
perpendicular, as has been already ſnewn; and for- 


aſmuch as the rays are turned out of their way in 


both caſcs by one and the ſame cauſe afting in the 
ſame uniform manner, it is manifeſt; that in both 


caſes, they mult be equally bent; conſequently, A 
m 
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Lzcr. much as the angle of incidence exceeds the angle of 
XIX. refraction when a ray paſſes out of the rarer medium 
Ando the denſer, fo much muſt it be exceeded by it, 
when the paſſage of the ray is made the contrary 
Way. 
Now that the ſine of the angle of incidence is to 
the ſine of the angle of refraction in a given ratio, 
whatever be the inclination of the incident ray, may 
be proved experimentally in the following manner, 
Let a braſs quadrant graduated on both ſides, 
41 and fixed at its center to a perpendicular pil- 
| Pl. 8. lar in the manner repreſented, have two indices 
Fig. 10. as A and B, one on each fide, moveable on the | 
center C; and let the index A, whereof the ſtem 
D is a continuation, be made to point to the 
15th degree, and the index B to the 15th minute of 
the 2oth degree; let then the pillar be immerſed in 
water, ſo far as that CE the horizontal edge of the 
quadrant may touch the ſurface of the water, and 
upon viewing the ſtem D which lies within the wa- 
ter, it will by reaſon of the refract ion, ſeem to have 
changed its ſituation, and appear to lie in the ſame 
plane with the index B. And the ſame thing will 
| ikewiſe obtain, if the index A be ſet at the goth 
| | degree, and B at the goth minute of the 42d de- 
gree. Now in both theſe caſes, the angle of inci- 
| dence is equal to the angle contained between FC, 
| the perpendicular edge of the quadrant, and the 
| index A; and the angle of refraction is the angle 
made by the perpendicular edge of the quadrant, 
and the index B; ſo that one of the angles of in- 
cidence is 15 degrees, and the other 30, and the 
correſponding angles of refraction are nineteen de- 
grees, fifteen minutes, and 41 degrees, 30 minutes; 
| and 25, which is the ſine of the leſſer angle of in- 
cidence, is to 33, the fine of the correſponding 
| angle of refraction, as 30, the ſine of the Hor 
angle 
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angle of incidence, to 66, the ſine of the angle 
of refraction which correſponds thereto ; as in the 
following TABLE, 


- 


Anglesof Hines. Angles of Sines 
incidence. refrattion. 


| E 
Out of water into] 15, [2588 19. 15 [329 


air. d. m. | 
30. [5000| 41. 30 [662 
= me my 
Out of oil of tur- 2588] 22, 374 
pentine into air. d. 
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LECTURE XX. 


Or Cotrouxs. 


ATURALISTS were formerly of opi- Lg e r. 
nion, that LicnT was in its own nature XX. 


imple and uniform, without any difference or va- 
nety in its parts. And that Col ou xs, which are 
to be the ſubject of this lecture, were nothing elſe 
than certain changes or modifications of light cauſed 
by refractions, reflections, and ſhadows. But Sir 
aac NewToON, to whom we are indebted for 
mot every thing that we know with certainty 
concerning the nature of light, has ſhewn fromexpert= 
ments, that notwithſtanding the uniform appear- 
ance of light, the particles whereof it is compoſed 
ae of diffrent colours; and that the colour of each 
particle is laſting and permanent, ſo as not to be 
changed either by refraction or reflexion. He has 
ikewiſe ſhewn, that . particles which differ as 

| q to 
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LE r. to colour, differ alſo in degrees of refrangibility ; 


XX. 


by means whereof, the rays of different colours may 


V pe ſeparated from each other, and exhibited apart. 


Exp. 1. 


Pl. 8. 


Fig. 11. 


Let a beam of the ſun's light paſs into a darkened 
chamber thro* a round hole as H, about the ſix- 
teenth or twentieth part of an inch wide, fo as to 
fall directly on the middle of a double convex len; 
as L, ground to a radius of five or fix feet, and 
placed at the diſtance of ten or twelve feet from 
the hole; by which means the image of the hole 
will be projected to I, on the other ſide of the len,, 
at the diſtance of ten or twelve feet more, and there 
appear white and round. Læt then a priſm of ſolid 
greeniſh glaſs as P, be placed cloſe behind the len, 
and in ſuch a poſture as that the beam of light may 
fall upon it perpendicular to its axis, which is an 
imaginary (trait line, running thro? the middle from 
one end to the other parallel to its edges; this be- 
ing done, the image of the hole, inſtead of being 
round and white, and projected to I, will be long 
and coloured, and caſt ſidewiſe from I; and the 
colours of the image taken in their order from that 
which lies neareſt to I, will be red, orange, yellow, 

een, blue, purple, and wiolet ; as in the image 
MN, where the ſeveral colours are denoted by their 
initial letters. 

From the lengthening of the round image by 
the refraction of the priſm, it is evident, that of 
the particles of light which form the image, ſome 
are more refrangible than others; tor were they all 
alike refrangible, the diſtances to which they are 
thrown ſidewiſc from their firſt ſituation at I, would 
be all equal, and of conſequence, the ſecond image 
would be round as the firſt, 

As in the coloured ſpefrum the red lies neareſt to, 
and the vialet fartheſt from I, it is manifeſt, that 
the red particles in their paſſage thro* the priſm, 
are puſhed out of their way leſs, and the violet 
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more, than any other; and conſequently, that the Lr. 
red particles have the ſmalleſt degree of refrangibi- *XX. 
lity, and the violet the greateſt ; and that the par, WWW 
ticles - intermediate colours have 2 de- N 
refrangibility, greater or leſs in proportion 
— lie nearer to = one or the other o os two 
extreams. 
This difference of refrangibility in the particles 
of light, argues a difference likewiſe in their mag- 
nitudes; for ſince one and the ſame cauſe, to wit, 
the attraction of the glaſs, acting upon them all 
with equal force, and under like circumſtances, 
produces unequal changes in the directions of their 
motions, it muſt needs be that they move with un- 
equal forces, and conſcquently, that their quantities 
of motion are unequal, which inequality of moti- 
on can ariſe from nothing elſe but the different ſize 
of the particles, in caſe they all move equally ſwift, 
5 they are generally ſuppoſed to do; and that they 
ue all perfectly ſolid, as their power of penetrating 
and diſſolving the denſeſt bodies, without ſuffering 
any change themſelyes, ſeems to require; conſe, 
quently, the particles of light which differ as toco- 
lour, differ alſo in magnitude; thoſe of violet be- 
ng ſmalleſt, and the particles of other colours in- 
creaſing continually one above another, as they are 
more and more removed from the violet, and ap- 
proach nearer to the red, whoſe particles are largeſt 
of all; and here it will not be improper to obſerve, 
that as the red particles are of all others the largeſt, 
they muſt on that account act with the greateſt 
force, and excite the ſtrongeſt vibrations in the ner. 
yous coat of the eye; which may : be one reaſon 
Fhy reds are ſound- to be more offenſive to the eyes, 
ban any other r whatever. | 
The ſeven colours whereof the long image is 
compoſed are permanent and laſting, and cannot 
ll Poſſibly be changed, either by refraction or reflexi- 
, as will appear from the following experiments, 
* 047 Let 
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Lzcr. Let à ſmall hole be made in the paper whereon the 


XX. 


3 
Exp. 3. 


Exp. 3. 


Exp. 4: 


; likewiſe manifeſt, that the permanent colours of 


coloured image is formed, thro* which, let each of 
the ſeven colours paſs ſucceſſively, and falling upon 
a priſm, be again refracted, and they will be found 
to continue the ſame, without the leaſt change or 


alteration ; thus, the red when refracted, will con- 


tinue totally of the ſame red colour as before; nei. 
ther orange, yellow, green, blue, nor any other new 
colour, will ariſe from the refraction; and the like 
conſtancy and immutability will be found in the 
other ſix colours, when refracted ſingly and apart 
from the reſt. And as theſe colours are not change- 


able by refraction, ſo neither are they by reflexion ; 


for if bodies of different colours be placed in the red 
light, they will all appear red, and 1n the blue light, 
they will appear blue, in the green light, green, and 
and ſo of the other colours; in the light of any one 
colour, they will all appear totally of that ſame co- 
Jour, with this difference only, that in ſome the 
colour will be more ſtrong and full, in others more 
faint and dilute, every body appearing moſt ſplen- 
did and luminous in the light of its own colour. 
Thus for inſtance, if a deep red as carmine, and a 
full blue as ullramarine, be held together in the red 
light, they will both appear red; but the carmine 
will appear of a ſtrongly luminous and reſplendent 
red, and the ultramarine of a faint obſcure and dark 
red; and on the other hand, if they be held toge- 
ther in the blue light, they will both appear blue; 
but the ultramarine will appear of a ſtrongly lumi- 


nous and reſplendent blue, and the carmine of a 


faint dark blue. 
Since the colours of the rays are not capable of 


being changed either by refraction or reflexion, it 


is manifeſt, that if the ſun's light conſiſted of but 
one ſort of rays, there would be but one colour in 
the world; and by conſequence, that the variety of 
colours depends upon the compoſition of light. If 


natural 
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natural bodies ariſe from hence, that ſame bodies Lr. 
reflect ſome ſort of rays, and others other forts XX. 


more copiouſly than the reft, aud upon that account 
appear of this or that colour. Thus minium, and 
other red bodies, reflect the red rays molt copiouſly, 
and thence appear red; violets, and all other bodies 
of the like colour, reflect the violet rays in greater 
abundance than the reſt, and thence have their co- 
Jour ; and . of other bo ies, every body reflect- 
ing the rays of its own colour more copiouſly than 
the reſt, and deriving its colour from the exceſs 
and predominancy of thoſe rays in the reflected 
light; for tho' all bodies appear of the ſame co- 
lour, when placed together in the light of any one 
colour, yet every body looks more ſplendid and 
luminous in the light of its own colour than in that 
of any other, which puts it paſt diſpute, that every 
body reflects the rays of its on colour in greater 
abundance, than it does the reſt, and thence has its 
colour. | 

As natural bodies appear of divers colours, ac- 
cordingly as they are diſpoſed to reflect moſt co- 
* the rays originally indued with thoſe colours, 
o from the ditferent proportions which the predomt- 
nant rays bear to the reſt of the reflected light, ariſe 
different ſhades or degrees in thoſe colours, Where 
the predominant rays are very numerous in pro- 
portion to the reſt, the colour appears ſtrong and 
full; but as the exceſs of the predominant rays leſ- 
ſens, the colour, from the mixture of the other rays, 
abates of its livelineſs, and becomes more faint and 
dilute ; and when all the rays are equally reflected, 
ſo as that no one kind predominates, the colour 
becomes white; for whiteneſs is a mixture of all 
the colours, and it is more or leſs intenſe in pro- 
portion as the reflected rays are more or fewer in 
number; all grays, duns, ruſſets, browns, and other 


dark and dirty colours, down to the deepeſt —_ 
ws 
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Lx cr, being but ſo many leſſer degrees of white, and diffe- 
XX. ring from perfect whiteneſs on no other account but 
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cat they conſiſt of a leſſer quantity of light, and 


conſequently appear leſs glaring and luminous. 

The reaſon why bodies reflect this or that kind 
of ray more copiouſly than — reſt, and conſe. 
quently appear of this or that colour, depends al- 
together - aps ſize and denſity of —— 
whereof the bodies are compoſed. Particles of 
coloured bodies reflecting rays of different co- 
Jours according to their different magnitudes and 
denſities, as has been fully proved by Sir Isaac 
NewrTon, from experiments and obſervations made 
on the colours of thined bodies of air, water, and 

laſs ; by the help of which, he has in the ſecond 
2 of his. Optics, given us a table containing 


ſeven orders or ſeries of colours, together with the 


thickneſſes of the particles of air, water, and glaſs, 
which exhibit the ſeveral colours in each order; 
which thickneſſes are expreſſed in parts, whereof 
ten hundred thouſand make an inch. The firſt 
rt of that table is here laid before you; and by 


inſpection thereof it will be found, that in each 


order of colours, the red is reflected by particles of 
the greateſt thickneſs, and that the thickneſſes of 


the particles which refle& the other colours, grow 


leſs and leſs, as the colours which they reflect are 
more and more removed from the red. It is like- 
wiſe manifeſt from the ſame table, that among the 
particles which reflect one and the ſame colour, 
thoſe which have the greateſt denſity, have the 


leait thickneſs ; thus for inſtance, the thickneſs of 


a particle of glaſs which reflects the ſcarlet of the 


ſecond order, is but 124 ; whereas the thickneſs of 
water which reflects the ſame colour, is 144, and 


that of air till greater, to wit 194 ; ſo that the 
thickneſſes of the particles which reflect any colour, 


increaſe as their denſities leſſen ; for which reaſon, 
- | | particles 
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parricles of the ſame thickneſs may reflect different Lx e r. 
colours, provided their denſities'be unequal ; thus XX. 


icles of air which reflect the violet of the ſe- 


the gr 
cond order, have very nearly the fame thickneſs with 
particles of water which reflect the green, as alſo 


with the particles of glaſs which reflect the orange of 
the ſame order. 


Thickneſſes of 


—— 
% 


Air. Mater.] Glaſs. 
Very black 4 1 IT 
Black I 4 57 
Their co- Beginning of black 2 | 1: | 15 
lours of Blue 273 | 14 | 138 
the fir8) White 5s | 33 | 3F 
order. Yellow 75 | 53 | 4+ 
Orange EW, 55 
Red g | 6 | 5t 
— I —_— ooemrnemmmens — — 
Violet 114 | 8+ | 73. 
Indico 124 | 94 TT 
Blue I4 | 10x | 9 
a 1 Ereen 154193 
7 Yellow 167 | 123 | 107 
; Orange 173 | 13 | 113 
Bright red 183 | 133 | 114 
Scarlet 195 | 144 123 


From what has been ſaid concerning the colours 
of natural bodies, it follows, that if any change be 
made in the ſize or denſity of the particles whereof 
a body is compoſed, the colour of the body will 
likewiſe be changed; for which reaſon, if two co- 
lourleſs liquors be mixed together, they may in the 
mixing ſuffer ſuch changes in the ſize and denſity 
of their parts from their mutual actions one upon 
another, as to become opaque and coloured — 
| | A 
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Le cr. ſuch liquors as are coloured, may for the ſame rea- 


XX. 


ſon, when mixed together, either become tranſpa- 


rent and colourleſs, or of ſuch a colour as is diffe- 


1. J Red. Tincture of red roſes 


rent from the colour of either, before the mixture; 
as will appear from the experiments now to be 
made. 


Colours produced by the mixture of Liquors void of 


colour. 


1. Roſated ſpirit of wine, and ſpirit of vitriol, a Red. 
2. Solution of mercury, and oil of tartar, Orange. 
3. Solution of ſublimate, and lime water, 7low. 
4. I incture of roſes, and oil of tartar, Green, 
5. Tincture of roſes, and ſpirit of urine, Blue, 
6. Solution of copper, and ſpirit of ſal ar- 
moniack, | Purple, 
7. Solution of ſublimate, and ſpirit of ſal 
armoniack, White. 
3. Solution of ſugar, of lead, and the ſo- 
lution of vitriol, Black. 


Colours ariſing from the mixture of ſuch liquors as are 


coloured. 
[ 


Yellow. Tincture of ſaffron * 
Blue. Tincture of violets 3 ˖ 

| xii Spirit of ſulphur ; Crimſes, 
Red. T incture of red roſes Bl 

3. J Brown. Spirit of hartſhorn 5 * 


2 _— I incture of violers Violet, 


Blue. Solution of copper 


5. = Tincture of Violets ? Purple. 


Blue. Solution of hungarian vitriol 


Blue. Tincture of cyanus 
2 Blue. Spirit of ſal armon. Ss} _ 
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| Blue. Solution of hungarian vitriol La 2 r. 
7. 1 | 1 Yellow. 


'* t Brown. Lixivium 
Blue. Solution of hungarian vitriol | 
1 L Red. Tincture of red roſes Black. 
Blue. T incture of cyanus 
3 Solution of copper . Red, 


Colours changed and reſtored. 


1. A ſolution of copper, which is green, by ſpirit 
of nitre is made colourleſs, and is again reſtored by 
oil of tartar. 

2. A limpid infuſion of galls, is made black by a 
ſolution of vitriol, and tranſparent again by oil of 
vitriol, and then black again by oil of tartar. ' - 

3. Tincture of red roles, is made black by a ſolu- 
_ of vitriol, and becomes red again by oil of 


ſlight tincture of roſes, by ſpicit of vitriol 
== of a fine red, then by ſpirit of ſal armo- 
— green, and then by oil of vitriol becomes 
re . 
5. Solution of verdegreaſe, from a green by 
ſpirit of vitriol becomes colourleſs, then by ſpirit of 
al armoniack turns a purple, and then by oil 85 
vitriol becomes tranſparent again. 


Among the various Phenomena of colours, there 
is none more remarkable than that of the rainbow, 
which is an appearance obſervable in thoſe places 
only where it raing in the ſunſhine, and where the 
ſpectator is placed in a due poſition between the ſun 
and the rain, with his back to the former; for which 
reaſon it is generally allowed, that the bow is made 
by the refraction of the ſun's light in drops of fal- 


ling rain; the manner wherein it is formed, has in 

ſome meaſure been explained by AnTonius DE 

Dowm1n1s, archbiſhop of Spalato, and after him by 

_ CAKkTEs; but as ow of them —— - 
r | 
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Lz er. the true origine of colours, it was impoſſible for 
XX. them not to be defective in their accounts; and 
WYN therefore Sir Isa Ac NRWTrox, after he had diſco- 
vered the true nature and riſe of colours, ſet him- 
ſelf to the conſideration of this ſubject, and towards 
the latter end of the, firſt book of his Opticks, 
has given a full and ſatisfactory account of the whole 
matter; the fabſtance of what he has there deliver- 
ed concerning the rainbow 1s as follows. 

Let a drop of rain, or any other ſpherical tran- 
Pl. 9. ſparent body be repreſented by the ſphere BNFG, 
Fig. 1: and let AN be one of the ſun's rays, incident upon 
it at N and thence refracted to F, where let it 
either go out of the ſphere by refraction towards 
V, or be reflected to G; and there let it either go 
out by refraction to R, or be reflected to H, where let 
it go out by refraction towards &, cutting the incident 
ray in Y ; let AN and RG be produced till they 
meet in X. Parallet to the incident ray AN, let 
the diameter BQ be drawn, and let BL be a qua- 
. drant, on every point of which let us Fwd x a 
ray to fall parallel to BQ; as the point of incidence 
removes from B towards L, the angle AX R which 
the rays AN and RG contain, will firſt increaſe, 
and then decreaſe; and on the other hand, the 
3 angle AYS, contained between the' rays AN and 
| YS, will firſt decreaſe and then increaſe. This be- 
ing ſo, if we ſuppoſe N to be that point of the 
uadrant BL, whereon if the incident ray AN 
Ils, it makes the greateſt angle with the ray GR, 0 
which emerges after one reflexion; then all the rays 
which fall on each fide at a very little diſtance from ch 
N, and go out after one reflexion, will emerge pa- 
rallel or very nearly parallel to GR; whereas thoſe h 
which fall on the quadrant at greater diſtances from Fi 
N, will notwithſtanding their paralleliſm before | © 
their incidence be ſcattered, and diverge from one 4 
another after their emergence. If therefore an eye 01 

c , 
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which go out parallel, they will enter it ſo copiouſly Lc x, 
as to exhibit the image of the fun in 8 of XX, 
rain which reflects them; but if the eye be ſo placed WY 
as to receive the latter rays which go out diverging, 
thoſe which enter the eye will be too few to excite 
any ſenſation 3; and of - conſequence, the image of 
0 qaknen drop to an eye fo ſi- 
tua 


If N be the point, whereon if the incident ray 
AN falls it makes the ſmalleſt angle with the ray 
HS, which emerges after two. reflexions ; then, as 
before, all the rays which are incident near N, and 
which emerge after two reflexions, will go out pa- 
rallel, and for that reaſon, will exhibit the ſun's 
image to an eye ſituated in their direction; but 
thoſe rays which are incident at any ſenſible diſtance 
from N, and which emerge after two reflexions, 
will be ſcattered as they go out, and upon that ac- 
count, will be too few, and conſequently two 
feeble to excite any ſenſation in the eye of the ſpec- 
ator, | y 

Now, foraſmuch as the rays which are of diffe. 
rent colours have likewiſe different degrees of re- 
frangibility, the greateſt angle AXR which can be 
made by the incident rays, and thoſe which go out 
after one reflexion, will be of different magnitudes 
in rays of different colours; ſo likewiſe will the 
„ /malleſt angle AS, that can be made by the in- 
d dent rays, and thoſe which go out after two re- 
„ flexions; and it has been found by computation, 
dat in the leaſt refrangible or red rays, the greateſt 
angle AXR, is 42 degrees and two minutes; 
the leaſt angle ATS, 50 degrees and 57 mir 
e nutes; and in the moſt refrangible or violet rays, 
m che greateſt angle AX R, has been found to be 40 
e degrees and 17 minutes; and the leaſt angle AYS, 
e 54 degrees and 7 minutes. ; 

Suppoſe now that O is the ſpectator's eye, and Fl. 9. 
is OP à line drawn parallel to the jun's rays ; and let Fig- 9, 
[ | Rr 2 - POE 
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Lr. POE be an angle of 40 degrees and 17 minutes, 
XX. POF of 42 — 2 minutes, POG of 50 de- 
e grees 57 minutes, and POH an angle of 54 de- 
grees 7 minutes; and theſe angles turned about 
their common ſide, ſhall with their other ſides OE, 
OF, OG, and OH, deſcribe the verges of two rain- 
bows AFBE and CHDG. For if E, F, G, and 
H, be drops of rain placed any where in the coni- 
cal ſurfaces deſcribed by OE, OF, OG, and OH, 
and be illuminated by the ſun's rays SE, SF, SG, 
| and SH, the angle SEO being equal to the angle 
POE, or 40 degrees and 17 minutes, ſhall be the 
greateſt angle in which the moſt refrangible rays can 
after one reflexion be refracted to the eye; and there- 
fore, all the drops in the line OE, ſnall ſend the 
moſt refrangible rays moſt copiouſly to the eye, and 
thereby ſtrike the ſenſes with the deepeſt violet co- 
Jour in that region. And in like manner, the angle 
SFO being equal to the angle POF, or 42 degrees 
2 minutes, ſhall be the greateſt in which the leaſt 
refrangible rays after one reflexion can emerge out 
of the drops; and therefore, thoſe rays ſhall come 
molt copiouſly to the eye from the drops in the line 
OF, and ſtrike the ſenſes with the deepeſt red co- 
Jour in that region. And by the fame ment, 
the rays which have intermediate degrees of refran- 
gibility, ſhall come moſt copiouſly from drops be- 
tween E and F, and exhibit the intermediate co- 
fours in the order which their degrees of refrangibi- 
lity require, that is, in the progreſs from E to F, 
or from the inſide of the bow to the outſide in this 
2 violet, indigo, blue, green, yellow, orange, and 

Fe. F 


Again, the angle SGO being equal to the angle 
POG,' or 50 degrees and 51 minutes, ſhall be the 
leaſt angle in which the leaſt refrangible rays can 
after two reflexions emerge out of the drops, and 
therefore the leaſt refrangible rays ſhall come mo: 
copiouſly to the eye from the drops in the line O0 

an 
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and ſtrike the ſenſe with the deepeſt red in that re- L c r. 


gion. And the angle SHO being equal to the 
angle POH, or 54 degrees and -7 minutes, ſhall 
be the leaſt angle, in which the molt refrangible 
rays after two reflexions, can emerge out of the 
drops; and therefore, thoſe rays ſhall come moſt 
copiouſly to the eye from the drops in the line OH, 
and ſtrike the ſenſes with the deepeſt vialet in that 
region. And by the fame argument, the drops in 
the regions between G and H, ſhall ftrike the ſenſes 
with the intermediate colours, in the order which 
their degrees of refrangibility require, that is, in 
the progreſs from G to H, or from the inſide of the 
bow to the outſide in this order, red, orange, yellow, 
green, blue, indigo, and violet, And ſince theſe four 
lines OE, OF, OG, and OH, may be ſituated any 
where in the abovementioned conical ſurfaces, what 
is faid of the drops and colours in theſe lines, is to 
be underſtood of the drops and colours every where 
in thoſe ſurfaces. Thus then ſhall there be made 
two bows of colours, an interior and ſtronger by 
one reflexion in the drops, and an exterior and 
fainter by- two (for the light becomes fainter by 
every reflexion), and their colours ſhall be in a con- 
trary order to one another, the red of both bows 
bordering upon the ſpace GF, which is between the 
bows. The breadth of the interior bow meaſured 
croſs the colours, ſhall be one degree and 45 mi- 
nutes, and the breadth of the exterior, ſhall be 3 
ö s 10 minutes, and the diſtance between them, 
ſhall be 8 degrees 55 minutes; the greateſt ſemi- 
diameter of the innermoſt, or the angle POF, be- 
ing 42 degrees and 2 minutes, and the leaſt ſemi- 
diameter of the outermoſt, or the angle POG, be- 
ing go degrees and 57 minutes. And theſe are 
the meaſures of the bows as they would be were the 
ſun but a point; for by the breadth of his body, 
the breadth of the bows will be increaſed, —_—_— 
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Lr. diſtance leſſened by half a degree; and fo the 
XX. breadth of the interior will be 2 degrees 15 minutes, 


9. 
Fig. 3. 


and that of the exterior 3 degrees 40 minutes, and 
their diſtance 8 degrees 25 minutes; the greateſt ſemi- 
diameter of the interior bow 42 degrees 17 minutes, 
and the leaſt of the exterior 50 degrees 42 minutes; 
and ſuch Sir Isa Ac NewrTon ſays he has found the 
dimenſions of the bows in the Heavens, when he mea- 
ſured the ſame. This explication of the rainbow is 
confirmed by the following experiment ; let a glaſs 
globe filled with water, as AB, be hung up in the 
ſun-ſhine, with a black cloth placed behind it, and 
let IS be one of the ſun's rays incident thereon; let 
the eye of a ſpectator whoſe back is to the ſun, be 
placed at O, and let it be directed to ſuch a point 
in the lower part of the globe ſuppoſe C, as that a 
ſtrait line drawn from the eye thro? that point, and 
continued on till it meets the incident ray likewiſe 
produced, may therewith make an angle OXI, of 


42 degrees 2 minutes; and the ſpectator ſhall then 


fee a full red colour in that fide of the globe oppo. 
ſed to the ſun as at F; let then the eye be raiſed 
up ly to P, till the angle PZI becomes 
equal to 40 degrees and 17 minutes, and as the 
eye riſes, it will perceive other colours, to wit yel- 
low, green, and blue, ſucceſſively in the ſame ſide. of 
the globe. [7-068 

Again, let the eye be placed at Q, and let it be 
directed to ſuch a point in the upper part of the 
globe ſuppoſe D, as that a ſtrait line, drawn from the 
eye thro that point and meeting the incident ray 
protracted, may therewith make an angle QSI of 
30 degrees and 57 minutes, and there will appear 
a faint red colour in that ſide of the globe towards 
the ſun ; let then the eye be gradually depreſſed to 
R, till the angle RTI is 54 degrees 7 minutes, as 
the eye ſinks, the red will turn ſucceſſively to the 
other colours, yellow, green, and blue, as in the 


former caſe upon the raiſing of the eye. | 
ros 
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NTEN DING in my next lecture to enquire LE c 7, 
1 into the NATURE or Vision, where I ſhall XXI. 
have occaſion to take notice of Defective Eyes, 1 
ſhall in this lecture, by way of preparation, lay be- 
fore you ſome of the chief properties of ſuch lenſes 
or glaſſes as are moſt commonly in uſe for aſſiſting 
defective eyes; and they are of two ſorts, Firſt, 
ſuch as are equally convex on both ſides, and Se- 
condly, ſuch as are on both ſides equally concave. 

The former ſort is * in the fourth figure, 
and the latter in the fiftn. i eber 

Let ABC be an object placed before the double pt. g. 
convex lens HK, at any diſtance greater than the Fig. 6. 
radius of the ſphere, whereof the lens is a ſegment z 
the rays, which iſſue from the ſeveral points of the 
object, and fall upon the lens, will in their paſſage 
thro* it, be ſo bent by the refractive power of 
the glaſs, as to be made to convene at ſo many 
other points behind the lens, and at the place of 
their concourſe, they will form an image 'or repre- 
ſentation of the object; and this image will be in- 
verted, becauſe the rays which flow from A, the 
uppermoſt point of the object, are united at F, the 
lowermoſt point of the image, whilſt thoſe which 
flow from C, the loweſt point of the object, are 
brought together again at D, the higheſt point of 
the image. So likewiſe thoſe rays which iflue 
from the right ſide of the object, are united in the 
left ſide of the image, whilſt thoſe which proceed 
cm left ſide of the object, concur in he _ 

e of the image; as will a placing a light- 

ed candle before a — am 4 at ſuch a dif- 
. tance 
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Lor. tance as that the image thereof may be formed on 


a piece of white paper —— at a due diſtance be- 

— the flame will appear inverted 
with its point downward ; and if either [ide of the 
flame be intercepted by the interpoſition of a dark 
body, the contrary ſide of the image will be ob- 


ſcured. 


With regard to this experiment, I muſt ' obſerve 


to you, that tho? there is one certain diſtance, at 
which the paper muſt be placed, in order to exhi- 


bit the image with the greateſt diſtinctneſs, yet may 
the diſtance be a little varied without rendring the 

e confuſed z and it is remarkable, that when 
the image is projected on the paper at the neareſt 
diſtance that it can with any degree of diſtinctneſs, 
it — bordered all around with red; which red- 

$ contiuually decreaſes, as the paper is more and 
more removed from the lens; and when it is re- 


moved to ſuch a diſtance as is requiſite to give the 


image the greateſt advantage in point of diſtinct- 
neſs, the redneſs intirely vaniſhes, and leaves the 
image equally white all over; but upon a farther 
removal of the paper, the edges of the image which 
at the neareſt diſtance were tinged with red, do 
now appear tinged with blue. If a candle, which 
is placed at A beforc the convex lens CD, has its 
image projected on a paper at EF, ſuppoſing that 
to be the leaſt diſtance at which it can be projected 
diſtinctly, its edges will appear red, but u = 
removal of the paper to GH, they will 
white; and when the paper is removed to IK, 


they will appear blue; the reaſon of theſe different 


appearances Is this, the rays of lightas ACand AD, 
which flow from the candle, being compounded of 
— of different colours, whereof the red are 

ſt refrangible, and the blue moſt ſo, upon paſſing 


thro” the — the blue rays are made to convene 
ſooneſt; and the red lateſt ; as in the figure where 


the blue are denoted by the pricked lines, and = 
r 
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the reſt lie outermoſt, | 

After the blue rays have concurred, croſs 
one another, and go on diverging t GH, 
where meeting with the red rays- which- have not 
yet concurred, and there mixing with them and 


the . rays of other colours, they produce a white 


image, whiteneſs reſulting from a due mixture of 

all the colours; as they proceed forward toward 

IK, they, by reaſon of their greater divergence, 

ſpread themſelves on all fides beyond the other rays, 

_ by ſo doing, tinge the outlines of the image 
lue. 

On the formation of pictures by means of a 
double convex lens, depend the appearances of the 
camera obſcura, which is a ſmall ſquare box with a 
tube iſſuing horizontally from one ſide, at the ex- 
tremity whereof is fixed a double convex lens ; with- 
in the box is placed a looking-glaſs in a flanting 
probes ſo as to be at half 2 angles with the 

tom of the box, which is parallel to the horizon. 
On the top of the box is placed horizontally a plate 
of glaſs rough on one ſide, whereon the pictures of 
objects are repreſented in the following manner. 
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red by the continued; ſo that an image is formed Ls r. 
at EF, by the concurrence of ſome of the more XXI. 

refrangible rays, and it is tinged around its edges by WWW 
the red rays, which converging more ſlowly than 


Let AB be an object placed before CD, the lem pl. 9. 
fixed in the tube which iſſues from the box; GH Fig. 8. 
the looking-glaſs inclined to the bottom of the box, Exp. 3- 


in an angle of 45 degrees, LM the plate of rough 
glaſs covering the top of the box horizontally. The 
rays which flow from A, the uppermoſt point of 
the object, after they have paſled * lens, converge 
towards F, and would actually meet at that point, 
but that they are intercepted by the looking - glaſs 
GH, which reflects them, and throws them up- 
ward z and foraſmuch as the inclination of the rays 


towards one another is — 
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LzcT. on, they muſt meet at ſome point as K, as far diſ- 


K and I, whereby th 
ly, but with its right ant and left des correſponding 


Fig. 9. 


XXI. tant above the ſpeculum, as the point F is behind it. 
n like manner, the rays which flow from B, the 


| loweſt point of the object, and which after they have 
ed the glaſs are — towards E, being re- 
ed upward by the /peculum, are made to con- 
vene at I, whoſe diſtance above the ſpeculum, is 


equal to the diſtance of E behind the ſpeculum ; and 


as the rays from the extream points A and B, are 
made to convene at K and I, fo thoſe which flow 
from the intermediate points of the object, are 
brought together at — ints between 
horizontal - 


to the contrary ſides of the object; as may appear 
by placing a man before the lens, and him to 
ſtir one of his hands; for in the image the other 
hand will appear to move. 

The diſtance of the image behind the glaſs ng 
ways varied by varying the diſtance of the object be- 
fore the glaſs z the image approaching as the ob- 


ject recedes, and receding as that approaches. For 


if we ſuppoſe A and C to be two points, 
from which the rays AH, AK, and CH, CK fall 
upon the lens HK, it is manifeſt, that the rays from 
the more diſtant point diverge lefs than thoſe from 
the nearer point, the angle at A being leſs than that 
at C; conſequently, when they paſs thro* the glals 
they muſt be brought together ſooner, and muſt 
convene at ſome point as B, leſs diſtant from the 
lens, than is the point D, whereat the more di- 
verging rays from the point Care made to con- 
vene. 

Where the diſtance of the object, and the radius 
of the lens's convexity- are given, and where the 
thickneſs of the lens is but ſmall, as is commonly 
the caſe ; the diſtance of the image from the lens i 
determined wy nearly, by ſaying, as the diſtance 
2 om the lens, leſſened by the . 
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of the lens convexity, is to the · radius, fo is the Lx ex. 
diſtance of the object from the lens, to the diſtance XXI. 
of the image from the lens; that is, putting D for "WV W 
the diſtance of the object, R for the radius of the 
convexity, and F for the diſtance of the image, 
D—R: R:: D: F; conſequently, rA 
The truth of this rule is demonſtrated by the 
writers of Dior rRIcks; but as all the demon- 
ſtrations which I have hitherto met with are tedious 
and intricate, I ſhall not at preſent trouble you with 
them, but ſhall proceed to confirm the rule by ex- 
periments, | 

Let then the flame of a candle be placed at the Exp. 3. 
diſtance of twelve feet and an half from à double 
convex lens, the radius of whoſe convexity 1s four 
feet two inches; that is, let the diſtance of the flame 
from the glaſs be equal to thrice the radius, and the 
image will be projected behind the lens at the dif- 
tance of fix feet three inches, that is, at the diſ- 
tance of a radius and an half; for in this caſe, R 
2 put equal to unity, RD is three, which be- 
ing divided by D—R, that is, by two, gives one 
and an half in the quotient. | : 

If the flame be brought nearer to the lent, the Exp. 4; 
1 will move farther from it, and when the dif- 
tance of the flame becomes equal to twice the diameter 
of the lens's convexity, the diſtance of the image 
will be equal to that of the flame, the lens ſtanding in 
the midway between them; for in this caſe D-R 
* to R, and of conſequence, F is equal to 


The flame being placed at the diſtance of the Exp. 3. 
radius, the diſtance of the image becomes infinite. 
For in this caſe D—R is nothing, and F is equal to 


* which expreſſion denotes an infinite quantity 3 
Sſz = 
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ſo chat in this caſe, there will not be any image of 


the flame; but the rays of light which flow from 
the candle, after they have paſſed thro? the /ens, 
will go on parallel to one another; and by ſo doing, 
form a bright circular image, equal in ſize to the 
Ens, and the magnitude thereof will remain the 
ſame at all diſtances from the glaſs, | 
WMbere the diſtance of the flame is leſs than the ra- 
dius of the convexity, D— R becomes a negative 
quantity, and ſo of conſequence does the quotient 


ariſing from the diviſion of DR by D—R ; which 


ſhews, that the place at which the rays meet, lies on 
the ſame ſide of the lens with the flame; or to ſpeak 


more properly, that the rays after they have paſſed 


the lens, proceed diverging from one another in 
ſuch a manner, as if my had flowed from a point 
before the lens, more diſtant than the place of the 
flame. For the eaſier underſtanding of which, let 
the rays AB and AC flow from the point A, whoſe 
diſtance from the lens BC, is leſs than the radius 
of the lens's convexity z after they have paſſed the 
laſs, they will not continue to go on in the directions 
BD and CE, but in the directions BF and CG, as 
if they had proceeded from ſome point as H, more 
diſtant from the lens than is the point A, from which 


they really flow ; fo that in this caſe, the rays after 


they paſs the glaſs, go on diverging from one ano- 
he” but 3 they do not Tverge as much as 
they did before they paſſed the glaſs. 

When the diſtance of the flame from the glaſs is 
ſo great, as that neither the breadth of the Jens, 
nor the radius of its convexity bears any ſenſible 


proportion to it, then D.—R is equal to B; and of 
codonſequence, F is equal to R; that is, the diſtance 


of the image is equal to the radius of the glaſss 
convexity, and this is the leaſt diſtance at which an 
ge can be projected by ſuch. a lens; and foral- 
much as the rays of the ſun, which by reaſon of 
the immenſe diſtance of his body, are always united 
| 6 
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the ſmalleſt diſtance, are apt to þurn at the place L x dr. 
2 e focus XXI. 


or burnjug point, and ſometimes the abſolute focus, in 
contradiitinction to thoſe places whercat the images 
of leſs remote objects are formed, and which are 
frequently called the re/pefive foci, 

he length or breadth of an object, is to the 
length or breadrh of its image, as the diſtance of 
the ob) from the lens, to the diſtance of the 


image the lens. For if AC be the length or pl. 9. 


r , and NF che le 
which is one half of AC, is to 
is one-half of FD. as BL to EL, the 
—— ABL and FEL being ſimilar. Hence it 
follows, that the nearer an object approaches the lens, 
the lar artnet gr ne. 
ſequently Ag. the object approaches; and 
thus it — o be 
fame of T candle being placed at a diftance greater 
than the diameter of 5 lens's convexity, in which 
caſe the diſtance of the image is leſs, larger 
than the image ; but being brought within the diſ- 
tance of the diameter, the image, which in that 
caſe is at the ſame diſtance, becomes equal to it; 
and upon bringing the flame till nigher, the image 
becomes larger in proportion to the ſquare of its 
greater diſtance. 
The lame 
gick lantern ; which is a lantern out of which iſſues 
an horizontal arm, of being lengthened or 
ſhortened at pleaſure, by means of one part ſliding 
in and out of e to the extremity of the 
moveable part is fitted a double condex lens; and to 
that of the arm which joins the lantern is ad- 
rd pat plane on one ſide, and convex on the 
other, the plane fide looking towards the lantern z 
in the body of che lantern there is placed a candle, 
whoſe diſtance from the plano-convex glaſs is ſome. 
what leſs = the focal diſtance ; fo that the light 
: w 


or breadth Fig. 6. 


from experiments; for the Exp. 6. 


thing is likewiſe evident from the ma- Exp. 7. 
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Lz er. which paſſes thro* that glaſs, is thrown very ſtrong- 


» + + 


Exp. 8. 


ly upon little images painted in dilute colours on 
pieces of plane thin glaſs ; which being fixed in a 
flider that moves to and fro acroſs the arm, are 
placed at a ſmall diſtance behind the plano-convex glaſs 
in an inverted poſition, and by means of the lens 
in the moveable part of the arm, are projected in 
an erect poſition, on a paper or white cloth placed 
at a proper diſtance ; if by drawing out the move- 


able part of the arm, the pictures be removed to a 


greater diſtance from the /ens, the lantern muſt be 
brought nearer to the cloth, in order to a diſtinct 


repreſentation z becauſe, as the object recedes from 
the lens, the image approaches, and at the fame 


time the images will be diminiſhed. But on the 
other hand, if by thruſting in the arm the pictures 
be brought nearer the lens, the lantern muſt be re- 
moved farther from the cloth, and in this caſe, the 
images will appear larger. 

As convex glaſſes cauſe the rays of light to con- 
verge and unite, ſo thoſe which are concave make 
them ſeparate and diverge ; for which reaſon, if 
diverging rays fall upon a concave lens, they will 
diverge more after they have paſſed thro? it, than 
they did before; and ſuch rays as converge before 
their incidence, will after their paſſage converge 
leſs ; for inſtance, if the rays AB and AC, which 


* diverge from A, paſs thro' the concave lens BC, 


they will not go on in the directions BD and CE, 
but in ſome other directions as BH and CG, fo as 
to widen faſter than before. On the other hand, if 
HB and GC, be two rays converging towards K, 
after they have paſſed thro? theglaſs, they will not go 
on towards K, but towards a more diſtant point as 
A, ſo as to converge more ſlowly than before. All 
which is fully confirmed by experiments. For a 
candle being piaced before a convex lens, ſo as to 
have its image projected on a white paper, placed at 


a duo 


OF DIOPTRICKS. 


a due diſtance behind the lens, if a concave glaſs Lzcr. 
be placed between the convex and the image, ſo XXI. 


as that the rays which are converging 
image may paſs thro? it, the image will thereby 
thrown to a greater diſtance behind, the rays being 
made to converge more ſlowly, and of conſequence, 
to meet at a greater diſtance than they did before 
the concave was interpoſed z and it muſt be obſer- 
ved, that as the image is thrown to a greater diſ- 
tance, it muſt for that very reaſon be 1 þ: - 
and foraſmuch as the larger image is compoſed of 
the ſame number of rays, or rather fewer, ſome of 
the rays being reflected by the concave lens, it muſt 
on that account, appear leſs bright and luminous 
than the ſmaller. If by the removal of the convex- 
lens, the rays which flow from the candle be ſuffer- 
ed to fall diverging on the concave, and a white 
paper be placed cloſe behind the glaſs, there will 
appear thereon a dark circle of ſome breadth, occa- 
honed by the ſhadow of the hoop which contains 
the glaſs ; and the circular ares contained within the 
ſhadow, will be inlightened by the rays which paſs 
thro? the glaſs ; and becauſe all the rays which fall 
upon the glaſs, do not paſs thro? it, ſome of them 
being reflected. the circular area will appear ſome- 
what darker than the other parts of the paper, 
which are expoſed: to the light of the candle, with- 
out the interpoſition of the glaſs z upon removing 
the paper gradually from the glaſs, the circular area 
will gradually Hh and as that inlarges, the 
ſhadow which environs it will grow narrower, and 
at length vaniſh 3 and upon vaniſhing of the 
ſhadow, if the paper be removed a little farther, there 
will ariſe a bright circle all around the circular area, 
which will grow broader, but leſs bright, as the 
paper 1s more and more removed from the glafs ; 
and at the fame time, the circular area will continue 
to widen, and grow darker. All which appear- 
ances are the natural and neceſſary * 


420 Oz DIOPTRICKS; 
Lc. the divergency or ſpreading of the rays, occaſioned 
XXI. by their paſſage thro' the glaſs 3 for the farther they 
WY go from the glaſs, the more they mutt diverge, and 
by fo doing, muſt on all ſides fpread themſelves. in- 
to the of the ſhadow, and render it equally 
luminous with the reſt of the area; and when 
have ſpread themſelves a little the limits of 
the ſhadow, they fall upon ſuch parts of the paper 
as were befote inlightened, and there, by their ad- 
- ditional light, exhibit that bright circle which ſur- 
rounds the darker area; and the bright ci cle, by 
the farther ſpreading of the rays, as the paper is 
thore and more removed from the glaſs, grows 
broader and leſs luminous; as does likewiſe the 
circular area, from the ſpreading of the rays where- 
with it is inlightened. we 
Tho? concave glaſſes do not collect the rays of 
light, and conſequently, have not a real focus; yet 
inaſmuch as the rays after they have paſſed thro” 
ſuch glaſſes, do flow in ſuch a manner as that they 
either tend to ſome point behind- the glaſs, or ap- 
pear to flow from ſome point before it, thoſe points 
are uſually called the foci; and in double eoncaves 
of equal concavities, the foci for converging rays are 
found, by ſaying, as the radius of the glaſs's conca- 
vity leſſened by the diſtance of the point of conver- 
gence from the glaſs, is to the radius, ſo: is the diſ- 
tante of the point of convergence to the focus. And 
the foci for diverging rays are found, by ſaying, as the 
ſum of the radius and the diftance of the point of di- 
vergence from the glaſs, is to the radius, ſo is the 
diſtance of the point of divergence to the focus. So 
that putting F for the focus, R for the radius, and 
D for the diſtance of the point of convergence, or 


divergence, -g; the negative ſign being © 
be prefixed to D when the rays converge, and the 
affirmative where they diverge. 15 —_ 
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The demonſtration of this Theorem, I ſhall for 
the preſent omit, on account of its tediouſneſs and 
intricacy, and ſhall cloſe the lecture with this obſer- 
vation; that if rays which are converging towards 
a focus be intercepted by a concave lens, whoſe diſ- 
tance from the focus is equal to the radius of its con- 
cavity, after they have paſſed thro? the glaſs, they will 
ceaſe to converge and become parallel, for R and D 
being equal, R D is o; conſequently, F is infinite; 
that is, the point to which the rays converge, is at 
an infinite diſtance, and the rays of courſe muſt be 


parallel. 
LECTURE XXII. 


Or Yriiow: 


M* deſign in this lecture, 18 to explain the LI CT. 
manner of VIsiox with the naked eye; and XXII. 
likewiſe to ſhew you, what aſſiſtances the ſight re» WWW 


eprom gli, and. in cover thereto, I ſhall 
give you a ſhort deſcri of the eye. | 
If a ſmall portion 4p=% 7+ 54 and in 
the room thereof a portion of a ſmaller globe, but 
of an equal circular baſe be ſubſtituted, the com- 
pound will exhibit the true figure of the eye; for 
it is of a globular form, but more convex before 
than in any other part. It conſiſts of ſeveral mem- 
branes which lie contiguous one to another, of which 
the outermoſt is called the tunica adnata or conjuncti- 
va; it has its riſe from that membrane which in- 
veſts the ſkull, 8 ball 2 
eye, _ the oft parent part; 
portion of it which is viſible, is called the white of 
the eye. Beſides, this membrane, which is not 
reckoned among, the proper coats of the eye, there 
are three others, e proper coats; 
the firſt of which is called the ſclerotica, it is a tough 
SY membrane 
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LE r. membrane derived from the dura mater, which 
XXII. paſſes to the eye from the brain along with the op- 
lat nerve, and is thence propagated over the whole 


Pl. g. 
Fe. 2. 


globe of the eye; on the fore part it becomes tranſ- 
parent like thin poliſhed horn, which has given ana- 
tomiſts occaſion to make two membranes of it, and 
to call the tranſparent part cornea; this part is re- 
preſented by ABF. | 
The ſecond membrane, called tunica choroides, is 
derived from the pia mater, and tranſmitted like- 
wiſe from the brain- along with the optick nerve ; 


this is much thinner and tenderer than the former, and 


tinged on the hinder part with a black liquor. The 
fore part is called the uvea, and ſometimes the iris, 
from its variety of colours, In its middle is a ſmall 
hole called the ſight or pupil; the iris conſiſts of ſe- 
veral circular concentrick muſcular fibres, which are 
cut acroſs at right angles by other ſtrait fibres in the 


manner of ſo many radii; by the contraction of the 


former the pupil is leſſened, and is inlarged by the 
contraction of the latte. | 
The third coat is uſually called the retina, and 
ſometimes the nervous coat, being nothing elſe but 
the optict nerve, which ſpreads it ſelf in the form of 
a membrane over the bottom of the eye, over 
againſt the-ſight. Theſe coats lying contiguous, 
form a capſula or bag, wherein are contained the 
three humors' of the -eye, called the aqueous, the 
cryſtalline, and the vitreounu s. 
At a little diftance behind the pupilis placed the 
chryſtalline humor, which is convex on both ſides, 
but ſomewhat flatter before than behind; it is ſup- 
ported by ſmall muſcular fibres, called the ciliary li- 


gaments, which are inſerted into the edges of the 


chryſtalline humor at one end, and at the other, 
into the tunica choroides, and being cloſely united, 
form a kind of membrane, whereby the cavity of 
the 2 divided into two parts; in the foremoſt 
of which is lodged the aqueous bumor, fo called, 

| A | becaulc 
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becauſe in conſiſtence and colour it ſomewhat re-Lz or. 
ſembles water, being almoſt equally limpid and XXII. 


tranſparent. In the hindmoſt is lodged the vitreous 
humor, which has its name from the reſemblance 
it is ſuppoſed to bear to melted glaſs. 1 

It has been generally thought by Anatomiſts, that 
the humors of the eye are of different denſities; 
and that the chryſtalline is much more denſe than 
either of the other two, but Doctor RoBINSON 
has informed us in his lecture on the eye, that 
upon weighing theſe humors in an hydroſtati- 
cal ballance, he found the aqueous and vitreous to be 
very nearly of the ſame ſpecifick gravity ; and that 
the ſpecifick gravity of the chryſtalline, did not 
exceed the ſpecifick gravity of the others, in a 
greater proportion than that of eleven to ten; 
whence it follows, that the chryſtalline is not of ſuch 


great uſe in bringing the rays together, and thereby _ 


forming on the retina the pictures of outward ob- 
jects, as it has been commonly thought to be by 
optical writers; for tho? in ſhape it reſembles a double 
convex lens, and on that account is fitted to make 
the rays converge z yet foraſmuch as it is ſituated 
between two humors, which are nearly of the 
fame denſity with it ſelf, it can have but little force 
on the particles of light; for they are found by ex- 


perience, to be refracted very little in paſſing - out 


of one medium into another, when the difference in 
the denſities of the mediums is but ſmall. 

Behind all the coats and humors is ſituated the 
2 nerve, Which paſſes out of the ſkull thro? a 
mall hole in the bottom of the orbit which contains 


the eye. O repreſents the optick nerve, SS the /ele- pl. 9. 
rotica or outermoſt coat, whoſe foremoſt tranſpa- Fig. 12 


rent part ABF, is the-cornea, CC is the choroides, the 
fore part whereof AP, and FP conſtitutes the uves 
a iris, with the pupil PP in the middle; RR is 


the reting, AD and FE the ciliary ligaments, DE 
n the 
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Lec r. the chryſtalline humor, VV the vitreous humor, and 
XXII. WW the watry humor. 

WYY) Underneath the white of the eye are inſerted into 
the ſclerotica, fix muſcles, which take their riſe 
from different parts of the orbit, and are diſtin- 
guiſhed by different names, taken from the diffe- 
rent motions which they give the eye ; their ten- 
dons ſpread themſelves over the ſclerotica, ſo as to 
terminate in the confines of the cornea ; by which 
means, when the fix muſcles act together, they preſs 
the ſides of the eye towards each other, whereby the 
eye is 8 and at the ſame time the con- 
vexity of the cornca is increaſed; both which effects 
are in ſome caſes abſolutely neceſſary in order to 
diſtinct viſion, as will appear preſently. 

_ Having given this ſhort account of the conſti- 
tuent parts of the eye, I now proceed to lay before 
| you, the manner of viſion. If an object as AB, be 
placed at a convenient diſtance before the eye, the 
rays which flow from the ſeveral points of the ob- 
ject, and falling on the cornea paſs thro? the pupil, 
will be brought together by the refractive power of 
the eye on fo many correſponding points of the 
retina, and there paint the image or repreſentation 
of the object, in the ſame manner as the images of 
. Objects placed before a convex lens are exhibited on 
white paper, placed at a proper diſtance behind. 
'Thus the rays which flow from the point A, are 
united on the retina at C, and thoſe which iſſue 
from B, are collected at D; and in like manner, 
the rays which proceed from the intermediate 
points of the object, are again united at fo many 
intermediate points on the retina. On this union of 
the rays at the bottom of the eye, depends diſtinct 
Pl. 9. Viſion, for ſhould they be united before they arrive 
Fig. 14. at the 72ting, or ſhould the point of their union lie 
Fig. T 4 oc ge the dag it is evident, that the Fad 1 
each point m e me ſpace on the reins, 
| FRO Powe man take up fone ſpace” on © _ 


p 
+. 
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and of conſequence, thoſe which flow from conti- Lz cr. 
guous points of the object, will be mixed and blend- XXII. 


ed together on the fund of the eye, ſo as to exhi- 
bit a confuſed repreſentation of the object. 

Now foraſmuch as the rays which fall upon the 
eye from radiating points, whoſe diſtances from the 
eye are different, have different degrees of diver- 

nce, the divergency of the rays increaſing as the 

iſtance of the radiating point leſſens, and leſſeni 

as that increaſes; and whereas thoſe rays whi 

have greater degrees of divergence, require a ſtrong- 
er refractive power to bring them together at a 
given diſtance, than what is requiſite to make thoſe 
meet which diverge leſs, it is manifeſt, that in or- 
der to ſee objects diſtinctly at different diſtances, 
the eye muſt have a power of increaſing and leflen- 
ing its refractive force, and thereby of adapting it 
ſelf to the different diſtances of objects; and this 
it does by means of the fix muſcles which kre in- 
ſerted into the ſclerotica; for when a radiating point 
is placed ſo near, as that the rays which iſſue from 
it fall upon the eye with a conſiderable degree of 
divergence, the muſcles act ſtrongly on the eye, 
whereby the cornea is rendered more convex, and 
of conſequence, refracts the rays with force; 
beſides by the lengthening of the eye the joint 
action of the muſcles, the retina is removed to a 
greater diſtance from the cornea, by which - contri- 


wherewith 
point recedes 


being requiſite to diſtin® viſion in greater diſtances 
of the object than in ſmaller. nA 


© 
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Tho moſt mens eyes are ſo framed as to be able 
to ſee diſtinctly at different diſtances, yet ſome there 


are which are defective in this point, as being unable 


to ſee any thing diſtinctly but when placed very 
near; and this is the caſe of their eyes who are 
called myopes, purblind, or ſhort- ſighted; in ſuch 
the cornea is too convex in proportion to the length 
of the eye; for which reaſon, all thoſe rays which 
iſſue from diſtant points, and of conſequence diverge 
but little, when they enter the eye, are made to con- 
vene before they reach the retina. As theſe men 


advance in years, their eyes like thoſe of other old 
men, for want of a due ſupply of humors, abate 


of their convexity and grow flatter z upon which 
account they begin to ſee objects diſtinctly at a diſ- 
tance, without the help of ſpectacles, and are for 
that reaſon deemed to — the moſt laſting eyes. 

By the help of concave glaſſes, purblind perſons 
may fee diſtant objects diſtinctly; for as it is the 
property of ſuch glaſſes to make the rays diverge, 
if the rays which flow from a diſtant point, and fall 


upon the eye with a ſmall degree of divergence, be 


made to paſs thro? a concave lens of a proper con- 
cavity, they will thereby be made to diverge fo 
much, as that the eye, notwithſtanding the great 
convexity of the cornea, ſhall not be able to bring 
them together till they arrive at the reting. 

If CD be a concave lens, and if B be the focus of 
the rays which flow from the point A ; that is, if 
the rays which diverge from A, paſs thro? the glaſs, 
and by the refraction which they ſuffer in their paſ- 


ſage, proceed in ſuch a manner as if they had di- 


verged from B; and if the diſtance at which a 
purblind perſon ſees diſtinctly with his naked eye, 
be equal to the diſtance of B from the glaſs, ſuch a 
perſon will by the help of the glaſs CD, be able to 
ſee the point A diſtinctly; becauſe the rays which 
flow from A, after they paſs thro the glaſs, fall up- 
on his eye with the ſame degree of divergence, - 


327 


if they had iſſued from B, the point of diſtin vi-Lz r, 
ſion. Hence it follows, that if in"the Theorem laid XXII. 
down in my laſt lecture, for finding the focus of WWNJ 


double concaves expoſed to diverging rays, namely 
r herein F denotes the focus, D the 
diſtance of the point of divergence, and R the ra- 
dius of the concavity, we 1 
diſtance at which the purblind perſon ſees diſtinctly 
without a glaſs, and D the diſtance at which he ſees 
diſtinctly by the help of the glaſs, by clearing R 


we ſhall have R = DF} that is to ſay the 


radius of the concavity of a double - concave of 
equal concavities, which inables a purblind perſon 
to ſee an object diſtinctly, when placed beyond the 
reach of his naked eye, muſt be equal to a rectangle, 
under the diſtance at which he ſees diſtinctly with 
his naked y wp 22 77 at which it is re- 
quired he ſhould ſee diſtinctly by the help of the 
divided by the difference of thoſe — 
or inſtance, if a perſon with his naked eye, can 
tead at the diſtance of three inches only, and it be 
* to find the radius of ſuch a glaſs as ſhall in- 

him to read at the uſual diſtance of eighteen 
inches; in this caſe, F being equal to three inches, 
and D to eighteen, their product is 54 ; which be- 
ing divided by their difference, which is 45, gives 
three and 3̃ in the quotient, which ſhews, that 
the radius of the glaſs muſt be three inches and tha 


here the diſtance at which. it is required the 


other where it is ſo great, as that the diſtance 
to which the power of his naked eye reaches, bears no 
ſenſible proportion to it, there D—F becomes equal 
to D, and of courſe, R becomes equal to F; fo 
that in order to ſce ſuch objects as are very remote, 


poſe F to denote the 
p< 


purblind perſon ſhall ſee diſtinctly is infinite, or in 
words, 


Lzer. purblind p 
XXII. whoſe r 
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muſt make uſe of concave glaſſes 
are equal to the diſtances at which they 


CV ee diftnaly with their unarmed eyes. 


As purblind cannot — remote objects 
diſtinctly, ſo 15 the other hand, thoſe who are old, 
cannot generally ſpeaking, ſee ſuch as are nigh; 
the reaſon of n in old men the nigh 
for want of a due ſupply of humor to plump out 
the eye, has not-a degree of convexity fu ufficient to 
bring the rays together on the retina, when they 
fall upon the eye with a conſiderable degree of di- 
vergence 3 as is the caſe of all thoſe rays which flow 
from points ſituated near the eye. The proper re- 
medy for this defect is a convex lens, becauſe it leſ- 
ſens the divergen A. the rays, and brings them 
nearer to a Mulm. If with reſpect to the 
convex _ CD, A be the focus of the rays which 
from B; her h 4m if the rays which 
flow B and paſs thro? the lens, do ards 
in ſuch a manner as if they had diverged 
m A, and if the diſtance at which an old man 
can ſee diſtinctly with his naked eye, be equal to 
the diſtance of A from the glaſs, he will be able b 
the aſſiſtance of the glaſs, to ſee the nearer point 
diſtintly ; becauſe f rays which iſſue from that 
point in paſling thro? the glaſs, acquire the ſame de- 
gree of divergence, with thoſe which flow from A, 
the point of diſtinct viſion, and of conſequence, 
may as eaſily be brought together on the retina, by 
the refractive power of the eye; hence, if we take 
the Theorem laid down in my laſt lecture, for find- 
ing the foci of double convexes of equal convexities, 
and fit it to the caſe before us, where the focus is 
imaginary, by making F = 5 » if then we 


ſuppoſe F to denote the diſtance at which an old eye 
ſees diſtinctly, and D the nearer diſtance at which it 
15 9 to make it ſee diſtinctly with the aſſiſt- 
ance 
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ance of a glaſs, by clearing R, we ſhall find it LRT. 
FD é XXII. 
FI So that the radius of ſuch a double 


convex of equal convexities as inables an old man to 
ſee a nigh object diſtinctly, muſt be equal to a rect 
angle under the diſtance at which he ſees diſtinctly 
with his naked eye, and the diſtance at which he 1s 
to ſee by the help of the glaſs, divided by the dif- 
ference of thoſe diſtances. To illuſtrate this by an 
example; ſuppoſe an old man cannot with his naked 
eye read at a leſs diſtance than of four feet, and it 

is required to aſſign the radius of ſpectacles which 
ſhall inable him to read at the diſtance of a foot and 
an half; in this caſe, F is four feet, and D is one 
and an half, and their product is fix, which when 
divided by their difference, to wit, two and an half, 
pes 2; in the quotient ; which ſhews, that the 
pectacles muſt be ground to a radius of two feet 
and four tenths. 

If F be infinite, which is the caſe where the eye 
can ſee nothing but what is extreamly remote, then 
F—D is equal to F, and of conſequence, R is equal 
to D; ſo that where an old man can ſee no objects 
diſtinctly but ſuch as very far off, in order to ſee 
diſtinctly at nearer diſtances, he muſt for each 
diſtance uſe ſuch ſpectacle glaſſes as have their radii 
equal to the diſtance. 


If D be given, then R becomes equal to E- 


and foraſmuch as the proportion of F to F—1 in- 
creaſes as F lefſens, R muſt do ſo too, which ſhews, 
that where the diſtances at which two old eyes when 
unarmed can ſee diſtinctly are different, in order to 
make them ſee diſtinctly at any leſſer _—_— 
the eye which can ſee at the ſmaller diſtance, muſt 
be furniſhed with a glaſs of a greater radius than 
the other. And herein lies the whole ſecret of 

youpger and older PRIN thoſe being roman. 
" be 


equal to 
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Lzcr, the youngeſt, which are ground to the largeſt 
XXII. radius. 


Having ſhewn you of what uſe both convex and 
concave glaſſes are in aſſiſting defe&ive eyes, I ſhall- 
now lay before you the alterations which they 
duce in the appearances of objects; and Firſt, as 
to convexes ; if an object be viewed thro a convex 
lens, at a leſs diſtance than the focus, itappears more 
remote and bigger than it does to the naked eye. 
That it muſt appear more remote, will be evident, 
if we conſider what has been already proved in a 
former lecture, namely, that where rays fall upon 
a convex lens, from a point leſs diſtant than the focus, 
after they have paſſed the glaſs, they proceed in ſuch 
a manner as if they had iſſued from a more diſtant 
point; and ſince this is the caſe of the rays which 
flow from each point in the object, the object muſt 
of conſequence ſeem to be more diſtant than it is; 
and it muſt likewiſe appear greater ; for if AB be 
an object expoſed to a naked eye at O, its extream 
points A and B will be perceived by the eye by 
means of the rays AO and BO, which flow directly 


from thoſe points to the eye, but if a convex lens as 


C, be interpoſed, the eye will no lo perceive 
the extremities by — of the rays 40 and BO, 
becauſe as they are refracted by the lens, they are 
made to concur before they can reach the eye; the 
eye therefore muſt now perceive thoſe points by 
means of ſome other rays as AE and BD, which 
falling upon the glaſs at a greater diſtance from each 
other, are by the refractive power of the glaſs, 
thrown into the directions EO and DO, and made 
to concur at O; ſo that continuing thoſe lines di- 
rectly backward as far as the object, to wit to I and 
H, the eye at O will perceive the extream points 
of the object as ſituated at I and H; that is, it will 
perceive the object magnified. And if the eye be 
farther removed from the glaſs ſappoſe to P, the 
object will appear (till greater, its extremities in — 
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caſe appearing at L and K in the lines PG and PF Lr. 
produced. And on the other hand, if the eye con- XXII. 


tinuing in its place, the object be farther removed 
from the lens, it will appear larger; for whereas at 
the nearer diſtance the eye perceives the extream 
* of the object by means of the rays AE and 

D, which fall upon the lens at E and D, and are 
thence refracted to O; when the object is at the 
greater diſtance, its extremities can not be ſeen by 
means of the rays incident on the glaſs at E and D; 
for ſince the interval between the extremities conti- 
nues the ſame, the rays which flow from them and 
fall upon the Jens at E and D, will diverge leſs at a 
greater diſtance of the object than at a ſmaller; 
conſequently, they will concur before they reach 
the eye; and therefore in this caſe the extream 

ints of the object muſt be conveyed to the eye by 
ome rays as aG and bF, which diverging more 
than the former, fall without them at G and F, 
whence they are refracted to the eye at O, in the 
lines GO and FO, which being continued back- 
ward as far as the nearer diſtance of the object, to 
wit to L and K, ſhew that the object which at the 
nearer diſtance appeared to extend it ſelf only from 
I to H, does at the greater diſtance ſeem to reach 
from L to K, and of conſequence, appears more 
magnified. | 

If the object be removed beyond the focus, it 
will appear ſtill greater; but whereas before it paſſes 
the focus it appears diſtinct, as alſo more and more 
diſtant the farther it is removed from the Bak, 
when it gets beyond the focus it appears confuled, 
and the * it is removed from the glaſs, the 


more confuſed it appears, and the nearer it ſeems to 
approach the eye, provided its diftance from the 
glaſs be not ſo great as to make jt project its image 

between the eye and the glaſs. | 
This ſeeming approach of the object at a time 
when it really recedes, and in a caſe, where accord- 
Uy 2 ing 
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Le r. ing to the received principles of Dioptricks, it ought 
XXII. to appear at a diſtance, if poſſible more than infi- 


nite, has very much puzzled the Writers of Opticks, 
and was looked upon as an inſuperable difficulty, 
till Doctor BERKELIZY took it into conſideration 
in his Eſſay upon Viſion, wherein among other dif- 
ficulties which he has cleared up relating to viſion, 
he has given us a natural and ſatisfactory account of 
this. The ſubſtance of what he has there delivered 
concerning this matter 1s, that by cuſtom and expe- 
rience we are taught to judge thoſe objects near 
which appear confuſed, becauſe according to the 
ordinary courſe of nature, thoſe objects, and thoſe 
only, appear confuſed which are brought very near 
the eye, and therefore if an object ſhall at any 
time appear confuſed, tho? from another cauſe, the 
mind will immediately connect nearneſs of diſtance 
in the object, with that confuſion in the appearance, 
as having always experienced them to go together ; 
and the greater the confuſion is, the nearer it will 
judge the object to be, becauſe it has always obſer- 
ved the neareſt diſtances to' be attended with the 
greateſt confuſions; now if in the caſe before us, 


we ſuppoſe A to be an object placed before the 


convex lens BC, at a greater diſtance than the focus, 
the rays after they have paſſed thro” the glaſs will 
converge towards ſome point as D ; if then an eye 
be placed at a little diſtance behind the glaſs ſup- 
poſe at E, it will perceive the object confuſed, be- 
cauſe as the rays fall upon it converging, they will 
be made to meet before they arrive at the fund of 
the eye, and conſequently, will be ſcattered on the 
retina, and thereby render the appearance confuſed ; 
if the eye be moved gradually backward to F, G, 
and D, or which is the ſame thing, if by carrying 
the object forward, the rays be made to fall _= 
the eye at leſs and leſs diſtances from the focus, they 
will be ſcattered more and more upon the — 

e 
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| cauſe the convergency wherewith they fall upon the Lex Or. 
eye is by ſo much the greater, by how much the XXII. 


nearer the eye is placed to the focus or the point D; 
conſequently, the object as it is more and more re- 
moved from the glaſs, will appear more and more 
confuſed ; for which reaſon, the mind which has 
been uſed to connect nearer diſtances with greater 
degrees of confuſion, will in this caſe, judge the ob- 
ject to approach, tho? in reality it recedes; and what 
fully confirms this is, that if by placing a concave 
gat at a E diſtance between the eye and the 
convex, the convergency of the rays be taken off, 
and the appearance thereby render'd diſtinct, the ob- 
ject will then appear at its due diſtance. 

If an eye be removed from a convex lens be- 
yond the place where the image 1s projected, that 1s, 


if the eye be farther from the lens than is the point Pl. 10. 
D, the object will appear in an inverted poſition, Fig. 6. 


and ſeem to be ſituated between the eye and the 
glaſs; for in this caſe, the eye ſees only the 
image or repreſentation of the object, which, as I 
ſhewed in a former lecture, is projected at D in an 
inverted poſition ; upon looking at the image with 
both eyes, it appears double, and upon ſhutting ei- 
ther eye, the image on the contrary ſide diſappears ; 
the reaſon of which is this, the eye at O perceives 
the image by means of the rays ODC, and there- 
fore ſees it on the ſame ſide with C, whereas the 
eye at P perceives it by means of the rays PDB, 
and on that account ſees it on the ſame ſide with B; 
as the head is moved farther back, the diſtance be- 
tween the two images muſt decreaſe, and at length 
vaniſh ; for ſince the interval between the eyes con- 
tinues unvaried, the rays which exhibit the image 
to each eye, will diverge leſs and leſs as the head is 
more and more removed from D, as is evident 
from the bare inſpection of the ſcheme ;z conſe- - 


quently, the diſtance between the two images muſt 
| continually 
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continually decreaſe, and at laſt become ſo ſmall as 
to be inſenſible. 

As to concave es, ſince it is their property 
to make the ra 2 flow from 4 point 
to diverge, in ſuch a manner as if they had iſſued 
from a point leſs diſtant, it is evident, that an ob- 
ject ſeen thro? a concave lens, muſt appear nearer than 
it really is, and it muſt likewiſe appear diminiſhed ; 

Pl. 10. for the extream points of the object AB, are ſeen 
Fig. 7- by the naked eye by means of the rays AO and 
BO, which when the coxcave lens CD is interpoſed, 
are _ to diverge, ſo 2 not 1 1 of O, conſe- 
quently, upon the interpoſition of the glaſs, the eye 
Will 4 Fla the extremities of - object by 
thoſe rays, but by ſome others as AK and BL, 
which falling within the former, are by the refrac- 
tive power of the glaſs, made to proceed in the 
lines KO and LO, ſo as to meet at O; wherefore 
continuing OK and OL backward to the object, 
the extremities of the object will be ſeen at E and 
F, that is, the object will appear to be leſs than it 
really is; and by the ſpreading of the rays in their 
paſſage thro? the glaſs, ſome of them are made to 
eſcape the eye, which if the glaſs were removed, 
would fall upon the pupil ; for which reaſon, the 
object muſt appear Ie luminous; ſo that the pro- 
2 of concave glaſſes is to make objects appear 
maller, nearer, and more faint and obſcure, than 


they do to the naked eye. 
LECTURE XXIII. 


Or CaATOPTRICKS. 


Lecrt. IN this lecture, wherewith I ſhall cloſe this courſe, 
XXIII. I I ſhall explain to you the Doctrine of Ca Top- 


rsziexs, or that part of Opticks which treats of the 
reflexion 


SH 
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reflexion of light; in doing of which, I ſhall firſt Lz G. 
ſay ſomething 1 cauſe of that reflexi- XXIII. 
on; Secondly, I ſhall lay down two principle, 
which are the chief foundation of Catoptricts; and 
laſtly, I ſhall lay before you the moſt remarkable 
properties of plain and ſpherical mirrors. 
sto the Ert, before Sir Isa AC NRW TON pub- 
liſned thoſe wonderful and ſurpriſing diſcoveries 
which he made, concerning the nature and proper- 
ties of light, it was an opinion generally received 
by the writers of Opticks, that the rays of li 
were reflected in the manner of other bodies, 
ſtriking on the ſolid and imperrious parts of bodies z 
but that great Philoſopher has fully proved this opi- 
nion to be erroneous ; and has ſhewn, that the par- 
ticles of light are turned back before they touch the 
reflecting body, by ſome power of the body which 
is equally diffuſed all over its ſurface ; what he has 
delivered concerning this matter, 1s to be met with 
in the eighth Propoſition of the ſecond Book of his 
Opticks, wherein, after he has offered ſeyeral reaſons 
to prove, that light is not reflected by ſtriking a- 
un bodies, he at laſt expreſſes himſelf in the fol- 
owing manner; Were the rays S's reflected 
by impinging on the ſolid parts of bodies, their re- 
« flexions from poliſhed bodies could not be fo re- 
« gular as they are; for in poliſhing glaſs with ſand, 
“ putty, or tripoly, it is not to be imagined, that 
2 thoſe ſubſtances can, by grating and fretting the 
« glaſs, bring all its leaſt particles to an accurate 
* liſh, ſo that all their ſurfaces ſhall be truly plain, 
* of truly ſpherical, and look all the ſame way, fo 
« as together to compoſe one even ſurface. The 
<« ſmaller the particles of thoſe ſubſtances are, the 
« ſmaller will be the ſcratches by which they con- | 
e tinually fret and wear away the glaſs until it be | 
e poliſhed, but be they never ſo ſmall, they can wear | 
% away the glaſs no otherwiſe than by grating and 
. « ſcratching 
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Lzcr. “ ſcratching it, and breaking the protuberances, 
XXIII. and therefore poliſh it no otherwiſe than by bring- 
ing its roughneſs to a very fine grain; ſo that the 
« ſcratches and frettings of the ſurface become too 
« ſmall to be viſible. And therefore, if light were 
<« reflected by impinging on the ſolid parts of the 
« glaſs, it would be ſcattered as much by the moſt 
« poliſhed glaſs, as by the rougheſt. So then it re- 
« mains a Problem, how glaſs poliſhed by fretting 
& ſubſtances can reflect light ſo regularly as it does; 
« and this Problem is ſcarce otherwiſe to be ſolved, 
e than by ſaying, that the reflexionof a ray is effect. 
ed, not by a lingle point of the reflecting body, 
< but by ſome power of the body, which 1s evenly 
ce diffuſed all over its ſurface, and by which it acts 
cc upon the ray without immediate contact.“ 
ow taking it for granted, that chis repelling 
er is the true cauſe 8 if it be ſup- 
poſed to act upon the rays of light in lines 
ear to mY ſurface of the Teflefing bole 
will thence follow, that the angle of incidence, or 
the angle contained between the incident ray, and a 
line drawn perpendicular to the reflecting ſurface at 
the poiꝑt of incidence, 1s equal to the'angle of re- 
flexion, or the angle contained between the ſame 
Pl. 10. Perpendicular and the reflected ray. For if we ſup- 
Fig. 8. poſe a ray of light to move in the direction AC, 
towards the reflecting ſurface BCD; and if we ſup- 
poſe that motion to be reſolved into two, one in the 
direction AE, parallel to BD, and the other in the 
direction AB, perpendicular to BD, it is manifeſt, 
that of thoſe two motions, the latter only is oppo- 
ſed to the repelling force; and of conſequence, the 
ray after reflexion, will go on in the parallel directi- 
on, with the ſame velocity it did before; and for- 
aſmuch as the repelling force which oppoſes the per- 
1 motion, acts inceſſantly, it no ſooner de- 
ſtroys the motion of the ray towards the body, but 
| 6 
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it gives it an degree of motion the con Lecr. 
_ is, — it back with the — + XXIII. 
pendicular velocity wherewith it approached. If WWW 
therefore EG be taken equal to AE, and from G 
be let fall GD equal and parallel to AB, EG will 
expreſs the parallel motion of the ray after reflexi- 
on, and DG its perpendicular motion; and the 
diagonal line CG, will be actually deſcribed by the 
ray, by vertue of its compound motion; and from 
the nature of ſimilar triangles, the angle of inci- 
dence ACE, muſt be equal to ECG, the angle of 
reflexion ; and this is the firſt of thoſe principles 
whereon the doctrine of Catoptricks is founded. The 
ſecond 1s, that every radiant point when ſeen by re- 
flexion, appears in that place where the reflected 
ray meets the 2 drawn from the radiant 
point to the reflecting ſurface ; for inſtance, if from ,, 1. 
a radiant point as R, placed before the plain fpecu- Fig. 8. 
lum AB, be let fall the line REM, dicular 
to the plane of the ſpeculum; and if RC and CD 
be ſo drawn, as that the former may denote the inci- 
dent ray, and the latter the reflected; and if DC be 
continued on, till it meets the perpendicular REM; 
an eye at D will perceive the radiant point, as 
placed at M, the point of interſection of the reflect- 
ed ray, and the perpendicular; and thus it is in all 
caſes of reflexion, except two, wherein this prin- 
ciple ſeems to fail; one whereof relates to plain 
glaſs ſpeculums, and the other to concave ſpherical 
mirrors; the latter has been obſerved by Taquert, 
Doctor Barrow, and others; but the former has 
not been mentioned by any one of the optick writers 
that I know of; I ſhall take notice of each in its 
proper place, and proceed now to conſider the chief 
4 ee and firſt, of ſuch as are 
plain. | 

When an object is ſeen by reflexion from a plain 
ſpeculum, its image appears as far behind the /pecu- 
lum, as the object is before; for the proof of _ 

XxX t 
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ler R be an object placed before the plain /peculum 


XXIII. AB, and let it be ſeen by reflexion from the point 


| TY 
Pl. 10 


Fig. 9. 


Pl. 10. 
Fig. 10. 


Exp. 1. 


C, by an eye ſituated ſomewhere in the line CD, 
then producing CD, till it meets the 

REM, the image will, by the ſecond principle, 
appear at M ; now the angles of incidence and re- 
flexion - being equal, their complements: are ſo too, 
that is to ſay, the angle RCE is equal to DCB or 
MCE; fo that in the two right-angled triangles, the 
angles at C being equal, and the ſide EC common 
to both, the triangles muſt be equal, and the ſide 
ME, that is, the diſtance of the image behind the 


ſpeculum, muſt be equal to RE, the diſtance of the 


object before the /peculum ; and the ſame thing is in 
like manner demonſtrable, tho? the point of reflexi · 
on be taken different from C; for the reflected 
ray will conſtantly meet the perpendicular in the 


point M; whence it follows, that however the ſi- 


tuation of the eye with reſpect to the mirror may 
be changed, yet if the object and mirror remain 
unmoved, the 1 will always appear in the ſame 
place; it likewiſe follows, that there cannot appear 
more than one image of one and the ſame object; 
but then this is to be underſtood with reſpect to ſuch 
mirrors, as being opaque, have but one reflecting 
ſurface ; for in looking-glaſſes, which by reaſon of 
their tranſparency, have a double reflexion in ſome 
certain poſitions of the eye and object, ſeveral 
images may be ſeen. Thus if AB be a looking- 
glaſs, R the flame of a candle, placed at a ſmall 
diſtance before AH, the plane of the glaſs produced, 
an eye being placed at Q, ſhall fee ſeveral images 
ſtanding at ſmall diſtances one beyond another, in 
the ſame poſition: with the letters C, D, E, F, 
whereof the firſt and ſecond appear bright and lu- 
minous, and the reſt but faint and obſcure ; for the 
feveral images taken in their order from the ſecond, 
grow more and more dark and obſcure, till at 2 
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they become too weak and feeble to affect the ſight, LE cr. 


and of conſequence vaniſh, 


and its farther or ſilvered ſurface is DC, R the 
lace of the candle, and Q the place of the eye, 
NS a line drawn from the candle perpendicular to 
AO and B the two ſurfaces of the glaſs produced 
the angle REA being made equal to QEB, and 
the line QE being produced till it cuts the perpen- 
dicular RS in T, the eye ſhall ſee the firſt image at 


T, by means of the reflexion from the outward. 


ſurface AB, the ray RE being reflected to the eye 


from the point E. Let a ſecond ray as RG, pals 
into the glaſs at G, and being refracted to the point 


H of the farther ſurface, let it thence be reflected to 


K, and there paſſing out of the glaſs, let it by re- 


fraction be carried to the eye; let then Q be pro- 


duced, and the eye ſhall ſee a ſecond image ſituated. 
in that line, and that at a little diſtance beyond the 


perpendicular RS ; for if the rays ſuffered no re- 
fraction in paſſing in and out of the glaſs, the ſe- 
cond image would not be ſeen by means of the 
ray RG, but by means of the ray RH, which paſ- 
ſing directly from R to H, is thence reflected di- 
rectly to Q, and being produced till ĩt cuts the per- 
pendicular in X, would exhibit the ſecond image at 
X ; but foraſmuch as the place of the image 1s 
changed by the refraction, and brought nearer to the 
glaſs, if we ſuppoſe the line QX tobe moved upward 
about the point Q , till it coincides with the line 
N. in which the ſecond image really appears, the 
point X muſt neceſſarily fall beyond the perpendi. 
cular, and ſo of conſequence, mult the place of the 
Image. Let now a third ray as RF, pals into the 
glaſs at F, and be refracted to L, and from thence, 
let it be reflected to E, and from E to M, and from 


M to N, where let it go out, and be refracted = 


X X 2 


XXIII. 
In order to account for this multiplicity of 


images, let ABCD be a looking - glaſs, whoſe near- Pl. 10. 
eſt ſurface, or that which lies next the eye is AB, Fig. 11, 


F 
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Lxcr. the eye at Q; then producing QN to W, a third 

XXIII. image will appear in that line ſomewhere beyond 

Ake perpendicular; for were there no refraction, the 
Tay which after three reflexions exhibits the third 
image, would when produced, cut the perpendicu- 
lar in the point 8; and therefore, ſince the line QS . 
is raiſed up by the refraction, and made to coincide 
with the line QW, the point S, that is, the place 
of the third image, muſt fall beyond the perpendi- 
cular 


As a third image 1s ſeen by means of three re- 
flexions, ſo is a fourth, by five reflexions, a fifth by 
ſeven, a ſixth by nine, and ſo on, according to the 

of the odd numbers, every ſucceeding 
image being ſeen by two reflexions more than the 
preceding; and this is the true reaſon, why, ſetting 
aſide the firſt and ſecond, which being ſeen each by 
one ſingle reflexion, appear almoſt equally bright, 
every ſucceeding image appears more dim and faint 
than the foregoing, the rays of light being rendered 
more weak and feeble by reflexion. 
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M= D- X 


3D—X—þN 
ye OA = DHX | 


5D—X=P 


If two plane ſpeculums as AB and CD, be ſet pa- 
rallel to one another, and an object be placed any 
where between them as at E, the rays of light 
which iſſue from the object and fall upon each ſpecu- 
lum, will be reflected backward and forward from 
one to the other a great number of times; by which 
means, there will appear in each /peculum, a great 
1 = images ſituated one rs * 
a right line perpendicular to the ſpeculums, - 
ling thro? the object at E; in 9 
| r 


—— — — 


r 


| 
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LE c r. the diſtances of the ſeveral images from the /pecu- 
XXIII. lums, let EY, the diſtance of the object from the 
fſpeculum AB, be denoted by X, and let Z V, the 


interval of the glaſſes be denoted by D; and let us 
firſt conſider the reflexion which begins from the 
ſperulum AB; if YF be taken equal to X, then F 
will be the place of the firſt image; and foraſmuch 
as the image at F may be looked upon as an object 
placed before the ſpeculum CD, it ZM be taken 
equal to FZ, that is, to DX, there will appear 
an image at M; which being conſidered as an ob- 
r with reſpect to the other ſpeculum AB, and 
H being taken equal to MY, or 2D+X, another 
image will be ſeen at H; and for the ſame reaſon, 
if ZO be taken equal to HZ, or 2D+X, there 
will another image appear at O, and ſo on; again, 
if we conſider the reflexion which begins from the 
ſpeculum CD, by taking ZIL. equal to EZ, or DX, 
we ſhall have L for the place of an image in the 
ſpeculum CD; and by making YG equal to LY, 
or 2D—X, we ſhall have the place of another 
image in the ſpeculum AB; and again, by taking 
ZN equal to GZ, or 3D—X, we ſhali have the 
place of another image in the /peculum CD, and fo 
on. From this manner of determining the places 
of ſeveral images, it is evident, that if D, which 
ſtands for the diſtance of the glaſſes, be multiplied 
into each of the even numbers taken in their order, 
and if X, which denotes the diſtance of the object 
from AB, be ſubducted from each product, and 
likewiſe added to each, the differences, and the 
ſums taken in their order, will expreſs the diſtances 
of the ſeveral images from the ſpeculum AB, the 
diſtance of the firſt being X; that is to ſay, the 
diſtance of the ſecond image will be 2D—X, of the 
third 2D+X, of the fourth 4D—X, of the fifth 
4D+X, and ſoon, according to the firſt Table. 


TaBLE 
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T A3 TZ IL 
Diftances of the ſeveral 2 from the ſpeculum 


1 = X 

2 = 2D—X 

3 = 2D+X 

4 = 4D—X 

5 = 4D+FX 

6 DX 

7 = 6D4X 

8 = 8D—X 

&c. 
If D be multiplied into each of the odd numbers 
taken in their order, and if X be deducted from 


each product, and likewiſe added to each as before, 
the differences and the ſums taken in their order, 
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will expreſs the diſtances of the ſeveral images from - 


the ſpeculum CD, as in the ſecond Table. 
r „ „ K 


The diſtances of the ſeveral images from the ſpeeulum 
CD. 


\ 


If by moving the object nearer to AB, X be- 
comes leſs, then all thoſe images whoſe diſtances 
are expreſſed by thoſe ſymbols wherein X is af- 
firmative, will come nearer to the /peculums, whilſt 
thoſe whoſe diſtances, are expreſſed. by TRY 

| wherein 
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Lor. wherein X is negative, move farther off; thus in 
XXII. the Hpeculum AB, the firſt, third, fifth, ſeventh, 
aud ſoon, willapproach, and the ſecond, fourth, ſixth, 


eighth, and ſo on, will recede; ſothat the ſeveral images, 
beginning from the firſt, will approach and recede 
alternately; and on the other hand, thoſe in the 


Exp. 2. ſpeculum CD, vill recede and approach alternately, 


Pl. 10. 
Fig. 12. 
Exp. 3. 


beginning from the firſt ; hence, if a man puts his 
hand between the two ſpeculums, and moves his 
palm towards one of them, a perſon looking into 
the other, ſhall ſee ſeveral pairs of hands, palm to 
Im, a hing each other. 
"= qe ſpeculums as AC and BC, be in- 
clined to one another, ſo as to meet in an acute 
angle at C; and if an object be placed any where 
between them, ſuppoſe at F, an eye looking into 


either, ſhall ſee ſeveral images ſtanding in the cir- 


cumference of a circle, whoſe center is at C the con- 
courſe of the ſperulums, and its radius equal to CF 
the diſtance of the object from the concourſe ; for 
if from F be drawn FD perpendicular to the ſpecu- 


tum CA, and KD be made equal to FK, D will 


be the place of an image in the /peculum CA; and 
if from D be drawn DE perpendicular to the /pe- 
culum CB, and produced till HE is equal to DH, 
E will be the place of an image in the ſpeculum CB, 
and thus by drawing perpendiculars continually from 
the place laſt found tothe oppoſite ſpeculum may the 
places of all the images be found which are ſeen by 
means of thoſe reflexions, the firſt whereot is made 
from the ſpeculum CA; and in the ſame manner, 
by drawing the perpendiculars FG, GL, and ſo on, 
may the places of all thoſe images be found which 
are ſeen, by means of the reflexions whereof the firſt 
is made from the ſpeculum CB. Now that the 
points D and E are in the circumference of the 
circle whoſe radins is CF, I thus prove, in the tri- 
angles CFK and CDK, the ſides FK and DK are 


equal by the conſtruction, and CK is ** 
| | th, 


ww = 
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both, and the angles at K are ones, where- L. E cr. 
XXIII. 


of con 


fore the two trian e een 


2 ; again, the triangle CDH s 


equal to the triangle CEH, the ſides DH and EH 
bein I by conſtruction equal, as are alſo the angles 
wherefore CE is equal to CD, which is 
to CF, Fr a Circle deſcribed on the cen- 
ter C, with the radius CF, will paſs thro? the points 


D and E; and by the ſame way of reaſoning it 


will be found to paſs hto, Grand L, and thro? the 
extremities of all the other perpendiculars ; and 
therefore the ſeveral — muſt of neceſlity appear 
in the circumference circle whoſe center is at 
the concourſe of the fpeculums, and whoſe ralius is 
equal to the diftance of the object from that con- 
courſe: | From what has been ſaid it follows, that 
if the diſtance of the object from the concourſe of 


the ſperulums be given, the images will ſtill ah 5 


inthe circumference of the ſame circle, 


ſtanding any alteration that may be made in ks 


angle whereatthe ſpeculums meet; if that be inlarged, 
the images will be fewer in number, and at 
diſtances from one another; and on the other hand, 
if it be made leſs, the images will be more in num- 


ber, and ſtand cloſer together, but the cirele in 


whoſe circumference they appear, will be the ſame 
in both cafes 3 for that is not to be lefſened or in- 
larged otherwiſe, than by leſſening or inlarging the 


diſtance of the object from ardent. 


culums. 
Having laid before you the chief 


plain ſpeculums, I come now to conſider ſuch e. 4 
lums as are ſpherical ; and they are of two forts, 


concave and conuer; concerning which it muſt be 


obſerved, that as all the rays which fall upon them 
from a radiating-point, are reflected in ſuch man- 


ner as to meet the perpendicular very nearly in one 
3 in — . 
1 7 
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Lor. or the place where the reflected rays croſs one another 
XXIII. nothing more is neceſſary, but to determine the 
poi wherein any one reflected ray meets the per- 
6 pendicular ; which may be done in the following 
H. 10. manner; let A be a radiating point, expoſed di- 
Fig. 13. rectly before the concave glaſs FG, whoſe center is 
C, AB a perpendicular from the radiating, point to 
the /peculum, which likewife denotes the diſtance of 
the radiating point from the /peculum, AD a ray 
falling on the /peculum at D, whoſe diſtance from 
B is indefinitely ſmall, DE the reflected ray meet- 
ing the ndicular in E, CD a radius drawn to 
the point of incidence, and of conſequence biſſect- 
ing the angle ADE in the triangle ADE; ſince the 
angle at D is biſſected by the line DC, which cuts 
the oppoſite ſide, AD is to DE, as AC to CE; 
but foraſmuch as the points D and B are ſuppoſed 
to be indefinitely near, AD is equal to AB, and 
ED is equal to EB, wherefore AB is to EB, as AC 
is to CE; that is, the diſtance of the radiating 
point from the ſpeculum, is to the diſtance, of the 
point E, where the reflected ray cuts the di- 
cular, commonly called the point of interſection, as 
the diſtance of the radiating point, leſſened by the 
radius, is to the radius, leſſened by the diſtance of 
the point of interſection; that is, putting D for 
the di of the radiating point F for the diſ- 
tance of the point of i ion and R for the 
radius, D: F:: D- R: RF; conſequently, 
reducing this analogy into an equation, and clear- 
W g N - 
ing F, F will be found equal to HR that is, 
the diſtance of the point of interſection from the 
ſfpeculum, and confequently, the diſtance of an image 
formed by reflexion from a concave ppeculum, is 
equal to a rectangle under the diſtance of the object 
from the ſpeculum, and the radius, divided by twice 
the diſtance of the object leſſened by we 
70 9 | ence 
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ſpeculum bears no ſenſible proportion to it, the image 
will appear on the fame ſide of the ſpeculum with 
the object, at the diſtance of one half the radius from 
the ſpeculum ; for in this caſe, D being infinite, 
2D—R becomes equal to 2D, and of conſequence, 
F is equal to R divided by 2; fo that one half the 
radius is the leaſt diſtance at which an image can be 
J from a concave ſpeculum on the ſame ſide 
with the object; and foraſmuch as the ſun's image, 
which, by reaſon of the immenſe diſtance of his bo- 
dy, is formed at the diſtance of half the radius from 
the ſpeculum, is there apt to burn, that place is uſual» 
ly called the focus or burning point. 
As the object approaches the /peculum, the image: 
3 for as in one and the ſame ſpeculum, the 
radius is a ſtanding quantity, it is manifeſt, that as 
D leflens, the proportion of DR to 2D—R muſt in- 
creafe, conſequently, F, or the diſtance of the 
image from the ſpeculum muſt do ſo too; and when 
the object has approached ſo near the ſpeculum as to 
be at the center, the image will have receded ſo far 
as to be there likewiſe; for in this caſe, D being 
equal to R, 2D—R is equal to R, and of conſe- 
quence, F is equal to D; ſo that the object and its 
image meet at the center of the ſpeculum; upon the 
object's paſſing from the center towards the glaſs, 
the image is projected beyond. the center, and when 
the object has approached ſo near the /peculum, as 
to be diſtant from it but half the radius, the image 
is at an infinite diſtance; for in this caſe, D being 
equal to half the radius, 2D0—R is nothing, conſe- 
quently, F, that is the diſtance of the image, is 
infinite; or to ſpeak more properly, the rays after 
reflexion proceed parallel ; foe which reaſon, if the 
tame of a 23 FRI before a con- 
(Sb y 


« cove. 


Hence it follows, that if an object he placed before Le c T, 

a concave ſpeculum, at an infinite diftance, that is, XXIII. 

if 9.2 the radius of the 
P 
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LxzcT, cave ſtetulum; at the diſtance of half the radius, 
XXIII. the ſpeculum will ſeem to be in flames, and the re- 
I fected light willbe fo intenſe, as that by the help of 


it one may be able to read at a very conſiderable diſ- 
tance from the /peculum. TA dpx aſſerts, that he 
has read at the diſtance of no leſs than 400 fret; and 
to ſay the truth, the diſtance would be without li- 
mits, were it not for the atmoſphere, whoſe par- 
ticles continually intercept the rays, and by fo. do- 
ing, at length totally extinguiſh the light. It ſome- 
times happens, that when the flame of a candle is 
placed in the focus of a concave ſpeculum, its image 
is projected on a diſtant wall, which ſetms to in- 
validate the truth. of what I juſt now. proved con- 
cerning the paralleliſm of the rays after reflexion, 
but this is occaſioned by the flame*s: being too large 
to be contained totally within the focus,” for were it 
ſo ſmall as to lie wholly within the focus, it would 
not project an image, but the rays after reflexion, 
would form a cylindrical body of light, which 
when projected on a diſtant wall, would have a cir- 

of an equal circumference with the 
ſpeculum. 


When the diſtance of the object from the ſpecu- 
lum is leſs than half the radius, the image _ 
behind the ſpeculum; for in this caſe, 2D—R is a 
negative quantity, and of conſequence, ſo. is F, 
which ſhews, that the diſtance of the image which 
is denoted by F, muſt be taken on the other ſide of 
the /peculum, with to the object; as the ob- 
ject moves nearer to the /peculum before, ſo likewiſe 
does the image behind; and when the object is ſo 
near as to touch the ſpeculum, the image does the 
ſame; for in this caſe, D being nothing, F, that is, 
the diſtance of the image from the peculum is like- 
wiſe nothing. 
As to the poſition of the images which are ſeen 
by reſſexion from a concave peculum, thoſe which 
| ty 2 appear 


Or CATOPTRICKS. 349 


on the fame fide of the ſpeculum with the LE r. 

ject muſt be inverted, and thoſe which appear XXIII. 
behind the /peculkm muſt be erect. For the proof N 
of which, let AB be an object - before the Pig. 1 
concave /peculum FG, at any diſtance beyond the 
center C, in which caſe the image will be ſeen be- 
tween the center and the ſpeculum, ſuppoſe at DE; 
from A and B, the extream points of the object, 
let the lines AH and BI be drawn perpendicular to 
the ſpeculum, and of conſequence crofling ane ano- 
ther at the center; this being done, ſince the image 
is ſuppoſed to be at DE, and ſince every point of 
an image is ſeen in the perpendicular drawn from 
the correſponding point in the object, it is manifeſt, 
that D, the loweſt point of the image, will corre- 
2 to A, the higheſt point ot the object, and E, 
hi int of the image, will correſpond to 

B, the loweſt point of _ ITN 0 
image will inverted. And. by the fam 
way e DEE bo the chin; ſituated 
at ſuch a diſtance between the ſpeculum and the 
center,, as to have its image projected beyond 
the center at AB, the image muſt appear inverted, 
the image muſt appear inverted, On the other hand, 
where an object as DE, Ger. between the /pe- 
culum and the center, tly, projects 
an image behind the /peculum ; for it muſt be ob- 
ſerved, that the fame object DE, which when fi- 
tuated between the center and the /peculum, at a leſs 
—— the center than half I _= 
jects an image as AB beyond the center, does like · 
wiſe project another image as HI, behind the pe- 
culum; and as the former image is viſible to an eye 
placed beyond it, ſo, the latter image is viſible to 
an eye placed betweell the object and the ſpeculum, 
and it muſt appear erect, inaſmuch as the di 
cular CH, which paſſes thro? D the n 
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Le r. of the object, does likewiſe paſs thro' H, the high- 
XXIII. eſt point of the image. | 
As to the magnitudes of an object and its image, 
they are to one another in the ſame proportion with 
the ſquares of their diſtances from = ſpeculum; for 
if the line LCM be drawn thro? the center C, per- 
dicular to BA, DE, and HI, ard conſequently, 
bidedting the angle at C, if BA be the lengti or 
breadth of an object, and DE the length or breadth 
of its image projected on this ſide. the ſpeculum, then 
LA and OD will be half the length or breadth of 
the object and its 1 and the triangle CLA 
being ſimilar to COD, LA is to OD, and conſe- 
quently BA to ED, as LC to OC, that is, the 
length or breadth of the object, is to the length or 
| breadth of its 1 as the diſtance of the object 
from the center of the ſpeculum, to the diſtance of 
o. its image from the ſame center; but it has been 
13. ed, that as AC, the diſtance of the object 
— the center, is to EC, the diſtance of the image 
from the center, ſo is AB, the diſtance of the ob- 
ject from the ſpeculum, to EB, the diſtance of the 
image from the ſpeculum; conſequently, the l 
or breadth of an object, is to the length or breadth 
of its image, as the diſtance of the object from the 
ſpeculum, to the diſtance of the i from the 
ſpeculum ;, and foraſmuch as ſimilar ſurfaces are to 
one another, as the ſquares of their homologous 
ſides, the magnitude of the object, is to the mag- 
nitude of the image, as the ſquare of the object's 
diſtance from the /peculum, to the ſquare of the 
Pl. 10. image's diſtance. And by the ſame method of ar. 
Fig. 14. guing, if DE be an object, whoſe image behind 
* the» ſpeculum is HI, the magnitude of the former, 
will be found to be to the magnitude of the latter, ag 
the ſquare of KO, to the ſquare of KM. Hence 
it follows, that the object during its continuance he: 


1 the center, mult a larger than its image, 
* 5 Por ry a 


Pl. 10 


Fig. 
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as being more diſtant from the ſpeaulum, and when Ln or. 


it is in the center, where it meets the 1 


„it 
muſt appear equal to it, but being on the ſame fide WOW 


of the center with the /peculum, it muſt be leſs than 
its image, which in that caſe lies beyond the center, 
and conſequently, is at a greater diſtance from the 


um. | 
It likewiſe follows, that the image which a 


behind the 2 is ever larger than the object; 
for ſince 


the /peculum, as MC, the diſtanee of the ay 
from the center, to OC, the diſtance of the 
ject from the center; and ſince in this caſe, the ob- 


ject is always leſs diſtant from the center than its 


image, during the appearance of the image behind 

the /peculum, it is evident, that the image muſt a 
larger than the object; but then this is to be 
underſtood with reſpect to ſuch images only, as are 
projected by objects leſs diſtant than the center; for 
if an object be beyond the center, an eye being cloſe 
to the ſpeculum, ſee the image at the ſame diſ- 
tance, and of an equal magnitude with the object 
and in this caſe, the ſeveral parts of the image do 
not appear in thoſe Ter where the perpendiculars 
from the correſponding points of the object meet 
with the reflected rays; the reaſon of all which 
ſeems to be this, the portion of the ſpeculum which 
the eye makes uſe of in this caſe, is ſo exceedingly 
ſmall, that notwithſtanding the ſpherical figure of 
the ſpeculum, it may be looked upon * and 
ſame as 


equently, the appearances mult be 
in other plain . _ that is, the image, muſt 
appear as far behind the /peculum as the object is be- 


nd 
fore it, and of the ſame magnitude with the ob- 


It an image formed on this fide a concave fpreu- 
lum be looked at with both eyes, it will appear 

double, provided the diſtance of the eyes from the 
a image 


; the diſtance of the image behind the pl. ro. 
* is to OK, the diſtance of the object be- Fig. 14. 
re 
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L'zeT. image be but ſmall, and upon ſhutting either eye, 


. 10, 
Fig. 15. 


XXII. the contrary image will diſappear ; for lince the re- 


flected rays which form the ſeveral points of an 
1 meet and croſs one another at the image, 
which enter the right eye, muſt be reflected 
from the left fide of the ſprculum, and thoſe which 
fall upon the left eye, muſt be reflected from the 
right ſide of the ſpeeulum, and of conſequence, one 
and the fame point of the image muſt appear to the 
right eye, as ſituated before the left ſide of the ſpe- 
culum, and to the left eye, as ſituated before the 
right ſide of the ſpeculum; that is, it mult appear 
double, and the right or left image muſt vaniſh up- 
on cloſing the contrary eye. Thus, if the point C 
of the image AB, be looked at with both eyes, 
one whereof is at O, and the other at Q, the eye 
at O fhall ſee it by means of the rays ON, which 
are reflected from N, and of conſequence, ſhall fee 
it as placed before N, but the eye at Q ſeeing it by 
means of the rays QM. which proceed from M, 
ſhall ſee it as ſituated before M, for which reaſon, 
the point C will appear double; and what has been 
thus ſhewn with reſpe& to the point C, may in the 
ſame manner be'ſhewn, with regard to all the other 
points in the image, and therefore the whole image 
ao oper double, as the eyes are more and more 
rem from the images, they approach nearer 
gether, and at length coincide ; the reaſon of 
which is plain, from the bare inſpection of the fi- 
gure ; for ſince the interval of the eyes continues 
the ſame, it is evident, that when they are farther 
removed from the image, the ONT ny ſee 
the point © muſt be reflected from parts of the 
** leſs diſtant from one another than M and 
„ and the diſtance of the parts of the ſpeculum 
which reflect the rays to each eye, muſt 
continually leſſen as'the eyes ar more and more re- 
moved froth the ĩmage, and at certain diſtances » | 
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the eyes, muſt become ſo ſmall ag not to be ſenſi- Lt cr. 
ble. And thus much concerning ſuch ſpherical /pe- XXIII. 


culums as are concave; as to convex ſpeculums, 
in order to determine the places of images 


formed by reflexion from them, let A be a ra- pl. 10. 
diating point, expoſed directly before the con- Fig. 16. 


vex ſpeculum HK, whoſe center is C, AB a per- 
pendicular from the radiating point to the ſpeculum, 
which likewiſe denotes the diſtance of the radiating 
point from the ſpeculum, AD a ray falling on the 
ſpeculum at D, whoſe diſtance from B 1s indefinitely 
ſmall, DE the reflected ray meeting the perpendi- 
cular in E, CD a radius drawn to the point of in- 
cidence, and of conſequence biſſecting the angle 
FDE ; let the angle FCD be made equal to ECD, 
and let CF be continued till it meets AD produced; 


this being done, it is evident, that the angle at C 


in the triangle ACF, is biſſected by the line CD, 
which cuts the oppoſite ſide, conſequently, AC is to 
FC, as AD to DF; but foraſmuch as D and B are 
ſuppoſed to be indefinitely near, AD is equal to 
AB, and DE to BE; and becauſe the triangles 
CFD and CED are equal, DF is equal to DE, 
and FC is equal to CE ; wherefore, AB is to BE, 
as AC to CE ; that is, the diſtance of-the radiating 
point from the ſpeculum, is to the diſtance of the 


point E where the reflected ray cuts the perpendi- 


cular, which is called the point of interſection, as the 
ſum of the diſtance of the radiating point and the 
radius, to the radius leſſened by the diſtance of the 
point of interſection; that is, putting D for the 
diſtance of the radiating point, F for the diſtance 
of the point of interſection, and R for the radius as 
before, D: F:: DER: RF; conſequently, 
reducing this analogy into an 18 and clearing 


5 R 


diſtance of the point of interſection behind the 


2 2 Jpeculum, 
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culum, and conſequently the diſtance of an image 
behind the ſpeculum, is equal to a rectangle under 
the diſtance of the object from the ſpeculum and 
the radius, divided by the ſum of twice the diſtance 
of the object added to the radius. Hence it follows, 
that if an object be placed ſo near a convex ſpeculum 
as to touch it, its image will do ſo too; for in this 
caſe, D being nothing, F is likewiſe nothing; as 
the object recedes from the ſpeculum, the image goes 
off behind; and when the object is removed to an 
infinite diſtance, the image appears behind in the 
midway between the /peculum and its center; for in 
this caſe, D being infinite, 2 DR becomes 2D, 


and of conſequence, F is equal to I ſo that ob- 
jects ſeen by reflexion from convex ſpherical ſpecu- 
lums, appear conſtantly behind the ſpeculum, within 
the limits of half the radius; and foraſmuch as the 
images conſtantly appear on the ſame ſide of the 
center with the objects, they muſt be leſs than the 
objects; for if we ſuppoſe HI to be an object placed 
before the convex ſpeculum FG, and project ing its 
image at DE, it is manifeſt, that the image ſub- 
tends the ſame angle at a ſmaller diſtance, than the 

bject does at a larger diſtance, and conſequently, 
muſt be leſs; and the diſproportion between tlie 
object and its image, muſt increaſe as the object 
recedes, and decreaſe, as it approaches, becauſe, as 
the object recedes from the center, the image ap- 
proaches, and as that approaches, the image re- 
cedes; but as the image can never be more diſtant 
from the center than the object, it can in no caſe 
appear larger. The proportions which the magni- 
tudes of the object and its image bear one to ano- 
ther, is the ſame with the ſquares of their diſtances 
from the ſpeculum, as in the caſe of concave /pecu- 
lums; the proof of which being exactly the ſame 


with 
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with that made uſe of in the caſe of concaves, I Lzcr, 


ſhall not here repeat it. 
As to the — of ſuch images as are ſeen 


reflexion from convex ſpherical ſpeculums, they mu 
always appear erect; for as they ever appear on 
the fime ſide of the center with the objects, the 
ndiculars which are drawn from the upper- 
molt parts of the objects, mult paſs thro* the up- 
e parts of the images ; and thoſe from the 
ower parts of the objects, muſt likewiſe paſs thro? 


XXIII. 
A 


the lower parts of the images; thus, the perpendi- pl. 10. 
cular HC, which comes from H, the higheſt point Fig. 14. 


in the object, * thro! D, the higheſt point of 
the image, and IC, which comes from I, the low- 


eſt point of the object, paſſes thro* E, the loweſt 
point of the image; and ſo it is with regard to the 

diculars which come from the intermediate 
points; ſo that the ſeveral parts of the image have 
the ſame ſituation with the correſponding parts of 
2 and of conſequence the image appeats 
erect. 
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APPENDIX. 


Or Tas COLLISION or NON-ELASTICK 


1 BODIES. 


Ser PROBLEM I. 

F two bodies be either entirely void of elaſticity or 
perfelily elaſtick, and one ſtrike the other directly; 
if A and B denate the quantities of matter or weights 
of the two bodies, a and b their velocities before the 
ſtroke ; and if A be the fwifter body when the bodies 
move the ſame way, the body which has the greater 
motion when they move contrary ways, and the moving 
body when one of them is at reſt before the ſtroke ; to de- 
termine the ratio of the bodies when their velocities be- 
fore the ſtrote are given, or the ratio of their veloct- 
ties before the firoke when the bodies are given; that is, 
to determine = when a and b are given, or . when 
A and B are given; ſo as that the motion of A before 
the ſtroke, ſhall be to its motion after the ſtroke, in the 
given ratio of m'to 1. 


To give a ſolution of this Problem, it is neceſſary 
to know the motions-of A before and after the ſtroke, 
both when the bodies are entirely void of elaſticity, 
and when they are perfectly elaſtick ; and likewiſe 


to know the motion of A after the ſtroke, when 


the bodies move the ſame way, when they move 
contrary ways, and when B is at reſt before the 
ſtroke. The motion of A before the ſtroke, is Aa 
in all caſes. And from what has been delivered by 
our Author, when the bodies are entirely void of 
elaſticity, the motion of A after the . 

a- 


c 2 = 


— lessen 


* 
” 


Non-elaſtick and Elaſtick Bodies. 
AAztABb en before the ſtroke the bodics move 


A+B ABb 
AAa— 
the ſame way, N 
AAa 


rent ways before the ſtroke, and I when be- 


fore the ſtroke B is quieſcent. And when the bo- 
dies are perfectly elaſtick, the motions of A after 
the ſtroke, when before the ſtroke the bodies move 
the fame way, contrary ways, and B is quieſcent, are 
2ABb+AAa—ABa AAA—ABa—2ABb . 


357 


when they move diffe- 


As > Ov 
0 | 
— ——. Hence, this Problem contains fix 


Caſes, ys. ant. > * 5 are — void of 
elaſticity, when they are 2 
which Caſes are thus ſolved. e 


5 When the bodies are cui void of dati. 


Casz I. If the bodies move the ſame way, 


AAa+ABb | 
Aa will be to — FB um to 1; whence we 


A a—mb a mB 
have B ma and b Ema 


Cazz, II, If the bodies move contrary ways, 


Aa will be to ET, as m to 1 4 whence we 
ha S. 3 mB 


Casz III. If B be at reſt before the firoke, 


Aa 
then will Aa be o Nfg · as m to 1; whence we 


have 
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A I _— : , | 
have f r- In this caſe b 13 nothing, and 


conſequently E is infinite. 


When the bodies are perfedtly elaſict. 


Casz IV. be bodies move the ſame way, 
1 2ABb+AAa—ABa 


A __ mafa—2mb . a 
mB+A +B—mA. 
Casz V. If the bodies move contrary ways, 


| AAa—ABa—2ABb 
Aa will be to — n n; 


A z2mb+mata a 


as m to 13 


wWhenee we have 5 — and -— = 
2mB | 
mA—A—B—mB' 
CASE we If B be at reſt before the ſtroke, 
Aa VEG as m to 1; whence We 
have =, In this caſe b is nothing, and 


conſequently = is infinite, 


b 


Exam. I. If the bodies be entirely void of 
elaſticity, and move the ſame way, A with a velo- 
city of 7, and B with a velocity of 3; and A loſe | 
half its motion by the ſtroke, or, which amounts 
o the fame, if the motion of A before the ſtroke 


* 


Non-elaſtick and Elaſtick Bodies. 
be to its motion after, as 2 to 1. In this caſe, a, 
b, m, are 7, 3, 23 and — which is equal 3 — 


B ma—a 


by Caſe 1, will be equal to ;; fo that A and B will 
be as 1 and 7, Here Aa, the motion of A before 


AAatABb . 
the ſtroke, is 7, and bn „its motion after 
the ſtroke, is 333 but 7 is to 34, as 2 to 1. 
Exam. II. If the bodies be entirely void of 
_ elaſticity, and move the ſame way, if A and B be 
as 1 and 4, and the motion of A before the ſtroke 
be to its motion after, as 3 to 1, in which caſe m 
8 mB 
will be 3; then b Vhich is equal to TREK 
by Caſe 1, will be equal to ?, ſo that a and b will 
be as 6 and 1, Here Aa, the motion of A be- 


"a AAaTABb , b 
fore the ſtroke, is 63; and 1 „Its motion 


after the ſtroke by Caſe 1, is 23 but 6 is to 2, as 3 
to 1. 

Ex AM. III. If B be at reſt before the ſtroke, 
and the motion of A before the ſtroke, be to its 
motion after, as 10 to 1, in which caſe m will be 


10; then will © be 3, or A and B will be as 1 


and 9, If the velocity of A before the ſtroke be 
expreſſed by 1, that is, if a be 1, then will Aa be 1, 


AAa ; : 
and Ap be but 1 is to , as 10 to 1. 


It is to be obſerved, that A can never communi- 
cate all its motion to B, except when it is infinitely 
greater than B, in which caſe B will become no- 
thing. For if A communicate all its motion to B, 
m will be 1; and which is as , Will be as 
B M—I 


; but ; is infinite; and therefore A muſt be infi- 
| nitely 


Of the Collifion of 
nitely | greater than B, to loſe all its motion by the 


Exam. IV. If the bodies be perfectly elaſtick, 
and move the ſame way with velocities which are as 
3 and 23 and if the motion of A before the ſtroke 
be to its motion after, as 2 to 1; then will a, b, m, 
be 3, 2, 23 and =, which is _ — by 
Caſe 4, all be zz ſo that A and B will be as 1 and 
3. Here Aa, the motion of A before the ſtroke, 


33 and N 1 — ; its motion after the 


ſtroke, is}; but 3 is to 2, as 2 to 1. 

Ex AM. V. If the bodies be perfectly elaſtick, 
and move the ſame way, if A and B be as 4 and 5, 
and the motion of A before the ſtroke be to its mo- 
tion after, as 3 to 1; then will A, B, m, be 4, 5, 33 


am 
and 8 which is as f. IE x by Caſe 4, 


will be 2, fo that a and b will be as 5 and 2. Here, 
Aa, the motion of A before the ſtroke is 20; and 
2ABb+tAAa—ABa 


ATD - 
but 20 is to , as 3 to 1. 

Ex AM. vi If A and B be perfectly elaſtick, 
and B be at reſt before the ſtroke, if A move with 
a velocity of 4, and its motion before the ſtroke be 
to its motion after, as 3 to 1; then will a, b, m, 
be 4, o, 33 and — which is as —— by Caſe 6 
will t=? ; ſo that A and B will be 2 and 1. 
Here, Aa the motion of A before the ſtroke, is 8; 


AAa—ABa 
and FB” its motion after the ſtroke, 133 


but 8 is to 3, as 3 to 1. 


, the motion of A after, is ; 


SCHOLIUM. 


Non-elaſtick and Elaſtick Bodies, 


SCHOLIUM- _ 

If it be required to know the motion of B after 
the ſtroke in the ſix Caſes before mentioned, that 
motion may be had, from what our Author has de- 
livered, when the weights of the Bodies, and their 
velocities before the ſtroke are given, 

If the bodies be entirely void of elaſticity ; 
the motion of B after the ſtroke, when before 
the ſtroke, the bodies move the ſame way, 
when they move contrary ways, or when B 

BASTDED BAa—BBb BAa 


is quieſcent; is "ITE" AF NR 


And if the bodies be ta? elaſtick ; the mo- 


tions of B after the ſtroke, when before the troke 
the bodies move the ſame wa ys when they move 
. contrary ways, or when is quieſcent, is 
2BAa+BBb—BAb 2BAa—BBb+BAb _2BAa 


ATB 0 AB r AAB 


PRO B. II. V two bodies A and B, be given and 
eee, A be the leſſer body, and B be 
at reſt before the ſt it is 2 to find an in- 
termediate body of ſuch a weight or quantity of 
which 1 ſhall Aenote x, as that, A ſfifiking 
reſt, and x with the motion ac wired by | 
firiking B at reſt, © ced in B Hall be 
greater than can be produced by an intermediate body 
of any other weight, or, in other words, that the motion 
in B ſhall be a maximum. 


3 A. 


| * motion of x after it is ſtruck by A, is 
== and the motion of B after it is ſtruck by x, 


4ABax 


» by Scbol. Prob. 1. 


But 
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But by ſuppoſition the motion of B is a maximum, 
and conſequently its fluxion is nothing. The fluxi- 


4A "RR 
<a therefore of TRTATTBx T 5 poking 3 that 
3 4A*B*ax—4ABxax* C tl 
" Eien  * onſequently, 


4A*B*ax—4ABxax*=0; and, by dividing by 

4ABax, AB—x* = 03 and AB=x* ; whence x is 

a mean rtional between A and B. 5 
Our Au has given a clear ſolution of this 


Problem, but in a difterent manner. 


Co R. I, If a number of bodies be in a conti- 
nual geometrical progreſſion, if the leaſt of the bo- 
dies be A, the ratio of the increaſe be e, and the 
number of bodies n; and if A ſtrike the ſecond 
body at reſt, and the ſecond with the motion ac- 

ired ſtrike the third body at reſt, and ſo on to 

laſt; the bodies, their velocities and motions, 
will be thus expreſſed. 


* n—1 
Bodies: - A, e, e A, e A, Kc. T A. 
3 2a 4 8a 'S 
Velocities - - a, i+e A r' yo 


; > 4Azne* Aae! 26 Yor 
Motions - - - A#, Ae, * D =, ke. fe Aa. 


Ex Au. I. If the number of bodies increaſing. 


in geometrick proportion be 20, and the common 
ratio of the terms be 2, n will be 20, and e be 2. 
The laſt body will be 524288 times greater than 
the faſt 4 the velocity of the laſt will be ta the ve- 


locity of the firſt, as 1 to 22164 ; and the motion 


of the laſt will be about 2363 times greater than the 
motion of the firſt. | 
Exam. II. If the number of bodies be 100, and the 


common ratio of the progreſſion be 2; then will n be 
| 100, 


SS , 3 1} Þ pw 


Non-elaſtick and Elaſtick Bodies. 

100, and e will be 2. In this caſe, the laſt body will 
be above 633825300000000000000000000000 
times greater than the firſt, its velocity will be to 
the velocity of the firſt, as i to 27 102 2000000000000 
nearly; and the motion of the laſt will be to the 
motion of the firſt, nearly as 2338480000000 
to I. 

Cox. II. If the motion of the firſt body be to 
the motion of the laſt, as 1 to D, that is, it Aa be t6 


Ze ]n—2 | s 
EI Aa, as 1 to D, then will e be equal te 


"I n—k 3 
For example, if the number of bodies be 20, and 
the motion of the laſt be 100000 times greater than 
the motion of the firſt, n will be 20, D will be 
100000, and e will be 10.9746 nearly; fo that 
each preceding body in the 20 bodies muſt be 
10.9746 times greater than the body lying next 
behind it. 
Co R. III. If the motion of the firſt body be to 
the motion of the laſt, as 1 to D, that is, if Aa be to 
26e 11 


— Aa, as 1 to D, D will be equal to 


c 1 


7 | , and, putting R for A and L. for lo- 
garithm, we ſhall have DR , and L, D = 
n—1xL,R. | 
For example, ire be 4, and nbe 25, = will 
be , the logarithm of which number is 0.204. 3299 
L. R; and n—1 x |, Run 4 S907 gg = Latk 
The natural number of this logarithm is 79228 
hearly z ſo that in this caſe the motion of the laſt 
Aa az body 
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diameter or number of diameters of the 


Of the Motion of 4 Globe 


body will be nearly 79228 times greater than the 
motion of the firſt. ELSE © 


Cor. IV. If DandR be given, n may be 


found by being equal to = for by the 
laſt Corollary L,D= n—1 * L, R, and conſequent- 
ue L, DL, R | PERS 


| Forexample, if Dbe 100000, and e be 2, in which 
caſe R will be +4; then will L, D, be 5.000000, 


and L, R o. 1249387; and RE. will be 


41.02 nz ſo that more than 41 bodies will be 
neceſſary to make the motion of the laſt oO 
times greater than the motion of the firſt. 


- 


| Of the Motion of @ Globe in a Fluid Medium. 


Pros. III. If the diameter and denſity of a 
Globe moving in a fluid medium, if the denſity of the 
medium, the velocity with which the globe /ets out, 
and the time of the motion, be all given; 10 determine, 
the part of the velocity which is deſtro d by the reſſ/t- 
gnce of the medium, the remaining part of the veloci- 
59%, and the ſpace deſcribed by the globe in the given 


rime, 


Let D. denote the diameter of the globe, d its 
denſity, + the denſity of the fluid medium, V the 
yelocity with which the globe ſets out, t the time of 
the motion expreſſed in ſeconds, m the - - 

whic 
it wou'd deſcribe with the velocity V in the time t, 
and T the time in which the globe with the veloci- 


| 8 deſcribe a ſpace which is to 


nme e 
e ho t deſtroy'd 


in a Fluid Medium. 
d by the reſiſtance of the medium, will be 


; the remaining part of the velocity will be 


; and the ſpace deſcribed in the medium in 


the time t, will be x Log, 1 + To 


30 
Xx 2.30258 53093. 
For Sir Isa Ac NRWTON has proved, that the 
part of the velocity which is deſtroy'd by the re- 


3 Vt 
ſiſtance of the medium in the time t, is is 55-5 that 
9 LE and that the ſpace 
deſcribed in the time t, is MEN b | 
2. 302585093. But by conſtruftion, T is as 
8Dd 


3 and V is as . And therefore, by ſubſti 
8 


tuting Da erh inſtead of T and V in the 


"IR. . the part of the velocity de- 
ſtroyed by h the reſiſtance of the medium in the time 


2 the remaining part of the velo- 


——, and the ſpace deſcribed in the 
time t will be — x Log. +57 X 2.302585093, 


Co x. I. If the denſity of the globe be equal 
io the ee of the inallnlg that is, if d be equal 


to 4, the velocity deſtroy?d by [os reſiſtance of the 
nn the time t, will be Trg 


365 


366 


Of the Motion of a Globe 


This Corollary will obtain, if the globe and the 
medium be perfectly denſe or void of pores ; for by 
being entirely void of pores, they will have —_— 
— Fon And ſuch a globe moving in ſuch a me- 
dium the length of 3 times its diameter, will loſe 


above half its velocity ; for if m be 3, Trin will 


2 And this will always be the velocity loſt in 


ki three times the length of the diameter, 
when the globe and the medium have equal denſities. 


Cor. II. If a globe in moving through m 
times its diameter in a fluid medium, loſe the n part 


of its velocity; then villen =I eg d = 


NN - 3dn n 8nd ; 
mm — num 3. — zu 


Exam. I. If a globe loſe 4 of its velocity in 
moving the length of 10 times its diameter in wa- 
ter, in which caſe n will be 4, m will be 10, and 
# will be 1; then d will be +, that is, the globe 
will be denſer than water in the proportion my 


to 4, 


Exam. II. If a globe 10 times as denſe as 
water, loſe iths of its velocity in moving 10 times 
its diameter in a fluid; the denſity of that fluid 
will be 8 times as great as the denſity of water. 


In 


in a Fluid Medium. 
In this caſe d is 10, m is 10, andnis4; and 2, 


which 1s equal to „is 8. 


m— nm 


Exam. III. If a globe twice as denſe as water, 
loſe iths of its motion by moving in a fluid 14 
times as denſe as water; it will ſuffer this loſs of 
velocity in moving the length of 1 D. For in 
this caſe d, #, n, are 2, 14, 1; and m, which is 


equal to — + will be = 14. 


33— zus 
Exam, IV. If a perfectly folid globe move 24 
times the | of its diameter in a perfectly ſolid 
medium, it will loſe g parts in 10 of the velocity it 
had at the beginning of the motion. For in this 
caſe d is. equal to a, and m is 24 and n, which 


m 8 88 
ls equal to . will be equal to 5 =*- 


Exam. V. If a globe of equal denſity with 
water, move half the length of its diameter in air, 


it will loſe the = part of its velocity, on ſup- 
poſition that the denſity of water is to the denſity of 
air, as 860 to 1. For in this caſe d, , m, are 860, 

| gay m b 
3 and n, which is equal o- me- be 
4587 \ 8 


Ex AM. VI. If the earth moved round the 
fem in a fluid medium of equal denſity with the air 
at the ſurface of the earth, it would by the reſiſtance 
of the medium loſe almoſt all its motion in 10000 


years, on ſuppoſition that the denſities of the earth, 


of water, and of the medium, are 5, 1, vs or in 
decimals 0.0011628, For the earth moves in * 
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bit with a velocity that carries it at the rate of 
4893938782791 miles, or 617142343 times the 
length of its own diameter in 10000 years, on ſup- 


poſition that the ſun's horizontal parallax is 10z. In 
this caſe therefore d, 3, m, are 5, 0.0011628, and 
617142343 3 and conſequently n, which is equal to 

m3 "I = : 
I, will be a ch part, which is . 
the whole, of its preſent velocity. 

By the French meaſures; a degree of a great 
Circle of the earth contains 342366 Paris feet, or 

65403.3158 Engliſh feet, on fuppoſition that a 
Park oot is to an Engliſh foot, as 1142 to 1070. 
And conſequently the diameter of the earth, ſuppo- 
ſing the earth to be ſpherical, will be 41870881 
Engliſh feet, or 7930 miles. The mean diſtance 
of the ſun from the earth, reckoning the parallax 


- 
at 104 ſeconds, is about 19644.2675 ſemidiameters 
of the earth, or 77889520.6375 miles; conſequent- 
ly the circumference of the earth's orbit is 
489393878.279 1 miles, which the earth deſcribes 
in one year, or 29558 161.6 ſeconds of time. 


. Exam.'VII. If the earth move in an ther 


500000. rarer than the air at the ſurface of the 
earth, it will loſe about th part of its preſent ve- 
locity in 10000 years; for in this caſe d, » and m, 
are 5, 0.000000001 66, and 617142343 3 and con- 


ſequently n, which is equal to-555——— vill be equal 
1.02445628938 | LEY 
173577896227 Pa. * * 


the preſent velocity very nearly. 

And if the earth move 100000 years in this 
iber, it will loſe almoſt half of its preſent motion 
in that time. 


Exam. 


LI" 


in a Fluid Medium. 


Ex AM. VIII. If we ſuppoſe the earth to loſe 
the rboth part of its preſent velocity by moving in 
an @therial medium for 400000 years, in which 
time it will have deſcribed 24685693680 times its 
diameter, the denfity of the medium will be above 
200 millions of times leſs than the denſity of the 
air at the ſurface of the earth. For in this caſe d, 
n, m, are 5, 0.01, 24685693680, and conſe- 


quently 3, which is equal to „ will be 


m—nm 
ä 3 But 
24438836743. 2000000 183366000000 
the denſity of water being 1, the denſity of air is 
385 3 and conſequently, the denſity of the air at the 
ſurface of the earth will be to the denſity of this 
medium, as above 213200000 to 1. 


Of the Motion of Wheels over Obſtacles. 


PRO B. IV. If a wheel moving on an horizon- 
tal plane, meet with an immoveable obſtacle in its way, 
over which it is to be drawn by a force fixed to its 
center; if the weight and diameter of the wheel, the 
beight of the obſtacle, and the direction of the force 
drawing the wheel, be all known ; thence to deter- 
mine the force that is ſufficient to draw the wheel 
over the obſtacle. | 


Let GPME be the wheel, ND the horizontal 
plane on which it moves from N towards D, EF 
the obſtacle over which it is to be drawn; let the 
wheel arrive at the obſtacle, and touch its top E 
and there let it be ſuppoſed to ſtand preſſing the ho- 


rixontal plane at G with its whole weight. Draw 


OEK a tangent to the wheel in the point E, draw 

the diameter ACG perpendicular to the horizontal 

lane, and produce it till it meet the 3 in O; 

om E draw the radius 15 draw E . 
| B b 
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cular to AG; and mr, MC, perpendicular to EC, 
and conſequently parallel to the tangent OK; and 
hſtly, draw the radius Cm; if the whole weight of 
the wheel be expreſſed by CO, in the direction of 


which line that weight acts when the wheel is wholly 


ſupported by the horizontal planeat G, that weight 
may be reſolved into two others CE and OE, 
acting aceording to the directions of thoſe lines, 
the weight CE preſſing againſt the top of the im- 
moveable obſtacle, and being wholly ſuſtained by 
it, and the weight OE drawing the wheel down in 
a direction parallel to the — OERK. Let W 
denote the whole weight of the wheel, r its radius, 


h the height of the obſtacle, and x the part of the 


whole weight which draws the wheel down in a 
direction parallel to OEK ; and then we ſhall have 
this analogy ; as x is to W, ſo is OE to CO, or 


| 1 the nature of the circle, is equal to 


AH HC, or to / AHxX EF, chat is, in ſym- 


bols, to y2rh—hh ;, and therefore x = 
WxyY 2rh—hh 


—— A force juſt equal to this weight, 


r 
— acting in direct oppoſition to it, that is, draw- 
ing the wheel upward in the direction CM parallel 


to OK, will juſt be able to make the wheel reſt on 


E the top of the obſtacle, without ſuffering any part 
of its weight to reſt on the horizontal plane at G. 


This force muſt be increaſed to produce the ſame ef- 


fect, if it act in any other direction than that of CM. 
For let it draw the wheel in the direction Cm, m 


_” lyiag between E and M, and then the force acting 


8 ee rand m, whereof Cr draws the 


in this direction may be reſolved into 2 forces, 


e 


and 


over Obſtacles. 


and fo is loſt, and mr draws it upyards in a'direc- 
tion parallel to OK. But mr is leſs than Cm or 
CM, and to become equal to it, and conſequently, 
ſufficient to ſupport the wheel againſt the top of the 
obſtacle without ſuffering any part of its weight to 
reſt on the horizontal plane, it muſt be increaſed in 
the ratio of Cm or CM to rm, that is, putting s 
for the ſine of the angle which the direction of the 
force makes with CE, in the ratio of r tos; but 
the force rm cannot be increaſed, but the whole 
force CM muſt be increaſed in the ſame proportion, 
And therefore the force — — 2 muſt be in- 


creaſed in the proportion of r tos, and then, put- 
ting F for the force, acting in the direction Cm, 
which is juſt ſufficient to ſupport the wheel on the 
obſtacle without ſuffering it to preſs on the plane 


ND, Pan — and the ſmalleſt addi. 


$ 
tion to this force will make it draw the wheel over 
the obſtacle, 

Since the reſiſtance given by the obſtacle, is equal 
to the force that is juſt ſufficient ro make the wheel 
reſt on the obſtacle without ſuffering any part of its 
weight to preſs on the plane of the horizon, that is, 

tting R for the reſiſtance given by the obſtacle, 
Ig, pn; to F; R will be equal to 
W x y/2rh—hh_. | 


8 . ” 
It is to be obſerved, that the direction of the 
| force muſt lie between CE and CA; for if the 
force draw the wheel in the direction CE it will be 
wholly ſpent upon the obſtacle, and not in the leaſt 
contribute to draw the wheel over it; and af it draw 
the wheel directly upwards from C to A, it will not 
make it to preſs againſt the obſtacle, and conſe- 
B b b 2 quently, 
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quently, however great we may ſuppoſe it to be, 
can never draw it over it. | 


Cor. I. If the direction of the moving force 
change continually, paſſing from CE to CM, and 
thence to CP, the fine of the angle which the line 
of direction makes with CE, will increaſe in the 

e of that line from CE to CM, and decreaſe 
in its paſſage from CM to CP; but as s increaſes 


W x Vi- | 
or leſſens, 2 will leſſen or increaſe; 


and conſequently the force F will leſſen in the paſ- 
ſage of the line of its direction from CE to CM, 
and thence increaſe in the paſſage of that line to 
CA. So that the force will be leaſt when it acts in 
the direction CM, in which caſe the whole force 
will be employed in drawing the wheel aver the ob- 
ſtacle ; whereas in all other directions, part of the 
force will be loſt by drawing directly againſt the 
top of the obſtacle, Hence the moſt advantagious 
direction of the force, will be that which es 2 
right angle with CE, in which caſe s will be equal 


Co x. II. If the height of the obſtacle be given, 
in which caſe h will be as 1, and the force draw the 
wheel in the direction CM parallel to OK; then F 


3 . | 
If the radii of 4 wheels, be 1, 2, 3, 4, then will 


rn I, xx 2 that is, as the num- 


r 
bers 1000, 866, 743, 6613 and the forces requi- 
ſite to ſupport theſe wheels on the point E, ſo a 
not to ſuffer any part of their weight to reſt on the 
horizontal plane, will be as their weights multiplied 


into 


over Obſtacles. 


into theſe numbers reſpectively. The force requi- 
ſite to ſupport the firſt wheel, will be as its weight 
multiplied into 1000, the force requiſite to ſupport 
the ſecond wheel as its weight multiplied into 866 
and ſo of the reſt. And it the weights of all the 
wheels be equal, the forces neceſſary to ſupport 
them, and conſequently the reſiſtances given by 
the obſtacle to which theſe forces are A. will be 
as the numbers 1000, 866, 745, 661. So that 
in wheels of a given weight, the leſſer the wheel is, 
the greater will be the reſiſtance which is given to 
it by an obſtacle of a given height. 


Cor. III. If the height of the obſtacle be in- 
definitely ſmall and given, in which caſe the tan- 
t OK will coincide with the horizontal plane 

D, and the point E coincide with the point G; 
and if the force draw the wheel in a direction paral- 


el to OK or ND; then will F be. x 77, 


or, becauſe 2 is a given quantity, a=; and if 


the weight of the wheel be given, F will be as 
I 

* the radii of 4 wheels of equal 

radi: of 4 w 0 weights be, 1, 2, 
3, 4, and the wheels be drawn on a ſmooth plane 
parallel to the horizon; the forces neceſſary to put 
them in motion, when they draw in directions pa- 

; 1 1 

rallel to that plane, will be as I, 72 7 T7 
that is, as the numbers 1000, 707, 577, 500. 
And therefore, of wheels drawn on the plane of the 
horizon by forces acting in directions parallel to that 


Plane, leſſer wheels will require a greater force to 


put them in motion than greater, 


Cox. 
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Co Rx. IV. If the height of the obſtacle be pro- 
= 2 open 
orce draw the wheel in a direction parallel to OK; 


2rh—hh 
that is, if h be asr, and F be as nt — 


then will the force, and conſequently the reſiſtance 
given by the obſtacle, be as the weight of the 
wheel ; for - I gill be —— that is 
as 13 and therefore F will be as W. 


Cor. V. If the direction of the force drawing 
the wheel be paral 


wed: 
mCE is equal to the angle CEH, ae en. 
their ſines are equal, that is, s is equal to CH, 
which in ſymbols is r—h. And therefore F, which 


W x /2rh—hh 
zi this caſe as 


- 1 
If che height of the obſtacle be given, in which 
| 1 * WXVZr—1 
caſe h will be as 1, then will F be as — R 


I 

If the radu of 4 wheels of equal weight, be 
1,2, 9,4; then will F with reſpe& to theſe 

1 v3 Vs v7 8 

four wheels, beas —, ts = "th that 1s, as infi- 
nite, 1732, 1128, 882. The height of the ob- 
ſtacle is equal to the radius of the firſt wheel, inaſ- 
much as I have ſuppoſed them both to be as 1; and 
conſequently the force mult be infinite to _—_ 
ö whee 


over Obſtacles. | 


wheel reſt againſt E, and hinder any part of its 
weight from preſſing on the horizontal plane at G. 


Cor. VI. The force, is to the weight of the 
wheel, as the ſine of the angle ECH, is to the fine 
of the angle which the line of direction of the force 


F R 
makes with EC; that is 757 2 : - 4 


If the force be one half of the weight of the 

wheel, that is, if F be one half of W, /2rh—hh 
will be one half ofs; if F be equal to W, y 2rh—hh 
£6 — 405 s; and if F be as W, Varh—hh 
will be as s. | 


Of the Motion of Water through - Orifices and 
Pipes. : 
Pros. V. To determine the mation of water 
running out of a bole made in the bottom of a veſſel. 


Sir Isaac NzwTon has given a general ſoluti- 
on of this Problem in the following paragraph, 
which is contained in prop. 36. prob. 8. lib. 2. 


« Sit ACDB vas cy lindricum, AB ejus orificium Pl. 17. 
« ſuperius, CD fundum horizonti parallelum, EF Fig. 2. 


* foramen circulare in medio fundi, G centrum fo- 
„ raminis, et GH axis cylindri horizonti perpen- 
% dicularis. Et finge cylindrum glaciei APQB ejuſ- 
dem eſſe latitudinis cum cavitate vaſis, et axem eun- 
dem habere, et uniformi cum motu perpetuo de- 
«© ſcendere, et partes ejus quam primum attingunt 
<« ſuperficiem AB liqueſcere, et in aquam converſas 
* r fua deflnere in vas, et cataractam vel co- 
lumnam aquz ABNFEM cadendo formare, et 
per foramen” EF tranſire, idemq; adæquate im- 
% plere. Ea vero fit uniformis velocitas glaciei 
«« deſcendenris ut et aquæ contiguz in circulo AB, 
| << quam aqua cadendo et caſu ſuo — alti- 
| « tudinem 
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4 tudinem IH acquirere poteſt ; et jaceant IH et 
« HG in directum, et per punctum ] ducatur recta 
« KL horizonti parallela et lateribus glaciei occur- 
« rens in K et L. Et velocitas aquz effluentis 
* per foramen EF ea erit quam aqua cadendo ab I 
«* et caſu ſuo deſcribendo altitudinem IG acquirere 


ns pon Ideoque per theoremata GALILÆ i erit 
(e 


G ad IH in duplicata ratione velocitatis aquæ 
per foramen effluentis ad velocitatem aquæ in cir- 
« culo AB, hoc eſt, in duplicata ratione circuli 
« AB ad circulum EF; nam hi circuli ſunt reci- 
« proceut velocitatesaquarum quæ per ipſos, eodem 
t“ tempore et æquali quantitate, adzquate tranſeunt. 
« De velocitate aquæ horizontem verſus hic agitur. 
«« Et motus horizonti parallelus quo partes aquæ ca- 
«« dentis ad invicem accedunt, cum non oriatur a 
« gravitate, nec motum horizonti perpendicula- 
« rem a gravitate oriundum mutet, hic non conſi- 
* deratur. Supponimus quidem quod aquæ 
« aliquantulum cohærent, et per cohæſionem ſuam 
<« inter cadendum accedant ad invicem per motus 
4 horizonti parallelos, ut unicam tantum efforment 
«« cataractam et non in plures cataractas dividantur : 
« ſed motum horizonti parallelum, a cohæſione illa 
&* oriundum, hic non conſideramus. 

This Theory Sir Isa ac corrected by experi- 
ments, proved it in ſix different caſes, and drew ſe- 
veral corollaries from it. The reaſon why a cor- 
rection was neceſſary will be ſhewn in the Scholium. 
And the truth of his and other corollaries flowi 
from this theory, will more eaſily appear by 2 


fing the foregoing proportions of the velocities in 


ſymbols; to do which, let A denote the area of 
the circle AB, a the area of the hole EF, H the 
line HG which is the perpendicular height of the 
water in the veſſel above the hole, x the height IH, 
from which water or any other body muſt fall by 


the force of gravity from a. ſtate of reſt, to acquire 


the velocity of the water in AB, V the velocity of 
water 


through Orifices and Pipes. 


water in its paſſage through the hole EF, and v its 
velocity in the ſurface AB; and Then the propor- 
tions will be thus expreſſed, H+x.x:: V. v*::; 
A* . a* ; whence, HTR. VX: : V. v:: A. a. 


Con. I. The height from which a body muſt 
fall to acquire a velocity equal to the velocity of the 


water in the ſurface AB, is qual to 9, or 
a*H 


N.. For by inverſion and diviſion of pro- 
portion, x. H :: v* , V*—v* :: a“. Af—at; 


v*H a H wy 
whence x = n Ww But x denotes 
IH. And therefore IH = - A.M = 2 


Co x. II. The perpendicular height of the 
water in the veſſel, denoted by H, is equal to 
IH x V*—v* IH x A*—a* 

— or * ——, by Cor. 1. 


* 


Cor. III. The height from which a body muſt 
fall to acquire a velocity equal to that with which 
the water flows through the hole, is equal to 

AI. or =. For by divifienof 
Fer, r Na: or by diviſion of propor- 
tion, H+&x=IG.H::V*.V*—v*::A*.Af—a?, 


„ 


V A- 


Cox. IV. The perpendicular height of the 
pater in the veſſel, denoted by H, is equal to 
IG x V*—y* IG x A*—a* , : 
— or to — 8 by Cor. 3. 


4 Cor, 
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Cor, V. If the ares of the ſurface be equal to 
the area of the hole, H will be nothing in compa- 
riſon of IH and IG which will be equal. For if 
A be equal to a, H will be nothing by Cor. 2. and 
2 and IG will be equal and infinite by Cor. 1, and 

or. 3. 

The truth of this Corollary may likewiſe appear 
from the nature of gravity. For if A be equal to 
a, V muſt be equal to v. But V can never be equal 
to v while there is any acceleration of the motion of 
the water in its deſcent thro? the veſſel, as there 
will always be till H becomes nothing in compari- 
ſon of the equal lines IH and 1G, which in this caſe 
muſt be conſidered as infinite. | 


Cor. VI. If a be greater thin A, in which caſe 
A*—a* will be negative, H will be negative, by 
Cor. 4; and IG, and conſequently V, will be affir- 
mative, by Cor. 3. But a negatiye perpendicular 
height of the water in the veſſel, and an affirma- 
tive velocity of the water flowing through the hole, 
require an inverſion of the veſſel or a turning of its 
bottom upwards ; by which inverſion the hole will 
become the upper orifice, and the upper orifice the 
hole; a will become A, and A become a; and 
the velocity will be affirmative, that is, the water 
will move downwards, as it ought to do from the 
nature of gravity, Farther, when a is greater than 
A, the veſſel will be conical with its wider end 
downwards ; but from the nature of gravity, water 
poured in at the top or narrowerend of ſucha veſſel, 
will deſcend in a cylindrical column, which will not 
fill the baſe, as the foregoing account of this moti- 
on requires; and therefore, to give this caſe the 
conditions required, there muſt be an inverſion of 
the veſſcl. | 


Cor. VII. If the hole be ſmall, and the ſur- 


face of the water infinitely large, both a and v w 
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be conſidered as o with reſpect to A and V; conſe- 
quently IH will be o, by Cor. 4.*and IG will be 
equal to H, by Cor. 3. 

In this caſe, and this only, the ſuperficial parts 
of the water have no velocity at the very beginning 
of the motion, but begin to deſcend from a ſtate 
of reſt, as quieſcent bodies do when the ſupport is 
taken away. In all other caſes, in which a and v 
have ſome magnitudes when compared with A and 
V, the ſuperficial parts of the water ſet out with 
ſome velocity, and do not begin to deſcend, on the 
water's beginning to flow through the hole, as hea- 
vy bodies near the ſurface of the earth begin to de- 
ſcend from a ſtate of reſt, | 


Cor. VIII. If the ratio of the ſurface to the 
hole be given, as it will be when each of them con- 
tinues the ſame, or when both of them change in 
the ſame proportion; the velocity in the ſurface 
will be proportional to the velocicy through the 
hole, nll both will be proportional to the velocity 
which would be acquired by a body in falling 
through a height equal to the A height 


of the water in the veſſel. If = be given, — will 
be given; and conſequently v will be as V. And 


Js” a . 
ſince — 15 given, T. and ID will both 


be given; and conſequently both IH and IG will 
be as H, by Cor. 1. and Cor. 3. But v and V are 
as VIH and vIG. And therefore, both v and V 
will be as VH. 

By this Corollary, when A and a continue inva- 
riable, and the heights of the water in the vellel 
are 1, 4, and 16 feet; the velocities in AB and 
EF will be as 1, 2, and 4. But Bodies placed at 
ſmall diſtances from the ſurface of the earth, do all 
begin to deſcend with the ſame velocity very near- 
bo Cccz3 "on 
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ly, as has been ous by experiments. And 
therefore the ſuperficial parts of the water in this 
caſe, begin to deſcend in a very different manner, 
or with very different velocities from that with 


which a heavy body placed at thoſe heights, begins 


to deſcend from a ſtate of reſt, The velocity in 
AB is regulated by the velocity in EF, and the ve- 


locity in EF is always meaſured by YH, when 
is given. | 
Cor. IX. The velocity of the water in the ſur- 


4 part of the velocity through 


the hole, that is, v is the — part of V, or in other 


words, v = " When a is nothing in proportion 
to A, as we may ſuppoſe it to be, when a is very 
ſmall, and A exceedingly great, then will v be no 
ſenſible part of V, that is, it will be nothing ; and 
conſequently, the ſuperficial parts of the water will 
in this caſe begin their motion, as heavy bodies do, 
from a ſtate of reſt, 


Cor. X. The whole motion of the deſcending 
column AMEFNB, is equal to the motion of a 
cylinder of water, whoſe baſe is a, whole altitude 
is H, and whoſe velocity is V, that is, to the mo- 
tion ai x V. For Va is equal to vA, that is, the 
motion of the water in EF is equal to its motion in 
AB; and from the nature of the deſcending column, 
each of them is equal to the motion in any ſection 
of the column parallel to EF or AB; and conſe- 
quently, the motion in all the ſections, ſuppoſing 
them to be indefinitely many, that is, the whole 
motion of the deſcending column, will be equal to 


the motion in the hole multiplied into the * 
0 
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of ſections, that is to Va x H, or aH x V. This 
property has been proved by Dr.-JuRIx. 


Cor. XI. The force which can generate the 


whole motion of the water running out of the hole, 


is equal to the weight of a cylinder of water whoſe 
baſe is a, and altitude is 2IG, by Cor. 3 ; that is, 
equal to the weight of a cylinder of water, whoſe 


. For in the ſame 
A'—a 

time, in which the water running out is equal to this 
cylinder, this cylinder, by falling from the height 
IG by the force of its gravity, will acquire a velo- 
city equal to that with which the water runs out. 
But when the quantities of matter and velocities of 


magnitude is 2aH Xx 


two bodies are equal, their motions, and conſequent- 


ly the forces which can generate thoſe motions in 
equal times, will likewiſe be equal. And therefore 
the force which can generate the whole motion of 


Cor. XII. The weight of the deſcending co- 
lumn AMEFNB is equal to the weight of a cylin- 
der of water, whoſe baſe is a and whoſe height is 


2HA _— 
LIP that is, whoſe magnitude is 2aH x 2 


For let IO be a mean proportional between IH and 
IG, and then, VIH. yIG:: IH. IO: : 10. 16 
2: a. A; and, by diviſion of proportion, HO . IH 
:: OG. 10; and by alternation and compoſition, 
HOT OG. 2H0 :: IH IO. 21H: : a A. 
24, Bur, by Cor. 11, in the time a drop of water 
falls by its own gravity from I to G, the quantity 
of water diſcharged by the hole will be equal to 
ax 2IG, or Axz2IO; and in the time the drop 

deſcends 
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deſcends from I to H, the quantity of water paſſing 
through the ſurface AB, and diſcharged by the 
hole, will be equal to A x 2IH ; and the difference 


of theſe quantities, namely A x 2HO, will be the 


quantity diſcharged in the time the falling drop de- 
ſcends from H to G, which quantity is the column 
AMEFNSB ; for in the time the drop deſcends 
from H to G, the ſuperficial parts of the water, 
ſetting out with the velocity of the drop at H, and 
deſcending freely and without reſiſtance, will reach 
the hole. And therefore, all the water in the veſ- 
ſel will be to the water in the column AMEFNB, 
as AxH is to A * 2HO, or as H= HO + OG 
to2HO; or as a + A to 2a ; whence, putting Q 
for the quantity of water in the deſcending column, 
AX H. Q: Ara, 2a; and conſequently, Q= 
A 


2aH x II: 
This Corollary may be proved in another manner, 
thus. The cataract is the difference of the two 
hyperboloids KAMEFBL and KABL, ſuppoſing 
the aſſymptote KL to be infinitely extended both 
ways, — the area AB to be infinite; but by 
fluxions, as Dr. Jux Ix has ſhewn, the hyperbo- 
lod KAMEFNBL is equal to 2a x H + x, or to 
— = becauſe H is equal to A — : by Cor. 2; 


a 
and the hyperboloid KARL, is equal to 2Ax, and 
2 Ax | 


= — 2Ax = 
a 
2A*X—2 Aax 
— 


All the water in the veſſel is AH, 


A*x—a*x 


or, by ſubſtituting * in the room of H, 


3p Aa? 
2 25 —— and conſequently, the water in the 


veſſel 
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—— is to the water in the cataract, as 
3 — A 2 2 wy") A - 
EE OO On INE 


2 


| a | 
reduction, as A ＋ a is to 2a, Therefore AH. Q 


: ATa. 2a: whence, Q= 2aH x 


Con. XIII. The weight of all the water in the 
veſſel, is to the weight of that part of it which is 
ſuſtained by the bottom, as the ſum of the circles 
AB and EF is to their difference. For, ſince 


AxH.Q::A+a. za, by Cor. 12, AxH. 


Ax H— Q:: AFa.AFa—2z=A—a 
by diviſion of proportion. 


Co R. XIV. The weight of the water which the 
bottom ſuſtains is to the weight of the cataract, as 
the difference of the circles AB and EF, to twice 
the leſſer circle EF, For A&R H. Q:: AT a. 
2a, by Cor. 12. And by diviſion of proportion, 
AX H— Q. Q:: AT a — 2a A— a. 2a. 


Co R. XV. The weight of water which the 
bottom ſuſtains, is to the weight of water perpen- 
dicularly incumbent thereon, as the circle AB, 1s to 
the ſum of the circles AB and EF. For the weight 
of water which the bottom ſuſtains is A x H — Q 


2aHA A*H — aAH 
AA Ta by Cor. EA. 772 _—y 


and the weight perpendicularly incumbent on the 
bottom is A — a * H = AH — aH. But 
n mak 4 
:: A. Aa by dividing by A —a. 

Con, XVI. The quantity of water in the de- 


ſcending column, is to the quantity perpendicularly 
. | | incumbent 
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incumbent on the hole, as twice the circle AB, is 
to the ſum of the circles AB and EF. For the 
quantity of water in the deſcending column is 


2aH + Bo. But 2aH Xx 2 . 


ATa AtFa Ara 
1 n | | 
Hence, when a is nothing as we may ſuppoſe it 
to be when A. is infinitely great, the deſcending co- 
lumn will be equal in magnitude to 2aH, as Di. 
Juxix has ſhewyn it to be by determining its 
magnitude by fluxions. | | 


Cor. XVII. The weight of the deſcending 
column, is to the weight of water which can gene- 
rate the whole motion of the water running out of 
the hole, as the difference of the circles AB and EF, 
is to the greater circle AB, For, putting F for the 
force or weight which can generate the whole mo- 
tion of the water running out of the hole, and ſup- 

g Q to denote the weight of the deſcending 
column, we ſhall have F equal to the weight of a 
quantity of water whoſe magnitude is 2aH Xx 
= by Cor. 11, and Q equal to the weight 


of a quantity, whoſe magnitude is 2aH x — 


a Aa 
by Cor. 12. And therefore, Q. F:: 2aH x 
— 2aH x - I — Aa. A 
Ara A — a* 44 f 
n 
Hence Q = — 2 and F == and 


conſequently, the force which can generate the 
whole motion of the water running out of the hole, 
will always exceed the weight of the deſcending co- 
lumn, except when a becomes o, as we may ſup- 
poſe it to do, when it is very ſmall, and A exceed - 


ingly great, | 


CoR, 


„%R „ % F 
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Cor, XVIII. The force which can generate 
the whole motion of the water runnihg out of the 
hole, 1s to the weight of water perpendicularly in- 
cumbent on the hole, az twice the ſquare of the 
greater circle AB, to the difference of the ſquares 
of the circles AB and EF. For the force which 
can generate the whole motion of the water running 


| A* 
out of the hole, is the 22 87 of 2aH x IF 
quantity of water, by Cor. 11. and the weight of 
water perpendicularly incumbent on the w_ is 
the weight of the cylinder aH. But 2aH x - 
aH :: 2A* . A*—a*, In the ſame ratio is the 
whole motion of the effluent water to the motion of 
the water in the cataract. 
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Cor. XIX. If in the middle of the hole be pl. 11; 
placed a little circle PQ parallel to the horizon, Fig. 3. 


whoſe center is G, and if the area of this circle be 
called o; the weight of water which it ſuſtains du- 
ring the efflux of the water through the ring ſur- 
rounding it, is to the weight of half the cylinder 
oH, as a to a—4o; if R denote the weight ſuſ- 


bined, R is 0 , em- e mi beat 


to —— For if we ſuppoſe A to be contracted 


—0 | 
till it becomes equal to a, in which caſe IH will be 
infinite, by Cor. 1. the water, notwithſtanding this, 
will deſcend about the column PQH which the 
little circle ſuſtains with velocities, which are every 
where in the ſubduplicate ratio of the diſtance from 
KL, and likewiſe in the reciprocal ratio of the ſe- 
veral ſections through which it paſſes 3 conſequent- 
ly, the cataract AEPHQEB, is 77 to the dif- 
erence of the two hyperboloids PEAKLBFQH 

Ddd and 


386 


whence H — mM 


Of the Motion of Water 
and AKLB. But the hyperboloid PEAKLBFQH 
=2a—20X H+x=2aH— 20H + 2ax — 20x; 
and the hyperboloid AKLB is 2ax ; and the diffe- 
rence of the two is 2aH — 20H — 20x, which is 
the cataract AEPHOFB. The ratio of all the 
water 5 the veſſel to this annular cataract, is 

a 


za H- 20H - 20x 
of the deſcending water, a is to a—o, as y H+x . v x, 


2AO0X — OOX 


2 The foregoing ratio, 


But from the nature of the motion 


a*— 240 
when this value of H is ſubſtituted in its room, will, 
after due reduction, become —5 Therefore 


aH, the whole quantity of water in the veſſel, is to 
the annular cataract, as 2a —0 to 2a—20 ; whence 
24*H—2a0H | 


the annular cataract is — , which being 
2A—O 


ſubducted from aH, leaves ==. for the quantity 
24—0 


ſuſtained by the little circle o. Conſequently, R = 


H l 
— nn e 
24—0 2 


SCHOLIUM. 


Upon examining this motion by experiments, Sir 
Isaac NewrTon found the velocity of the water in 
its pailage through the hole to be leſs than it ought 
to be, if the water in the veſſel deſcended from the 
ſurface to the hole freely and without reſiſtance, in 
the proportion of 1 to y2, For he obſerved the 


vein of the effluent water, and found it to contract 


and grow narrower, to the diſtance of about a dia- 
meter of the hole below it, at which place he mea- 
ſured the diameter of the vein, and found it to be 
lefs than the diameter of the hole in the — 
| 7 
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of 21 to 25, and conſequently, the area of a ſec- 

tion of the vein at that place to be leſs than the area 
of the hole, in the proportion of 441 to 625, that 
is, of 1 to /. But as the vein contracts the ve- 
Jocity increaſes. And therefore, at the diſtance of 
a diameter of the hole below it, the velocity will 
be greater than in the hole in the proportion of 
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* to 1, If IG be four feet or 48 inches, and the pl. 11. 
diameter of the hole be 1 inch, 1 added to 48 will Fig. 2, 


make the height from the place where the velocity 
is greateſt to be 49 inches; and if the velocities 
of the deſcending column in the hole and that 
place, were truly meaſured by the ſubduplicate 
ratios of thoſe heights, as they would be if the water 
deſcended freely and without reſiitance, they 
would be nearly equal, being as the numbers 69 
and 70. And therefore, the velocity of the water 
in the hole is leſs than it would be if it was propor- 
tional to IG, in the ratio of 1 to y2. This 
diminution of velocity can be owing to nothing 
but the lateral motion of the deſcending water, re- 
tarding its perpendicular motion downwards, and 
making it leſs than it otherwiſe would be, in the 
faid ratio of 1 toy2. Hence, the velocity with 
which the water flows through the hole, is very 
nearly equal to the velocity which a body, by fal- 
ling freely and without reſiſtance from a ſtate of 
reſt at I, would acquire in deſcending through + 
IG. For the velocity acquired in falling through 
z IG; is to the velocity acquired in falling through 
IG, as 1 to V2. | 
According to Sir Isaac NzwTon, a body fal- 
ling in vacuo from a ſmall height above the ſurface 
of the earth, will deſcribe 1934 inches, or 165 feet 
in one ſecond minute of time, and will have acqui- 
red a velocity at the end of the fall, which being 
continued uniform, would carry it through twice 
that ſpace, that is, 386+ inches or 324 feet, in an 
Ddd2 equal 


388 


'Of the Motion of Water 


equa] time. But uniform velocities are as the ſpaces 


deſcribed by them in the ſame time, and the yeloct 


ties acquired by a body falling in vacuo through the 


ſpaces 165, and GI or er-, ae in the ſubdu- 


— 
plicate ratios of thoſe ſpaces; and therefore 323. 
V:: 165 + * i — Whence, V= 8.02773 


A* 2 


A*H 3 
9 ee * inches. And 


leſſening theſe meaſures of the 3 of the water 
flowing through the hole, the ratio of 1 to . 2, that 
is, dividing each by 1.414, we ſhall V 5.6773 196 
VE 2 r feet, = 68, 1278352 N — inches. 
Theſe * the true meaſures of the — of the 
water in nd e through the hole, which veloci- 


In e ſuch as carries it at the rate of 


bene v. feet, or 68.127832 


* = 4 = inches, in a ſecond minute of time. Theſe 


e may be ſhortened if A be conſiderably 


greater than a, for in al ſuch caſes Er vill be 
ſo nearly equal to N, — may be ſafely 
rejected; and then the foregoing meaſures of the 
velocity will become, 5.6773 196 H feet, or 
68.1278352 „H Inches. To ſhew the truth of 
this by an example, let A be 100 ſquare inches, and 


a 1 ſquare inch, and then = will be 505 
if H be 4 foet or 48 inches, 55% vill be 46. 


0048 inches, which is only greater than 48 by 48 
parts 
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rts of an inch divided into 10000, The exceſs 
is ſo ſmall, that it may be ſafely rejected. 


Another true meaſure of the velocity of the water 


flowing through the hole, will be had by dividing 
the quantity of water diſcharged, by the area of the 
hole and time of the diſcharge taken together ; the 
quantity of water diſcharged being expreſſed in cu- 
bick inches, the area of the hole in ſquare inches 
or parts of a ſquare inch, and the time of the diſ- 
charge in ſeconds. Let 'Q denote the quantity diſ- 
charged, d the diameter of the hole, and t the 
time of the diſcharge, and then V will be meaſured 


5. 5 == 2 inches, which will be 


deſcribed in one ſecond of time. 
is equal to the former, that is, 


2 8785 rc = 68, 1278352 z; and conſe- 


quently, Q = 5 3. 5074764d"ty H cubick inches; 
or 13355. 227d t/ H grains; becauſe a cubick 
inch of water weighs 2533 grains. If W denote 
the weight of water diſcharged, then will W = 
13555.32d*ty H 

In order to know, whether the velocities of water 
flowing through circular holes of different diameters, 
| when placed at the ſame perpendicular diſtance from 
the ſurface of the water, be all equal; what relation 
the velocity of water flowing through a hole, bears 
to the r of water flowing through an hori- 
zontal pipe of an equal diameter, inſerted into the 
ſide of a "veſſel at an equal perpendicular diſtance 
from the ſurface of the water; and under what cir- 
cumſtances the meaſure of the velocity laid down in 
my Animal CEconomy obtains, I ſay, in order to 
know theſe things, I cauſed a proper apparatus to 
be made, and from the experiments with it, 
I compoſed the following Tables. 


TABLE 
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IT 
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1 


30672 33600 | 1095 
47925 51840 | 1082 
122688 | 128400 | 1046_ 


af TABLE II. 


3113792 352 800 3217440 


5d 136634 4 {| 5d];1600 5d 203520 
10d 12683] | jiod[47040] | ]16d|188160| 
|___11_|341178560 


— 


The firſt Table contains, in the firſt column, un- 
der t, the time of the diſcharge in ſeconds; in the ſe- 
cond column, under H, the perpendicular heights of 


the water above the hole in London feet; in the third, 
the diameters of the hole in of an inch; in the 


fourth, under W, the weights of water in grains, 
which ought to have been diſcharged by the theory 
or foregoing rule; in the fifth, under W, the weights 
of water in grains which were diſcharged by expe- 
riment, each weight being a mean taken from 5 or 


6 experiments; and in the ſueth column, under 


W 
W 7 
the 
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the ratio of the weight diſcharged by 
the weight which ought to have been diſcharged by 


the theory. 
The ſecond Table conſiſts of three parts, and each 
part of three columns. The firſt column of each 


riment, to 


part, contains the diameter of the pipe in parts of 
an inch; the ſecond contains the lengths of the 
pipe in the terms of the diameter, beginning with the 
hole, which may be conſidered as a pipe of an infi- 
nitely ſmall length expreſſed by o; and the third 
column contains the weights in grains diſcharged in 
10 ſeconds, each weight being a mean taken from 
particular experiments. The holes and pipes were 
all at the perpendicular diſtance of 4 feet from the 
ſurface of the water, ſo that here t was 10”, and H 


four feet. 


TABLE III. 

1 31 4. pM 
d 1 WIV WW b WIV W 
10 2 1]2180[2180|1000| [ioo] 982] 901 

2154120801349 770] 92211196 
31125802057 [1634 629] 87711393 
4|1090[1874|1719 545] 7621398 

5] 9801175911804 490] 7201469 

6] 8901690 [1899 445] 6651494 

71 8241156401898 412] 6201505 

81 77011520972 385] 5851519 

9] 727401982 363] 5531522 

10] 68911402045 344] 525 1523 

12] 6291320 2098 314] 470 49 | 
14] 582112252102 291] 430147 

16] 5451116312134 272] 383 1405 | 
18] 514[1086[2113 257] 3501362 

20| 48710302113 243} 3201313 

24| 445] 8561946 222 260 1168 
29 436] 8601972 218] 253 1160 

28] 412] 8442048 206! 230,1116 
32] 385] 75811967 192; 202 1048 
361 363] 65911814 181] 185 1018 
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| ABLE IV. 

* NN w |w 
af! W | w W HWI WW 
15 2 112332100400 814 | 2 616600180 814 
2] 8720 927001063 436046301062 
| 3] 7120 882011238 3560440001235 
4| 61660 857001389 3083427001385 
5] 5515] 82401494 275404001465 
05034 784011557] | 2517388001541 
74661 75801626 2330037661616 
8 43600 7360/1688 2180036681682 
94111 715011739 2055135701737 
lo] 3900 695001782 1950341411751 
| [16] 3083] 577611873 1540293501918 
25] 2466} 478511940] 1233024601995 

| 360 2055} 404801970 1027/2 1200 20544 
| 49 1762] 3480/1975 881117301963 
104] 1542] 3250/2108 771 132611720 
31] 1370 3062[2235 685112001633 
97] 1252] 2700[2 156 626 — 502 


the pipes 


The third and fourth Tables conſiſt each of two 

rts correſponding todifferent perpendicular heights 
of the water in the veſſel, and different diameters of 
ipes. In both Tables, H denotes the per- 
pendicular height of the water in the veſſel above 
the pipe in feet; I the length of the pipe in inches; 
W the weight in grains which ought to be diſcharged 
by the firſt Propoſition of my Animal CEconomy ; W 
the weight in grains which was diſcharged by expe- 


riment z and S the ratio of the weight diſcharged 


by experiment to the weight which ought to have 
been diſcharged by that Propoſition. The diameter, 
of all the pipes in the third Table was rs of an 


inch, and of all the pipes in the fourth Table 2 
0 
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of an inch, And the time of the diſcharge was 10 
ſeconds in all the experiments of both Tables. 

The quantity or weight of water which ought to 
be diſcharged by the firſt Propoſition of the Animal 
CEconomy, may be thus found. ' I there proved, 
that the velocity of water flowing through a Pipe, is 
as 74 But if the force which can generate the 
motion of water flowing through a pipe lyi 
rallel to the horizon, be equal ads ** K(x bh 
generate the mation of water flowing through a hole 
of an equal diameter with the pipe, when placed at 
an equal ndicular diſtance from the ſurface of 
the water; F, by Cor. 1 1. of this Problem, will be 
as 24*H, on ſuppoſition that the area of the hole 
is extreamly ſmall in compariſon of the area of the 
ſurface of the water. And therefore the velocity 


of water flowing = a pipe lying parallel to 
the horizon, is as VT The weight of water 


diſcharged, is as the orifice of the pipe, the time of 
the diſcharge, and velocity, taken together; that 


is, as dt y . And therefore, W is as dt 


A pipe of 1s of an inch in diameter, and 1 inch 
in le diſcharged 2180 grains of water in 10 
ſeconds, when it was inſerted into the ſide gf the 
veſſel at the perpendicular diſtance of 2 feet from 
the ſurface. In this caſe therefore, d, t, H, 1, were 


dH 
0. 1, 10, 2, 13 andd't 2 was equal to 


0.06326. Hence we may find W in other caſts 
by this analogy z 2180 : 0.06325 :: W: d't 
2dH © A r 
* z whence W = 48746. 3 d't Yr? gras: 
| 0 

In the firſt part of the third Table, W is AT- 
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and in the firſt part of the fourth Table, — ; 


and W in the ſecond part of each Table is one half 
of W in the firſt part. 
 OB$SERVAT1ONS on the TABLES. 
Ons. I. By the firſt Table the diſcharges by 
experiment are nearly proportional to the diſcharges 
by the theory, that is, w is nearly proportional to 
W. or 5: is nearly the ſame, whatever be the dia- 
meter of the hole, provided the time of the diſ- 
charge, and the perpendicular height of the water 
in the veſſel above the hole, be given. The diſ- 
charges by experiment were all ſomething larger 
than the charms by the theory, which might be 
partly owing to the pouring in of the water at the 
top of the veſſel, in order to keep the veſſel con- 
ſtantly full during the time of the diſcharge ; for 
the pouring, tho? it was done gently, might a little 
increaſe the velocity wherewith the water ran out 
of the hole. | 

Ons. II. By the ſecond Table, the weight of 
water diſcharged, and conſequently the velocity, in- 
creaſes from the hole till the length of the pipe be- 
comes equal to about twice its diameter, that is, 
till 1 becomes equal to about 2d, and is greater there 
than at any other length of the pipe. The greateſt 
velocities in theſe pipes in proportion to the veloci- 
ties through their reſpective holes, are as the num- 

1130, 1215, 1258 to 1000. 

Ons. III. From the length of twice the diame- 
ter, that is from the length 2d, the velocity leſſens 
continually on increaſing the length of the pipe, and 
becomes equal to the velocity through the hole 
when the length of the pipe becomes equal to about 
22.3657dyd inches. For, by the ſecond Table 
the velocities of the water flowing through the 

Pipes, were nearly equal to the velocities through 
their reſpective holes, when the lengths of the — 

: ver 
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were 10d, 16d and 23d, that is 2 inches, 6.4 inches, 
and 18.4 inches. But 2, 6.4,and 1824, are nearly as 
I, 2.8, and 8, the ſeſquiplicate ratios of 1, 2 and 4, 
and 1, 2 and 4, are as the diameters , 5,0 and 1. 
And therefore the velocities of the water flowing 
through the pipes, were nearly equal to the veloci- 
ties through their reſpective holes, when the _— 
of the pipes were in the ſeſquiplicate ratios of their 
diameters, The diameter of the ſmalleſt pipe be- 
ing + of an inch, dy/d is 0,0894 3 and if d be of 
any other magnitude, and I be the length of a pipe 
of that diameter through which the water flows 
with a velocity equal to that with which it flows 
through its correſponding hole, we ſhall have this 


proportion; as 2 is to 0.0894, ſo is | to dyd, 


whence I= 22.3657dyd, | 
Ons. . By the een =o fourth Tables, the 

quantity of water diſcharged by experiment in pro- 

portion to the quantity which ought to have — 


diſcharged by the theory, that is ©, increaſes gra- 


dually till the pipe comes to be of a certain length, 
and after that it decreaſes gradually on increaſing 
the length of the pipe. In the two parts of the 
third Table this ratio was greateſt, when the lengths 
of the pipes in inches were about 20 and 10, and it 
was greateſt in the two parts of the fourth Table, 
when the lengths of the pipes were 81 and 36. But 


from the courſe of the numbers expreſſing / inthe 


ſecond part of the fourth Table, 1 think this r- 
tio r greater in a pipe of 40 inches in 
length, than in the one I uſed of 36, and there- 
fore ſhall ſuppoſe that it would have been greateſt 
at the lengths of 8 1 and 40. Confequently, par” 
ting x for the length of the pipe in inches, at hic 

this ratio is greateſt, x will be as YH when d is 
given, and as d* when H is given, and when nei- 


ther d nor H is en, as dH. Hence we may 
* form 
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form à fule for finding the length of the pipe, at 
which this ratio ſhall be a maximum ; for it was 4 
maximum in a pipe of veth of an inch in diameter, 
when its 4 was 20 inches, and the perpendicu- 
lar height of the water in the veſſel 2 feet. In this 
caſe therefore x, d and H, are 20, o. 1, and 2, 
and d- H is 0.01414 3 and in other cafes, x ma _ 
be found by this analogy ; as 20 is to 0.01414, 
is x to dH; whence x is equal to 1414d*y H. 
To fee whether this rule be univerſal; and obtain in 

ipes of 8 diameters, and at greater diftances 

om the furface of the water, I Hall ſuppoſe d 
0 and 3, as in our Authot's Table 
p. 227,, and then 1414d%V H will be about 600 
mei 0 50 feet, which length is twice as great as 
it was in reality; for the ratio was a maximum by 
chat Table, when the length of the pipe was 25 
feet 3 ſo that the value of x here determined ſeems 
to obtain only in pipes of ſmall diameters. 

Ons. LORE — N and fourth Tables, the 
| tity C y experiment in propor- 
qui to the quantity which ought to hive 


abe by de hear, tht F. dos 


not differ my in pipes whoſe lengths are within 
certain limits, Ir in the pipes, whoſe lengths 


were 6 and 32 in the firſt part of the third Table, 
is leſs than in the pipe where this ratio is a maximum, 
in the proportony of 100 to 112 and 110, and the 


difrence of yy and the maximum is dil le in 


pes of all other lengths between 6 and 32; ſo that 
p this part of the Table, 6 and 32 are the limits, at 
and within which there is a * agreement between 


theory and experiment. I in the pipes whoſe 


tengrhs are 4 and 16 in the ſecond part 1 — 
le, 
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Table; & lefs than in the pipe where this ratio is 2 
marimu in, in the proportion of about 100 to 109 


and 108, and it is ſtill lefs in pipes of all other 


lengths within theſe limits. And 53; in the pipes 
whoſe lengths are g and 64 in the ſecond part of the 
foufeh Table, fbr the pipes were not carried to 
ſuch 


engtlis as were neceſſary to ſettle the Hmits in 
the firſt part, is leſs than the maximum in tlie * 
portion of 100 to 118 and 120; and it is ſtill leſs 
in pipes of all other lengths within theſe hmĩts. 

Ons. VI. By the third and fourth Tables, the 
quantity of water diſcharged by experiment always 
exceeds the quantity which ought to be diſcharged 
by the theory ; it was near double within the limits 
of the firſt part of the third Table and ſecond part of 
the fourth, and greater in the ſecond part of the third 
Table in the proportion of 57 13 to 3858, If we ſup- 
ps it to be double within the limits, in pipes of all 

1 25 then will w be equal to 2 W, or to 97492. dt 


* ＋ grains, W being equal to 48746. 3d*t JH 


as was ſhewn above. f 
PROB. VI. If the diſtance of an object from a 
double convex lens whoſe ſurfaces are ſpherical, if the 
radii of both the ſpherical ſurfaces, the thickneſs of the 
lens, and the fines of incidence and refrattion, be all 
given; thence to determine the diſtance behind the lens 
of the principal focus or concourſe of the rays iſſuing 
from the object and falling perpendicularly, or very 
nearly ſo, on that ſurface of the lens which is turned 
towards the object. 
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Let MN be a lens, E and e the centers of its Pl. 117 


ſpherical ſurfaces MCN and MDN, Q an object Fig. 5+ 


placed directly before the leus, Qq a line drawn 
from the object perpendicular to the ſurfaces of the 
lens, and conſequently paſſing through the centers e 
and E; let the point A be indefinitely near to C, 
in which caſe QA and QC miay be locked upon a 

| equal 4 
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equal; let q be the focus or concourſe of the rays 
A and QC after the firſt refraction by the fark | 
MN, and 2 their focus or concourſe after the ſe- 
= refraction by the ſurface MDN. Put D for 
QC the diſtance of the object from the Int, r for 
the radius CE, » for the — * eD, x for Dq, the 
diſtance of e behind the lens, after the firſt 
refraction, and 2 for Dz its diſtance behind the 
lens after the ſecond refraction; and laſtly, let I and 
pa _ the fines of incidence and refrattion of the 
g out of air or any other medium into the 
it farface MCN, and conſequently R and I the 
125 of incidence and refraction in their paſſage out 
of the ſecond ſurface MDN into air or that other 
medium. 

To determine z, we muſt firſt determine the 
AF pe of x in known terms, to do which draw 
rpendicular to Qq, EI perpendicular to 
Al 775 incident ray produced, and ER perpendi- 
ar to the refracted ray Aq; and then, from the 
ſimilarity of the two triangles QA F and QIE, and 
alſo of the triangles q AF 5 qER, and from QA 

being equal to QC, and qA equal to qC, we ſh 


have AF equal to E or, inſymbols,ta,5——, 
by the two firſt triangles, and by the two laſt tri- 
angles, equal-wo. e in ſymbols; to 


X—r 


| e rods © 8 
Conſequently Bre is equal to r, and x = 
Dir | 


DI—DR—Rr 
Having found the meaſure of x or Cq in ** 
terms, z or Dz may be thus determined. For that 


Ir 
meaſure, chat is for IBR . put A, to 


and qa produced draw the perpendiculars el and eR, 


Za 


and draw am perpendicular to Qq. And then, 
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from the ſimilarity of the triangles qam and qRe, and | 
alſo of the triangles zam and zle, and from qa being | 
equal to qD, and za equal to zD, a m will be equal | 


— from the firſt triangles, and equal to 


a _ from the ſecond. eR is the fine of inci- 


dence of the ray Aa falling on the ſecond ſurface 
MDN, and el the ſine of its refraction; and there- 
fore ek will be I, and el will be R. qD is equal 
to qc - CD A- t, putting t for CD the 
thickneſs of the lens; and qe is equal to qC+eC 
=qC+ceD - CD A -t; conſequently 


—— z and from this equation A = 
I2+Rtz+Rtz—Itz bur Ade Dir X 


- — 
— ———— — — 


ATre—t z. 


Rz+R—1z — © DI=DR<Rr 
* ers I!z+Rtz+FRet—lcz Dir 
1 * NrfN— z  DDR-Rr 
By clearing 2 in this equation, we ſhall have z = 
| DIRrp + RRrpt + DRR;t—DIRgt - ; 


1 
o give this equation a more ſimple form, di- 


vide both numerator and denominator by I—R ; 
and then, the numerator will become x IDr⸗ 


IR 


+. x Rret—DRt, or, by putting Binſtead of 


— BIDre r BRret DR, and the denomina- 


tor will become IDr + ID» — IDt+RDt+Rrt— 

Blr, ; and the ion will be reduced to another 

form, and ſtand thus. | 
BIDr, BRret — DRet 


Ir + IDs It T Rt + Rit — Blr 
This is D. HaLLevy*'s univerſal Theorem for find- 
ing the principal focus of rays falling n "og 
a double 


2 


* 
* : — 
- 
+ 


2 


* 
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a double capvex lens, publiſhed in the Philoſophical 


ie bay, inſtead of Kling & f 
4 | 8, inſtead of falling diverging, fall | 
rallel on * 5b convex 155 85 they of Tit 
do, when che ohject is at an immenſe diſtance from 
the lens, D in this caſe may be conſidered as infi- 
Mie; and gonſequently, all the terms in which D 
is not found, may be thrown out of the equation, 
Aden = open DDE 
"= Dr + ID" — IDt + RD. 
Bl — Rec” | * 
I/ tf t | | 
And laſtly, if, the rays fall converging on a double 
convex lens, the ſigns of all the terms in which D 
is faund muſt oe changed; 100 when the rays fall 
convergigg, the point behind the lens to which 
they tend at their incidence, muſt be conſidered as 
the place of the object, which, from its being diffe- 
rentlyiſituated with reſpect to the ſens from what 
it is when the rays fall diverging, requires the ſigns 


of all the terms in which D js found to be changed, 


which being done, we ſhall have 

1 DRI BR,/t—BI Dr, 

© IDr—IDr—ID, — RD Rrt — Bir, 
Theſe are the three general Theorems for finding 
the principal focus of rays falling, diverging, paral- 

I, or converging on a double convex len. 

If che Jens be made of glaſs, as lenſes uſually are, 
and the object be placed in air, then, ſirice the fine 
of incidence of a ray paſſing out of air into glaſs, is 
to the ſine of refraction, as 3 to 2, I, R and B 
will be 3, 2, and 2; and the foregoing general 
Theorems for finding the foci of rays falling diverg- 
ing, parallel; andconverging, on a double convex 

Lf. will bene 6Dre+4r:t—2Dot * iis 
— *=7DrF3D—3DifzDrF 2rt—bre" 


6re—20t © 


rf ef 


_— 
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— _ 2Deth:4r-t—6Dro 
8 3Dr—3Dr—3D:—2Dt+2rt—6r- | 


And if the radii be equal, and the thickneſs of 


the glaſs be neglected or conſidered as o, then will 


theſe Theorems ſtand thus, z = * 2 r, and 
— Dr D—r 

Z = ET 

If the Jens be a double concave glaſs, the radii of 
whoſe two ſpherical ſurfaces are equal, and if the 
thickneſs of the Jens be conſidered as o, the radii 
will lie on different ſides of the lens with reſpect to 
the object from what they did before, and conſe- 
quently, the ſigns of the rad muſt be changed; 
and then the laſt Theorems, in which the radii were 
ſuppoſed to be equal, and the thickneſs of the glaſs 
was neglected or conſidered as o, will ſtand thus, 


— Dr |» hs 
Fr: and z .. . By * 
Theorems, 2 is always negative when the rays fall up- 
on the double concave, diverging, or parallel, and 
when they fall converging it is negative when D is 
greater than r. When 2 is negative, 3 falls 
on the ſame ſide of the glaſs with the object, contra- 
ry to what it does in all caſes of a double convex 
lens, excepting that of diverging rays, when the diſ- 
tance of the object is leſs than the radius, or D is 
leſs than r. For in that caſe, z, which is equal to 


Ps ; 
= will be negative. 


By this Problem we may determine how far a ra- 
diating point muſt be diſtant from the eye, to have 
the principal focus of the rays iſſuing from it placed 
in the retina, on ſuppoſition that the coats and hu- 
mours of the Eye are unchangeable as to. their fi- 
gures, magnitudes and denſities. 


Let ABGzrepreſent a human eye, in which ABG 18 I be 
is the cornea, AMCNGB the cavity containing the 


aqueous humour, MCND the cryſtalline humour, 
Fff and 


4⁰¹ 


| 
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and AMDNGz the cavity containing the vitreous 
humour. According to Doctor Jus ix, the 
radii of the ſpherical ſurfaces of the cornea and of 
the cryſtalline humour, that is, of the ſpherical ſur- 
faces ABG, MCN and MDN, are in 1oth parts 
of an inch, 3.3294, 3.3081, and 3.5056; and the 
diſtance of the cornea from the anterior part of the 
cryſtalline, the thickneſs of the cryſtalline, the diſ- 
tance of the poſterior part of the cryſtalline from 
the retina, and the diſtance of the cornea from the re- 
tina, are in the fame parts of an inch, 1.0358, 
1.8525, 6.2617 and 9.15, Let Q be the radiating 
point, q the principal focus of the rays by the firit 
xeiraftion of the aqueous humour, by virtue of 
which refraction they fall converging on the cryſtal- 
line, and let Z be their focus after their refractions by 
he cryſtalline and vitreous humours. By taking 
ſpecifick gravities of the humours of the eye, 
J have found- that the ſpecifick gravities of the 
aqueous and vitreous humours are very nearly equal 
ànd each much the ſame with that of water; an 
that the ſpecifick gravity of the cryſtalline is great- 
er than the ſpecifick gravity of water, in the pro- 
portion of about 11 to 10. For the mean ſpecifick 
gravities of 5 cryſtalline humours of oxen's eyes, and 
of 3 cryſtalline humours of ſheep's eyes, were 
11134 and 11033, the ſpecifick gravity of water 
being 10000, and the mean of theſe two means, is 
11083, which I ſhall ſuppoſe to be the ſpecifick 
gravity of the cryſtalline humour of a human eye. 
But the refractive power of the cryſtalline is very 
nearly ee to its denſity, and the ſine of 
incidence of rays paſſing out of the aqueous humour 
into the cryſtalline, is to the ſine of refraction, very 
nearly as 21 to 20, as I ſhall ſhew in the Scholiu m. 
And conſequently, I will be 21, and R will be 20. 
From theſe meaſures I now proceed to determine 
the diſtance of a radiating point from the cornea, 
that is, the diſtance of Q from B, ſo as —— 
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focus of the rays, iſſuing from it and falling diver- 
ging on the cornea, may by the refrative powers 
of the aqueous, cryſtalline, and vitreous humours, be 
placed in the reting at z. By the refraction of the 
aqueous humour, the - rays fall on the cryſtalline 
with ſuch a degree of convergence as would make 
them unite at q. In the univerſal Theorems there- 
tore for finding the principal focus of rays falling 
canverging on 4 double convex lens, Cq is D, Dz 
equal to 6.2617 is z, the radius of MCN is r, the 
radius of MDN is , CD the thickneſs of the cryſ- 
talline is t, and I and R are 21 and 20. And by 
clearing D in that Theorem, we ſhall have 

| Blrzz+BRret—Rrtz 


Blr+Itz—Irz—1l.z—Ra—Rtz 
Cq. And Cq + BC = 11.346 = Bg. 
In the Theorem for finding x, Bq is x, QB is P, 
I is 4, and R 3, the fine of incidence of rays pF 
ling out of air into water or into the aqueous hu- 
mour, being to the ſine of refraftion, as 4 to 3, 
and the radius of the cornea is 3. 3294 10th parts 
of an inch; canſequently, D is 67+ 48, that is, 
about 5 inches and 3 quarters. So that fuppoling. 
the eye ta be unchangeable, a radiating point placec 
at the diſtance of 34 inches from it, will have its 
image placed in the retina. | 
SCHOLIUM. 


= 10.3102 = 


6 Let AB repreſent the refracting plane ſurface pl. 11. 
e of any body, and IC a ray incident obliquely on Fig. 7. 


the body at C, ſo that the angle ACI may be 
«« infinitely little, and let CR be . refracted ray. 
« From a given point B perpendicular to the re- 
« frafting ſurface erect BR meeting the refracted 
7 ray CR in R, and if C Rrepreſent the motion of the 

tefracted ray. and this motion be diſtinguiſhed into 
* two mations CB and BR, where of CBis paralle] to 
the tefracting plane, and BR perpendicular to i: 
* CB hall repreſent the motion of the incident — 


— 


= 
- & 
FLY : . — 
* nd 
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& and BR the motion generated by the refraction. 


Newr. Opt. Prop. 10. p. 245.246. CBR is equal 
to the angle of incidence, and CRB is equal to the 


angle of refraction; conſequently, if R be made the 


center, and a circle be ſu poſed to be drawn with 


the radius CR, CR will be the fine of the angle of 


incidence, and CB the ſine of the angle of refracti- 
on; and, putting I and R for thoſe fines, we ſhall 
have this analogy, I. R:: CR. CB, Hence 


EN 
F 


the motion of the ray at its incidence repreſented by 
CB, is given; and therefore, 3 1 is as BR“. 


But by the aforeſaid propoſition BR* expreſſes the 
refractive. force, and is nearly as the denſity of the 
body; as Sir I. NzwTon found, by computing BR* 
yuh the fines I and R in ſeveral bodies, and then 

ado it with their reſpective denſities, 


ſequently, putting D for the denſity of the 


r N R VDI. In paſ- 
ſing out of ir into water f. is 3, and, the denſity 


of water being 10000, D is 10004 : And in 
paſſing out of air into the cryſtalline, whoſe denſity 
is to that of water as 11083 to 10000, /DF1 is 
10528. Therefore in paſſing out of air into the 
cryſtalline R will be 33 * 10004. 10528 :: 1. 

75812 = + very nearly. I in paſſing out of the 
aqueous humour into the cryſtalline, will be com- 
pounded of the ratios 4 and 4, by the _ Theo 


rem of the Opticks; p. 113, and therefore 57 wil 
de equalite; > z or I will be to R, as 21 to 20. 
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